On the Decision Boundaries of Hyperbolic Neurons

Tohru Nitta and Sven Buchholz

Abstract—In this paper, the basic properties, especially
decision boundary, of the hyperbolic neurons used in the
hyperbolic neural networks are investigated. And also, a non-
split hyperbolic sigmoid activation function is proposed.

I. INTRODUCTION

Yperbolic neural network as has been proposed in

2000 [1] is one possible extension of usual real-
valued neural networks to two dimensions. It is based on
hyperbolic numbers which are a counterpart to complex
numbers. Complex—valued neural networks have found many
applications in recent years [3]. Deriving a general theory of
decision boundaries in both the complex and hyperbolic case
will be beneficial for further applications. This is the main
motivation for our study. As a first step towards this goal,
this paper studies basic properties of the hyperbolic neuron
as being used in the hyperbolic neural network.

The main results can be summarized as follows. Weight
parameters of a hyperbolic neuron are coupled by a certain
constraint, and learning proceeds under this restriction. This
is analogous to complex neurons [8]. The decision boundary
of a hyperbolic neuron consists of two hypersurfaces which
can intersect orthogonally or be parallel depending on the
values of the hyperbolic-valued weight vectors. Note that
intersection is always orthogonally for complex neurons. A
non-split hyperbolic sigmoid activation function is proposed,
which is analytic and bounded in the hyperbolic plane un-
like the non-split (fully) complex-valued sigmoid activation
function [4]. Using this function is a significant extension of
the model in [1].

As the result of this study, it was learned that one of the
advantages of hyperbolic neurons is that the angle between
the decision boundary for the real-part and that for the unipo-
tent part can be easily controlled by changing the weight
parameters. And also, the proposed analytic and bounded
non-split hyperbolic sigmoid activation function offers the
advantage of uncritical computation, since operations for
avoiding poles (which can have fatal impacts on learning)
are not needed unlike in the complex-valued case.

II. HYPERBOLIC NUMBERS

Hyperbolic numbers, blood relatives of the popular com-
plex numbers, are numbers of the form

w=a-+ub (D
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where a,b € R and w is called unipotent which has the
algebraic property that u # £1 but u? = 1 [9]. It follows
that multiplication in H is defined by (a + ub)(c + ud) =
(ac+bd)+u(ad+bc) where H denotes the set of hyperbolic
numbers. A hyperbolic number can be identified with a
point in the plane R? (called hyperbolic number plane).
The hyperbolic modulus of w = a + ub € H is defined by
[w]n def V]a? — b2|. If |a| = |b| then w has zero modulus.
Hence H contains divisors of zero. H is isomorphic to the
matrix algebra generated by

]

This representation allows for a geometric interpretation of
hyperbolic numbers. Another equivalent representation

o]

gives rise to a direct formulation of the hyperbolic exponen-
tial function. The matrix exponential of a diagonal matrix is
given by the matrix that results from applying the exponential
to each entry in the diagonal. Thus we get from Eq. (3)

exp(a +b) 0
0 exp(a — b) ]

abe R}. o)

a,be R} 3)

exp(a + ub) = [ 4)
Using hyperbolic trigonometric functions and extracting the
common factor exp(a) gives

exp(a + ub) = exp(a) (cosh(b) + u sinh(b)). 5)

III. THE HYPERBOLIC NEURON AND ITS PROPERTIES
A. The Hyperbolic Neuron Model

This section briefly describes the hyperbolic neuron model
proposed in [1]. The input and output signals, and weights
and threshold values of a hyperbolic neuron are all hyperbolic
numbers, and the activation function f Hl) of a hyperbolic
neuron is defined to be

2 (2) = fr(@) +ufr(y), (6)

where 2 = x + uy is a hyperbolic-valued net input to the
hyperbolic neuron, and fg(s) = 1/(1+exp(—s)) for s € R.
That is, the real and unipotent parts of the hyperbolic-valued
output of a hyperbolic neuron mean the sigmoid functions
of the real part z and unipotent part y of the net input 2 to
neuron, respectively.

Although Eq. (6) is used as an activation function of the
hyperbolic neuron in the above, various types of activation
functions other than Eq. (6) can be considered naturally.
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B. Non-Split Hyperbolic Activation Function

In this section, a non-split activation function is proposed,
which is defined as

P ;

7
" 1+ e~ - (coshy — usinhy) @

for any z = x + uy € H where coshy — usinhy lies in the
hyperbolic quadrant H — I of the hyperbolic number plane.
Eq. (7) can be rewritten as

@y 1

H (Z ) 1+ e_zy
using the formula cosh ¢ + usinh¢ = e“#. Note that the
hyperbolic exponential e~ is analytical. Eq. (7) is bounded
because for any z = x +uy € H,

I8 )

®

1

1+e =ty 4 e~ (=+y) 4 g2
< 1.

&)

Thus, Eq. (7) has no poles unlike the non-split (fully)
complex-valued activation function [4]:

fo(z) = H%’

where i = v/—1. As is well known ([2], [5], [7]), one can
only choose either the regularity or the boundedness for an
activation function of complex-valued neurons. This is due to
Liouville’s theorem, which says that if a function G is regular
at all z € C and bounded, then G is a constant function
where C' denotes the set of complex numbers. However, there
is no such conflict in the case of hyperbolic neurons.

z=x+wy (10)

C. Weight Parameters of a Hyperbolic Neuron

Next, we examine the basic structures of weights of a
hyperbolic neuron. Consider a hyperbolic neuron with N-
inputs, weights hy = vp +uwr, € H (1 <k < N), and a
threshold value 8 = ¢+ ud € H. Then, for N input signals
zr+uyr € H (1 < k < N), the hyperbolic neuron generates

X+uY = fu(S +uT), (1

as an output where fy is a hyperbolic-valued activation
function, and

M=

S+ul = (vp+uwg) (zr +uyr) + (c+ud)

=~
Il

1
N
Z(Ukﬂﬂk-i-wkyk)) +c
=1

k
N
+u (Z(wkick +UkYr) +d>

k=1

o [

+u ([wt v’ [Z} +d> (12)
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N
Unipotent-Part Neuron

Real-Part Neuron

Fig. 1.
neuron.

Two real-valued neurons which are equivalent to a hyperbolic

where v = (vp---on)t, w = (wp---wy)t, © =
(z1---zn)t and y = (y1---yn)t Hence, in the case
of the split-type activation function such as Eq. (6), the
hyperbolic neuron with N-inputs is equivalent to two real-
valued neurons with 2/N-inputs in Fig. 1. We shall refer to
a real-valued neuron corresponding to the real part X of an
output of a hyperbolic neuron as a Real-Part Neuron, and a
real-valued neuron corresponding to the unipotent part Y as
an Unipotent-Part Neuron. It should be noted that there are
the following restrictions on a set of weight parameters of
the hyperbolic neuron.

(Weight for the real part z; of an input signal
to Real-Part Neuron)
= (Weight for the unipotent part y; of an input
(13)
(Weight for the unipotent part y; of an input

signal to Unipotent-Part Neuron),

signal to Real-Part Neuron)
= (Weight for the real part zj, of an input

signal to Unipotent-Part Neuron). 14)

Learning is carried out under these restrictions.

Moreover, note here that

Z1

U1
Sl vrowr |- |loN wN ||
T - w1 V1 | wN  UN

TN

YN

c
(4]
cosh¢; sinh ¢, T
[ [sinhq&l coshgbl} [yl] +
cosh¢y sinhon | | zn c
+ |haln [sinhqﬁN cosh¢N] {yN]_i_ {d] ’
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Fig. 2. Counterclockwise hyperbolic rotation by the angle ¢, about the
origin in the hyperbolic number plane.

15)

where ¢ = tanh™'(wi/vx) (1 < k < N). In Eq.
(15), |hg|n means reduction or magnification of the dis-
tance between a point (x,y) and the origin in the hyper-
cosh ¢y sinh ¢y,
sinh ¢, cosh ¢y,
orthogonal matrix) the counterclockwise hyperbolic rotation
by the angle ¢y, about the origin, and [c¢ d]* translation. Here,
the point (zx,yx) in the hyperbolic number plane moves on
the hyperbola 22 —y? = /2% — y2 by the counterclockwise
hyperbolic rotation by the angle ¢, about the origin (Fig. 2).

bolic number plane, } (2-dimensional

IV. DECISION BOUNDARIES IN HYPERBOLIC NEURONS

The decision boundary is a border by which pattern clas-
sifiers classify input patterns, and generally consists of
hypersurfaces. Decision boundaries of neural networks of
real-valued neurons and complex-valued neurons were exam-
ined [6], [8]. This section mathematically analyzes decision
boundaries of hyperbolic neurons.

A. The Case of the Split Hyperbolic Step Activation Function
First, we investigate the decision boundary of the hyperbolic
neuron with the following activation function:

g)(z) =1g(z) +ulgr(y), z=z+uy (16)

where 1g is a real-valued step function defined on R, that
is, 1g(s) = 1 (if s > 0), 1r(s) = 0 (otherwise) for any s €
R. Consider the hyperbolic neuron with N-inputs described
in Section III-C whose activation function is Eq. (16) (i.e.,
o= S)). For N input signals (hyperbolic numbers) z =
[21---2n] = @ + uy where £ = [z1---2zn]* and y =
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[y1 - - -yn]?, the hyperbolic neuron generates
1r({ [v* w' [ r ] +c)
N(CRI
& | T
+u-1R([w v'] { y } +d) 17)

as an output. Thus, the decision boundary for the real part
of an output of the hyperbolic neuron with N-inputs is

X +uYy =

S(x,y) = [v* wt][ Z }-i—c:O. (18)
That is, input signals (xf,4*)* € R>" are classified into
two decision regions {(z?,y%)* € R*™|S(z,y) > 0} and
{(z},y?)* € R*"|S(z,y) < 0} by the hypersurface given
by Eq. (18). Similarly, Eq. (19) is the decision boundary for
the unipotent part.

T

1
y (19)

T(z,y) = [w' v [ ] +d=0.
The normal vectors H (x,y) and HY(z,y) of the decision

boundaries (Egs. (18), (19)) are given by

HY@,y) = [ w7, (20)
H(z,y) = [ o7, @

respectively. Here, since
H%z,y)" -HY(z,y) = 20w )

|HA (2, y)| - [HY (z,y)] 0>+ [w[?’

we can find that the angle between the decision boundary
for the real part of the hyperbolic neuron and that for the
unipotent depends on the weight values, whereas the decision
boundary for the real part of a complex-valued neuron and
that for the imaginary part always inersects orthogonally [8].
It can be easily shown from Eq. (22) that the following
proposition holds true.

Proposition 1: (i) The decision boundary for the real part
and that for the unipotent part of a hyperbolic neuron with
Eq. (16) as an activation function inersects orthogonally if
and only if

vi-w=0. (23)

(ii) The decision boundary for the real part and that for the
unipotent part of a hyperbolic neuron with Eq. (16) as an
activation function are parallel if and only if

viow = +1. (24)

O

B. The Case of the Split Hyperbolic Sigmoid Activation
Function

Next, we investigate the decision boundary of the hyperbolic
neuron with the split hyperbolic sigmoid activation function
(Eq. (6)). Consider the hyperbolic neuron with N-inputs
described in Section III-C whose activation function is Eq.
©6) (.e., fou = f}})). For N input signals (hyperbolic
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numbers) z = 21 ---2n]" = £ +uy where ¢ = [z1 - - zN]

and y = [y1 - - -yn]*, the hyperbolic neuron generates
fR([vt w'] [ :c ] +c)

Y
+ufg ([wt vY] { z :| +d) (25)

as an output. Here, for any two constants C T, CU € (0, 1),
let

X +uY =

Xew) = fn (b 0| 5] +c) = o o
Y(z,y) = fr ([wt vt][”y”]w) = ¢cv. @1

Eq. (26) is the decision boundary for the real part of an
output of the hyperbolic neuron with N-inputs, and Eq. (27)
the decision boundary for the unipotent part. The normal
vectors HT(x,y) and HY (x,y) of the decision boundaries
(Egs. (26), (27)) are given by

0X 0X 0X 0X
R —_— e — - —_—
H(@,y) <3$1 Ozn Oy ayN)
= (it W] 5] ee) bt W
(28)
)4 oYy oY oY
U = —_— e — .. —_—
H(zy) = (3931 Orn Oy ayN)
S (S M R B
(29)
respectively. Here, since
R t, gU t.
Hi@y) HY@y)  wtw

|H¥ @, y)| - [HY (z,y)|  |v]* + [w]*’
we can find that the angle between the decision boundary for
the real part and that for the unipotent part of the hyperbolic
neuron whose activation function is Eq. (6), is the same as
that of the hyperbolic neuron with Eq. (16). Thus, the same
proposition as Proposition 1 holds true for this case.

C. The Case of the Non-Split Hyperbolic Sigmoidal Activa-
tion Function

Finally, we investigate the decision boundary of the hyper-
bolic neuron with the non-split hyperbolic sigmoid activation
function (Eq. (7)). Consider the hyperbolic neuron with N-
inputs described in Section III-C whose activation function
is Eq. (7) (i.e., fu = fI(_IZ) ). For N input signals (hyperbolic
numbers) z = [z1 -+ - 2y | = & +uy where = [z1 - - zN ]!
and y = [y1 - - -yn]*, the hyperbolic neuron generates

X+uY = I(f)(S+uT)
2 +€T_S + e—(T+S)
T 2(1+ eT-S + e~ (TH9) 1 ¢—25)
oI5 _ o~ (T+5)
+u -
2(1 + el—S + e—(T+S) + 6_25)
€2y
2976

as an output, where

S = [ wi { Z ] +c, (32)
T = [w v [ Z ] +d. (33)
Here, for any two constants C®,CU € R, let
2+ el 4 o (T+9)
X(z,y) =
2(1 + eT—S + e*(T«l»S) + 6725)
= C*f, (34)
eT—S _ o—(T+5)
Y =
(z,y) 2(1 4 eT—S + e—(T+5) 4 ¢-29)
= ¢V (35)

Eq. (34) is the decision boundary for the real part of an
output of the hyperbolic neuron with the non-split activation
function (Eq. (7)), and Eq. (35) the decision boundary for the
unipotent part. The normal vectors H #(zx,y) and HY (z, y)
of the decision boundaries (Egs. (34), (35)) are given by

0X 0X 0X 0X
HE = (= .= = .. = 36
(z,9) ( 9, Bow Oy ayN>, (36)
where forany 1 < k < N,
ox (vk — wy) - cosh(T" + S)
oz e25(1 + eT—5 + e~ (T+5) 4 ¢—25)2

+(vg + wy) - cosh(S —T) + 2v,  (37)

X — (v, — wy,) - cosh(T + S)
Oy - 625(1 4+ el—S 4 e (T+S) 4 6725)2
+(vg + wy) - cosh(S — T) + 2wy, (38)

and
Yy oy oYy oYy
HY = (2= ... 2= 2= ... 2= 39
(@) (aﬂvl Jdzn Oy1 53/1\7)7 9
where for any 1 <k < N,
oy —(vk — wg) - cosh(T" + S)
al'k - eZS(]_ + eT—S + e*(T{»S) + 6725)2
+(vg + wy) - cosh(S — T) + 2wy, (40)
oy (vg, — wg,) - cosh(T + S)
Oy - 625(1 +eT—5 4 e (T+5) 4 6725)2
+(vr +wi) - cosh(S —T) +2v, (41)
So,

HR(w7y)t 3 HU(wyy)
|HE(z,y)|- [HY(
(cosh(T — S) +1)2. Ziv:l(vk + wi)?
(cosh(T' — S) +1)2- Zszl(vk + wy )2
—(cosh(T + 8) +1)%- XN (v — wy,)?
+(cosh(T' + S) +1)2- Efc\;l(vk — wy,)?

.(42)

)2
)2
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Thus, HE(z,y) and HY (x,y) intersect orthogonally if and
only if

N
(cosh(T — S) +1)2 - Z(vk + wy)?
k;l
= (cosh(T+8)+1)*- ) (ve —wi)®.  (43)
k=1

Therefore, the following proposition can be obtained.

Proposition 2: Let V' be the intersection of the decision
boundary for the real part of the hyperbolic neuron with the
non-split activation function f 1(12) (Eq. (7)) and that for the
unipotent part. That is,

VE {(@,y) € BN X(2,y) = C".Y (z,y) = CV}.
(44)
Take any (xo,Y,) € V and fix it. Then, the two decision
boundaries X(z,y) = C® and Y (z,y) = CY intersect
orthogonally at (xo,Y,) if and only if

(cosh(To — So) +1)2 - (vp + wy)?

1= I

= (cosh(To+ So) +1)*- ) (vk —wg)?, (45)
k=1
where
So = [v' w'] [ o ] +¢ (46)
Yo
Ty = [w' '] [ o ] +d. (47)
Yo
O
Example 1: Consider the following case:
1
X($,y) = 57 (48)
Y(z,y) = 0. (49)
Then,
def 2N 1

— (e er? |s=pt wl| ¥ ]+e=o

T

T = [w' vt][y

]+d:0},(50)

and Eq. (45) implies

vt ow=0. 51)
Eq. (51) is the same as Eq. (23) which is a sufficient and
necessary condition for the decision boundary for the real
part and that for the unipotent part of the hyperbolic neuron
with the split hyperbolic step activation function (Eq. (16))
to intersect orthogonally. O
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D. The Case of the Non-Split Complex-Valued Sigmoid Ac-
tivation Function

In this section, the decision boundary of the complex-
valued neuron with the non-split (regular) complex-valued
activation function (Eq. (10)) is investigated for comparison
with that of the hyperbolic neuron with the non-split hyper-
bolic activation function (Eq. (7)).

Consider a complex-valued neuron with N-inputs, weights
vi+iwg € C (1 €k < N;i=+/—1), and a threshold value
0 = c+id € C. Then, for N input signals z+iyr € C (1 <
k < N), the complex-valued neuron generates

X+iY = fe(U+iV)
eV +cosV

eV +e-U +42cosV
sinV
] 52
i <€U+€_U+2COSV) (52)

as an output where fc is the non-split (regular) complex-
valued sigmoid activation function (Eq. (10)), and

U+iV = ([vt — w'] [ﬂw)
+i ([wf '] [ﬂ +d) (53)

where v = (vi---on)t, w = (wp--
(z1---zn)" and y = (y1---yn)".
Here, for any two constants C®, C! € R, let

-wN)t, r =

eV +cosV
X = —CR 4
(@) eV +eU+2cosV A
Y(z,y) sin¥’ =ct. (55

eV +e-U+2cosV
Eq. (54) is the decision boundary for the real part of an
output of the complex-valued neuron with the non-split acti-
vation function, and Eq. (55) the decision boundary for the
imaginary part. The normal vectors H (z,y) and H(z,y)
of the decision boundaries (Eqgs. (54), (55)) are given by

0X 0X 0X 0X
HE == ... = el
(z,y) ( B, 92y O ayN) (56)

where for any 1 <k < N,

X 2up+ur(e’ +eY)cosV
Oz, (eV+eU+2cosV)2
+wi (€Y —e V)sinV  (57)
X 2w —wy (e +eY)cosV
oy (€U + eV +2cosV)?

+ui (e’ —e7Y)sinV  (58)

and

)4 Y oY oY
L9roor 59
Ozn Oy 6yN> 9

i) = (g -
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TABLE 1
THE XOR PROBLEM.
Input  Output
00 0
01 1
1 0 1
11 0
TABLE 1T

ENCODING OF THE XOR PROBLEM USED IN [8] FOR THE
COMPLEX-VALUED NEURON.

Input  Output
—-1—1 1
—1+1 0

1—14 1414

1+ i

where for any 1 < k < N,
Y 2w +wi(e¥ + e Y)cosV

Oy, eV +e U +2cosV)?

—vp(e¥ —e V)sinV  (60)
Y 2+ vp(eV +e V) cosV
Oy, ~ (eV+eU+2cosV)?

+w(eV —e~Y)sin V' (61)
From Egs. (57), (58), (60) and (61), forany 1 <k < N,

0X 08Y 00X oY

un Owr Oy Oy ©»
Thus,

H%z,y)" - H' (z,y) = 0. (63)

Therefore, the decision boundary for the real part of an
output of the complex-valued neuron with the non-split
activation function (Eq. (10)) and the decision boundary for
the imaginary part always intersect orthogonally.

V. SIMULATIONS

The main focus of this paper lies in the theoretical study
of decision boundaries of hyperbolic neurons. Therefore
the following examples are mainly given for illustration
purposes. In [8] it was shown how the XOR problem (Table
I) can be solved by one single complex-valued neuron (using
the encoding of Table II), which always has orthogonal
decision boundaries. In Section III, we showed that the
hyperbolic neuron can have orthogonal decision boundaries
as well (Proposition 1: if the scalar product of the two parts
of its weight vector equals zero). An encoding that allows
to solve the XOR problem by a single hyperbolic neuron
with one input and the activation function f 1(13) (Eq. (16)) is
listed in Table III. Setting the weight h; = 0 — u and the
threshold 8 = 0 yields the decision boundary shown in Fig.
3, which solves the that way encoded XOR problem. Note
that vywy; =0-—-1=0.

Fig. 4 shows another simulation result for a linearly non-
separable problem in which the hyperbolic neuron with the

2978

TABLE III
ENCODING OF THE XOR PROBLEM FOR THE HYPERBOLIC NEURON.

Input  Output
—1—u 1+u
—1+u u

1—u 1

14+u 0

y=0 x=0

—> 0

_>o

1 <€

-1 0 1 -1 0 1

Fig. 3. Decision boundaries for the hyperbolic neuron solving the XOR
problem. Decision boundary for the real-part (left) and that for the unipotent-
part (right).

weight hy = 1 + 2.4y and the threshold § = 0 yielded
the decision boundary which successfully discriminated the
four classes. Note that 2vyw; /(v + w?) = 0.7071, which
means the angle between the two decision boundaries is 7 /4
radian. Thus, the angle between the decision boundaries can
be controlled by changing the weight parameters.

VI. CONCLUSIONS

We investigated the basic properties (especially the de-
cision boundary) of the hyperbolic neuron which is a hy-
perbolic counterpart of the complex-valued neuron, and
proposed a non-split hyperbolic sigmoid activation function.
The hyperbolic neural network with the non-split hyperbolic

Decision boundary
for the real-part

Decision boundary
for the unipotent-part

Fig. 4. Decision boundaries for the hyperbolic neuron solving a linearly
non-separable problem.

2008 International Joint Conference on Neural Networks (IJCNN 2008)



sigmoid activation function seems to be promise because it
is analytic and bounded in the hyperbolic plane. We expect
that applications for the hyperbolic neural network will be
found in fields dealing with non-Euclidean domains.

(1]
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