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Abstract section we give a brief review of the QFT and the quater-
nion algebra. A novel phase concept for 2D signals which

We introduce quaternionic Gabor filters for the classifi- is based on the QFT is introduced in section 3. In section
cation of local image structure. These filters are constructed 4 the relation between local structure and local phase is ex-
as windowed basis functions of the quaternionic Fourier plained and quaternionic GFs are defined. Before the article
transform. We show that — in contrast to the 2D complex is closed by a conclusion, results are shown which demon-
Gabor filters — the quaternionic Gabor filters are intrinsi- strate the local structure selectivity of quaternionic GFs.
cally 2D filters. A generalized phase concept is introduced
and compared to the classical one. It is shown how local 2, The Quaternionic Fourier Transform
image structure can be classified by the value of the local

quaternionic phase. The QFT has recently been introduced in [5] and in [3,

4], independently. Like the Fourier transform (FT) and the
Hartley transform the QFT is a linear, invertible harmonic
transform. Although the QFT is restricted to 2D signals, its
concept can be extended to arbitrary dimensions as Clifford
Gabor filters (GFs) were first introduced in the field of algebra FT with the special cases of the complex FT in 1D
1D signal processing by D. Gabor [6] for a joint time- andthe QFT in 2D [3]. The QFT of a 2D functidfx) (real
frequency analysis. They have the advantage of being opti-or quaternion valued) is given by
mally localized in the time and in the frequency domain, si-
multaneously. In recent years GFs have found applications
in several different PR and CV tasks such as local phase
and frequency estimation for texture segmentation [2] and

thegﬁ((:)a(ta:losﬁsnty estimation [7], to name only two possible wherex = (x,y) andu = (w,v). The difference between

here i | lationshi he local the FT and the QFT is that the imaginary uiriit the second
There is a close relationship between the local Str“““}xponential in (1) is replaced by The unitsi andj are el-

1. Introduction

Fi(u) = J J e Wf(x)e 2™V a, (1)

of ah3|gnal alnd its local pha}seh Tg'e: latter can be er?Um_ate ments of the algebra of quaternions and obey the relations
as the angular argument of the response to the signafz _ j2 — —1andij — —ji — k. Note that the quaternionic

[13]. Here the term local structure mainly refers to local multiplication is not commutative

even/odd-symmetriesFor another approach see €.g. [1]. The quaternion algebra can be seen as a 4D real lin-
C_omplex C’FS are usual!y adaptt_ad fror_n the analysis of 1D gqr space together with the multiplication defined by the
signals to image analysis in an intrinsically 1D way. (For relations given above. The magnitude of a quaternion

details on intrinsic dimensionality see [11].) Consequently, —~ . . ; ; _ e
. ) N g = a+ bi+ ¢j + dk is defined asq| = v/qq* where
they are only suited to the detection and classificationof 1D . _~ |~ . ¢j — dk is called the conjugate of.

features —i.e. lines and edges —in an image across a predgy, e gefinition of the generalized phase concept we will

fined orientation. In this article we introduce quaternionic make use of the fact, that unit quaternions represent rota-
GFs which turn out to be intrinsically 2D filters. Quater- o i R3: Letx — b’q + jx2 + kxs represent the vector
nlonlctIGI_:starS def:jned af[s Ggus_sw;\:n W|_nd<:wedfkernel oli_':_hex — (x1,%2,%3)T € R3, then the rotation through the an-
[gcae,ns{ introduced quaternionic Fourier transform (QFT) gle ¢ about the axis given by the unit vectere R> can be

r_ 1 H — 2
The structure of this article is as follows: In the following gg{;?lrsn;?ldqis;tern?gr?s Se":t[g]q expn¢/2). For more

*This work was supported by the Studienstiftung des deutsthxes Using the QFT itis p.OSSib|e to generaliz_e the concept of
(Th.B.) and by the DFG (S0-320-2-1) (G.S.). the analytic signal — which stems from 1D signal processing




—to 2D in a well defined way which is impossible using
the 2D Fourier transform [4]. In [12] the QFT has been
proposed for the processing of color images.

3. A Novel Phase Concept

In polar representation a signal’s FT can be decomposed  Figure 1. A complex GF with ¢ = 3 (real part solid, imag-
in an amplitude and a phase component. In 2D the phase inary part dashed).
component carries the main part of image information [8]. . . . ) ) )
For the QFT the polar representation has to be extended!-€: itis a windowed basis function of_ the FT. To differ-
Since the quaternions constitute a 4D algebra we can rep€nt local structures there correspond different values of the
resenfFd (u) in a polar representation of the forfif 9 (u)], local phase as shown in table 1. E.g. focal phase= 0
$(u), 0(u), W(u)), wherg[F (u)| is the magnitude and the the local structure is a po_smve peak, while focal phase
angles(¢(u), 8(u),p(u)) represent a novel kind of phase = 7t/2 the local structure is a falling step edge and so on.
vector. Among several possibilities we choose the follow-
ing definition:

local structure v / \/\, K

local phase —7 —/2 0 /2

Fi(u) = ‘Fq(u”eida(u]ektb(u] o) 2)

The meaning ofdp, 6 and{ has to be clarified below.
The angle2¢(u),20(u) and 2¢(u) are one of several
possible definitions of the Euler angles [10] whety |F9|
is interpreted as a quaternion, representing a rotation in  For tasks of image analysis, the 1D GF (4) usually is
3D as mentioned in section 2. Using this relation we extended to 2D in the following way:

can recover the angle@gp, 6,y) which yield the repre-

sentationg = [qle!®e*¥el® of a quaternion given as G(x) = el ™**/201—v?/203)gixc/on o _ Gy (5)

q = a+ib + jc 4+ kd. Unlike the complex phase ’

which is unique in the interval-m, [ the quaternionic A rotated version of (5) is given b« (x,y) := G(x',y")
phase(¢, 0,1) can only be evaluated within the interval with x’ = xcog«x) + ysin(x) andy’ = —xsin(«) +
[, t[x [—7t/2, 7t/2[x [—7t/4, /4]. To clarify the mean- ycoq«). Analogous to the 2D complex GF we define the
ing of the quaternionic phase we present the QFT versionquaternionic GF as the windowed kernel of the QFT:

of the shift theorem:

Table 1. Local structure and local phase in 1D.

Theorem(shifttheorem): Le¥9 (u) andFS (u) be the QFTs Gqlx) = e(—x7 /201 v /203) gilerx/on) gi(eau/o2) ()
of the 2D signalg andfy, respectively. Heréy is a shifted _ _ i
version off, namelyfy(x) = f(x — d) andd = (d;, d»)T. with ¢; = oL Wi. Agam, we can construct rotated versions
Then,F4(u) andF4(u) are related by of the quaternionic GFs agq‘a(x,y) = _Gq(x’,y’) with
(x',y') like given above. Sinc&“ contains two orthogo-
Fd(u) = e 2mudipa(y)e j27mvdz, 3) nal frequencies it depends on one more parameter @an
In figure 2 a complex and a quaternionic GF are shown with
If we denote the phase df(u) by (b(u),0(u),P(u)) 01 = 02,c=¢1 =c2 =2andax = 0. The 2D com-

then, as a result of the shift, the first and the second com-plex GFs suffer from the disadvantage that they can only
ponent of the phase undergo a phase-shift and the phase dfistinguish elongated versions of the structures shown in ta-
F{(u) is given by (b (u) — 27tuds, 8(u) — 27tvda, P (u)). ble 1, i.e. straight lines and edges. In the following section

This result shows that thé-component§-component) of it will be shown how this restriction can be overcome using

the phase corresponds to the horizontal (vertical) Fourierquaternionic GFs.

phase while thep-component represents a new entity,

which is not effected by a mere shift of the image. The 5§ Results

meaning of will be demonstrated in section 5.

Table 2 shows, as an 2D-analogue to table 1, the relation
4. Local Structure from Local Phase between the local 2D structure and the local quaternionic
phase. The local quaternionic phase of the shown structures
The local phaseof a signal can be computed from the is computed from the response of a quaternionic GF. Ta-
filter response of a complex GF. The impulse response of able 2 shows four of sixteen primitive structures that can be
1D GF as shown in figure 1 is given by discriminated from their local phase. The vallie= +7/4
s, indicates that the patterns respond optimally to a linear com-
G(x) =e X /207 ¢lex/0 ¢ — g, (4) bination of two components of the quaternionic GF. These
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Figure 2. A complex and a quaternionic GF. The rows A
show from left to right: Real and imaginary part, mag-
nitude and phase of the complex GF (top), real, i—, j—
and k-imaginary part of the quaternionic GF (middle) and
magnitude, ¢—, 68— and P—phase of the quaternionic

GF (bottom).

Figure 3. Five structures and the  1{p-component of their
local quaternionic phase. The dots indicate the positions
of the structures shown above.

potential applications such as texture segmentation or image

matching.
are either thé- and thg-imaginary part {5t pattern) or the
real and thek-imaginary part2™¢ pattern). Lines and step f
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