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1. Introdu
tionIn this thesis we 
onsider the development and appli
ation of a novel segmentation �lter,
alled the S
ale Spa
e Segmentation Filter. The SSSF is a phase- and amplitude-basedsegmentation �lter, whi
h uses the 2-dimensional analyti
 signal, des
ribed in [40℄.An image segmentation �lter is in our 
ase a fun
tionality whi
h maps the image in arepresentation having ones at positions of the region of interest and zeros at positionsof the ba
kground.Segmentation of grey value images is a main task of 
omputer vision. Our approa
h isrotationally invariant, global, and independent from spe
ial image 
lasses: It is appli
a-ble to any 
lass of grey value images or obje
ts, regardless of the pro�le, the luminan
e,rotation, s
ale or other attributes of the region of interest. The implementation of our�lter is based on an appli
ation of the analyti
 signal transform for n di�erent s
ale-spa
e intervals. It maps the signal into a set of n phase- and amplitude-images. Basedon this set we apply a spe
ial threshold operator, before we re
onstru
t the image in apixel based manner.The �lter is designed to be exe
uted on parallel pro
essors, therefore we are able toutilise fully a given GPU1. Furthermore the 
al
ulation time is 
onstant for a given �lterand independent of the design of the input image.The �lter is spe
ialised and tested on medi
al image data of the human spine and onimage-sta
ks of the human liver.This thesis is organised as follows:We start with the introdu
tion of the 2-dimensional analyti
 signal. In this 
hapter weoptimise the given implementation in relation to speed. Further we improve the main-s
ale dete
tion2.The next 
hapter is about the SSSF. We give examples for the training and appli
ationof the �lter. Finally we present the results of the SSSF in 
ase of medi
al image data.We apply it to the spine dete
tion and the liver volume estimation, followed by a sum-mary of the properties and advantages of the SSSF.1Graphi
s Pro
essing Unit2The main-s
ale dete
tion or extrema-dete
tion returns the s
ale-spa
e interval whi
h maximises the�lter response. This is the s
ale interval whi
h maps best to the lo
al image region. 1



1. Introdu
tionIn the third 
hapter we implement a spine 
urve dete
tor whi
h 
an be used to �nd thedegree of a s
oliosis3.The results of our approa
h show a signi�
ant improvement 
ompared to the state-of-the-art methods[4℄ with the advantages of higher 
omputational speed and highersegmentation a

ura
y.We assume that the reader of this thesis is familiar with the basi
s of general imagepro
essing and 
omputer vision, whi
h 
an be found in [2℄, [20℄, [36℄, and [37℄.Future works will deal with an expansion of this �lter for not only 2-dimensional signals,but 3-dimensional signals like the image-sta
k of the human liver. They will be based onthe appli
ation of 3 s
ale spa
e segmentation �lters spanning the transverse, the 
oronal,and the sagittal plane.This thesis 
ontains a DVD with the programme 
ode and the image data. The text iswritten in British English.

3The s
oliosis is a medi
al 
ondition in whi
h a person's spine is 
urved from side to side.2



2. The 2-Dimensional Analyti
 Signal2.1. PreliminariesSignalA (n-dimensional) signal is a mapping Zn → Rl. We will 
onsider 2-dimensional signals
Z2 → Rl with l ∈ {1, 2, 4}. The set of signals Zn → Rl will be 
alled RlZ

n .ImageA dis
rete image is a signal f ∈ N1Z
2 , where in general f ∈ {f |f : Z2 → {0, . . . , 255}}.Lo
al image regionA (lo
al) image region is a set of adja
ent pixels inside an image. Generally we 
onsider
ir
ular or re
tangular image regions. One pixel or the 
omplete image are spe
ial 
asesof image regions.Floor, 
eiling and rounding fun
tionWe de�ne the �oor fun
tion ⌊x⌋ and the 
eiling fun
tion ⌈x⌉.

⌊x⌋ := {z ∈ Z|z ≤ x < z + 1} (2.1)
⌈x⌉ := {z ∈ Z|z − 1 < x ≤ z} (2.2)The rounding is de�ned byround(x) := { ⌊x+ 0.5⌋ : x ≥ 0

⌈x− 0.5⌉ : x < 0
. (2.3)

3



2. The 2-Dimensional Analyti
 SignalRotationA rotation rc,α for a 
onstant rotation 
entre point c = (xc, yc) and rotation angle α isa mapping r : Z2 → Z2 with
rc,α(x, y) = [round(xc + (x− xc) cosα− (y − yc) sinα),round(yc + (y − yc) cosα+ (x− xc) sinα)] (2.4)and (x, y) ∈ Z2.Rotation of a signalLet f ∈ RnZ

2 . A rotation of f in c is de�ned by rf,c,α(x, y) := f(rc,α(x, y)).Single-point mappingLet f : RlZ
k

→ RmZ
k be a mapping between two signals. f is a single-point mapping if

∀g ∈ RlZ
k

, h = f(g), x, y ∈ Zk : g(x) = g(y) ⇒ h(x) = h(y). (2.5)In 
ase of mappings between images, the 
olour of the output image at a 
ertain positionis determined by only the 
olour of the input image at the same position.Rotation invariant/variant mappingLet f : RlZ
2

→ RmZ
2 , s ∈ RlZ

2 , g = f(s) and gr,p,α = f(rs,p,α). f is rotation invariant in
p ∈ Z2 if ∀s, α : g(p) = gr,p,α(p), otherwise f is rotation variant in p.Note: The rotation 
entre equals the evaluation point p, hen
e if f is a single-point itfollows that f is rotation invariant.Intrinsi
 dimensionLet f be a fun
tion Ω ⊆ Rl → Rm. The intrinsi
 dimension of f is

min{n|∃ g : Rl → Rn, h : Rn → Rm, ∀x ∈ Ω : f(x) = (h ◦ g)(x)}. (2.6)The value n depi
ts the dimension of f we need to des
ribe f without any loss.An image has the intrinsi
 dimension 0 (i0D) if ∀(x, y) ∈ Ωf(x, y) = c. We will also
onsider i1D fun
tions f(x, y) = (g ◦ h)(x, y) for example f(x, y) = sin(x + y)). Themaximal intrinsi
 dimension for a signal f ∈ RmZ
k is ikD or for images i2D, respe
tively.4



2.2. The Analyti
 SignalIntrinsi
 dimension in a lo
al image regionAs real images are in general i2D, we do not 
onsider the whole image but make state-ments about the intrinsi
 dimension in a lo
al image region. Lo
al i1D regions are linesor edges, whereas lo
al i0D regions are plateaus, i2D regions are generally superposi-tions of two or more lines. In general noise is of intrinsi
 dimension 2 for 2-dimensionalimages.12.2. The Analyti
 SignalThe development of the monogeni
 signal [10℄ whi
h is a spe
ial 
ase of the 2-dimensionalanalyti
 signal [40℄ is motivated by the one-dimensional analyti
 signal or simply 
alledanalyti
 signal.Let f ∈ R → R be square integrable
f ∈ L2(R,R) ⇔

∞∫

−∞

|f(x)|2dx < ∞. (2.7)The Fourier series of f is given by
f(x) =

∑

ν

aν cos(2πνx+ φν) (2.8)with ν as the frequen
y. Every 1D fun
tion 
an be lo
ally de
omposed to an unique setof basis-frequen
ies ν with di�erent amplitudes aν and phases φν . For the introdu
tioninto the analyti
 signal we follow [40℄ and [13℄: The lo
al 1D signal model for the analyti
signal at origin 0 of the applied signal reads
ge := a cos(φ) := as cos(φs) := Ps{g}(0) (2.9)with s ≥ 1 as the s
ale parameter of the �lter operator Ps{·} of the analyti
 signal2.Sin
e the lo
al signal model is an even fun
tion, hen
e ∀x ∈ R : cos(x) = cos(−x), we
all ge the even part of the analyti
 signal. The odd part 
an be 
al
ulated by usingthe 
onvolution of the �ltered original signal with the 
lassi
al 1D Hilbert transform1Statisti
ally the o

urren
es of lo
al ikD regions de
rease for in
reasing k: i0D regions appear mostfrequently whereas in 
ase of images i2D regions are most rare.2The s
ale parameter s is the equivalent to the frequen
y ν, but with the di�eren
e that high valuesof s 
orrespond with low values of ν. 5



2. The 2-Dimensional Analyti
 Signalkernel h(τ) := 1
πτ

and
go := a sin(φ) := as sin(φs) = (h ∗ Ps{g})(0) (2.10)with ∗ as the 
onvolution operator and
(h ∗ Ps{g})(x) =

1

π
P.V. ∫

τ∈R

Ps{g}(x− τ)

τ
dτ (2.11)as the Hilbert transform of the signal g in s
ale spa
e and P.V. as the Cau
hy prin
ipalvalue [22℄.The phase φ and the amplitude a 
an be determined by

φ = arctan
go

ge
(2.12)

a =
√

(go)2 + (ge)2. (2.13)The 
omplex extension ge+ i go of a s
alar valued one-dimensional signal g is 
alled the'analyti
 signal'. The analyti
 signal now enables the identi�
ation of amplitudes andphases for all s
ale parameters.2.3. The 2-Dimensional Analyti
 SignalThe 2-dimensional analyti
 signal expands the input fun
tion. It is de�ned for g ∈
L2(R

2,R). With this expansion a new feature arises, the orientation θ. It depi
ts theorientation of amplitude and phase. In the 
ase of the simple monogeni
 signal we takethe orientation whi
h maximises the amplitude. The bene�t of the monogeni
 signalis its isotropy [9℄, hen
e for the 
al
ulation of the (main) orientation we only need oneappli
ation of the operator3.That approa
h does not yield to a true extension from the �rst to the se
ond dimension,as the phase and amplitude are only 
al
ulated for one line de�ned by the orientation.A better method for the 
al
ulation of at least two orientations is the 2-dimensional an-alyti
 signal [40℄. With the expansion from the monogeni
 to the 2-dimensional analyti
signal, there 
omes up a se
ond orientation whi
h generates a further rotation invariantproperty, the apex angle between the �rst and the se
ond orientation.We 
ontinue with the formulas of the four di�erent s
alar values of the 2-dimensional an-3We do not need any steerable operators [14℄ to 
al
ulate the main orientation.6



2.3. The 2-Dimensional Analyti
 Signalalyti
 signal. To generate the 2-dimensional analyti
 signal we need the Poisson kernel kp
sand the se
ond order Hilbert transform kernel kh

s for a given s
ale s
kp
s(x, y) =

1

2π(s2 + x2 + y2)
3

2

(2.14)
kh
s (x, y) =

s(2s2 + 3(x2 + y2))− 2(s2 + x2 + y2)
3

2

2π(x2 + y2)2(s2 + x2 + y2)
3

2

. (2.15)We 
al
ulate the 2-dimensional analyti
 signal for a given s
ale interval whi
h in
ludesthe s
ale of interest. We take two s
ale values sf and sc the �ne- and the 
oarse-s
alewith 0 < sf < sc. For these s
ale values we 
al
ulate the following six masks
qpsf ,sc(x, y) := sfk

p
sf
(x, y)− sck

p
sc(x, y) (2.16)

[

qxsf ,sc
qysf ,sc

]

(x, y) :=

[

x

y

]

(kp
sf
(x, y)− kp

sc(x, y)) (2.17)





qxxsf ,sc
qxysf ,sc
qyysf ,sc




 (x, y) :=






x2

xy

y2




 (kh

sf
(x, y)− kh

sc(x, y)) (2.18)whi
h lead to the signals
fξ := qξsf ,sc ∗ f , for ξ ∈ {p, x, y, xx, xy, yy} (2.19)with f as the input signal and ∗ as the 2-dimensional 
onvolution.For the signal 
al
ulation we introdu
e the abbreviations

fs :=
fp
2

(2.20)
f+− :=

fxx − fyy
2

(2.21)
fe :=

√

f 2
+− + f 2

xy

|fs|
(2.22)

fq :=
2(f 2

x + f 2
y )

1 + fe
. (2.23)

7



2. The 2-Dimensional Analyti
 SignalFor the �nal signal formulas, we de�ne
atan2(x, y) := 



arctan y
x
: x > 0

π
2
: x = 0, y > 0

−π
2
: x = 0, y < 0

π + arctan y
x
: x < 0, y ≥ 0

−π + arctan y
x
: x < 0, y < 0

. (2.24)
Note: atan2(0, 0) is unde�ned. The formulas for the phase and amplitude read

φ = atan2(√fq, fp) (2.25)
a = 0.5

√

(f 2
p + fq). (2.26)The formulas for the main orientation θmain and the apex angle α are given by

θmain = atan2(fy, fx) (2.27)
α = arccos

(√
f 2
y + f 2

x

|fs|

)

. (2.28)The apex angle depi
ts the angle between the two 
al
ulated orientations4
α = |θ1 − θ2| (2.29)with

θmean =
θ1 + θ2

2
=

1

2
arctan

fxy
f+−

(2.30)and
θ1,2 = θmean ± α

2
. (2.31)Note that the domain of the main orientation θmain is not equal to the domain of themean orientation θmean. The mean orientation is the mid-orientation between θ1 and θ2whereas the main orientation is the one with the highest gradient. In the following wesubstitute θmean with θ.The authors of the monogeni
 signal and the 2-dimensional analyti
 signal released manypubli
ations 
on
erning this topi
: Felsberg introdu
ed the monogeni
 signal in [9℄,4Note: The formulas for the orientation and the phase are formulated in su
h a way, that the orientationis not only in range [0, π] but in [−π, π]. It depi
ts not only the orientation but the dire
tion. Thisredu
es the range of the phase from [−π, π] to [0, π] in this implementation.8



2.3. The 2-Dimensional Analyti
 Signal

Figure 2.1.: Cal
ulation of the mean orientation on a 'Lena'-image. From the left to theright: 
oarser and �ner s
ale interval. The resolution is one pixel per arrow.and [10℄. The features and the potential of this low level image pro
essing tool are de-s
ribed in [8℄, [11℄, and [12℄. Sedlaze
k [34℄ gave solutions for the lo
al feature dete
tionon images using two similar methods. Wietzke et al. published a large set of resear
hes
on
erning the 2-dimensional signal and its appli
ations [41℄, [43℄, [39℄, and [44℄. Re
entresear
hes [42℄ deal with the extension of the 2-dimensional analyti
 signal to the 
al
u-lation of any number of orientations whi
h is the most general formulation.The analyti
 signal is a tool for low-level image pro
essing. It delivers four di�erentvalues based on the lo
al neighbourhood of a lo
ation p ∈ Rn: (φ, a, θ, α). The values
φ and a have the same meaning as in the 1-dimensional 
ase whereas the orientation θdepi
ts the �ow of the grey values inside the s
aled neighbourhood. Considering thesignal as a Monge pat
h5, θ is the deepest des
ent at p. A bowl at p would start to rollin dire
tion θ. Hen
e, the orientation is the dire
tion of the gradient. Continuing withthis illustration the size of a bowl (whi
h equals the s
ale) in�uen
es the dire
tion. Weillustrate that relationship by applying the orientation on the 'Lena'-image for 
oarserand �ner s
ales.At 
oarse s
ale the arrows only satisfy the 
oarsest stru
tures. For �ner s
ales there arisenew orientations at positions where the orientations for the 
oarse s
ale do not 
hange.5A Monge pat
h is a pat
h f : R2 → R of the form f(x, y) = (x, y, g(x, y)). It is named after GaspardMonge (1746-1818). 9



2. The 2-Dimensional Analyti
 SignalThe 2-dimensional analyti
 signal is able to determine this orientation for a given s
ale s(see Figure 2.1).If we 
onsider the neighbourhood of p, we fo
us on the adja
ent points of p withinradius r. In the 
ase of the analyti
 signal we express the observation of the neighbour-hood of p by 
onvolving f at p with the six di�erent 
onvolution masks (2.16), (2.17),and (2.18). The size of the 
onvolution masks is basi
ally in�uen
ed by the s
ale s. Smallvalues of r satisfy �ner s
ales, 
oarser s
ales require larger values of r. To understandthe exa
t relationship between r and s we have to take into a

ount the shape of themasks.2.4. Appli
ation of the Analyti
 SignalFrom now on we follow and expand the implementation of the analyti
 signal givenin [40℄.2.4.1. Cal
ulation of the Mask SizeThe 
onvolution mask size n ∈ N of a 
onsidered neighbourhood is related to the s
ale s.The basi
 low pass �lter of the analyti
 signal is the s
aled Poisson kernel
ps := s kp

s (2.32)where kp is de�ned in Equation (2.14). This is 
ombined by using two di�erent s
aleparameters6, a 
oarser sc and a �ner one sf . The 
onstru
tion is given in Equation (2.16).We get a band pass �lter whi
h is known as Di�eren
e-of-Poisson (DoP ) �lter7.The parameters sc and sf de�ne the parameters of the low pass and the high pass�lters respe
tively. The size n of the DoP -�lter de�nes the radius of the 
onsideredneighbourhood. Sin
e it is impossible to 
onvolve ea
h pixel position with a mask withan in�nity radius we have to �nd an optimal n depending on the s
ale-values. Therefore,we 
ut all elements on the border whi
h have no signi�
ant e�e
t on the result. Hen
e,6The parameters must be positive and the 
oarse s
ale must be bigger than the �ne s
ale. Felsberga
tually postulates in his PhD thesis [8℄ 1 ≤ sf sin
e a s
ale parameter less than '1' would bemeaningless for dis
rete signals.7The DoP �lter is the di�eren
e of two Poisson-�lters, similar to the Di�eren
e-of-Gaussian (DoG)�lter for Gauss-�lters.10



2.4. Appli
ation of the Analyti
 Signalwe assign a stati
 error e with 0 < e < 1 and in the 
ontinuous 
ase
e

∫

R2

psc(x, y)dx dy =

n∫

−n

n∫

−n

psc(x, y)dx dy. (2.33)The maximal mask size only depends on the 
oarse s
ale, as this is the parameter whi
his responsible for the 
oarser stru
tures. Be
ause of the attribute of the Poisson kernel,being normalised
1 =

∫

R2

ps(x, y)dx dy (2.34)it follows that
e

∫

R2

psc(x, y)dx dy = e =

n∫

−n

n∫

−n

psc(x, y)dx dy. (2.35)Hen
e (still for the 
ontinuous 
ase)
e =

n∫

−n

n∫

−n

psc(x, y)dx dy

=
sc
2π

n∫

−n

n∫

−n

1

(s2c + x2 + y2)
3

2

dx dy

=
2

π
arctan

(

xy

sc
√

s2c + x2 + y2

)

n:=x=y
=

2

π
arctan

(
n2

sc
√
s2 + 2n2

) (2.36)
⇒ n = sc

√

tan
(eπ

2

)(

tan
(eπ

2

)

+

√

1 + tan
(eπ

2

))

︸ ︷︷ ︸

=cerror

. (2.37)The value cerror only depends on the 
onstant e. The parameter n depends only linearlyon sc. It is reasonable to keep the error independent from sc. In the dis
rete 
ase, itfollows that
n = ⌈sccerror⌉ (2.38)with cerror ∈ [0,∞[. Felsberg uses a value cerror = 1.66. In his implementation [7℄ and [6℄he does not solve the integral, but a

umulates the sum, until he 
overs the value of e.This approa
h needs O(n2) 
al
ulations. 11



2. The 2-Dimensional Analyti
 Signal

0
0

−5

0

10

20
x 10

−4

x

y

P
oi

ss
on

 k
er

ne
l

00

−1

0

1
x 10

−3

x

y

H
ilb

er
t k

er
ne

l q
x

Figure 2.2.: Convolution kernels with cerror = 1.66 and n = 24. From left to right: q̂p14,15and q̂x14,15In the dis
rete 
ase Equation (2.33) equals
e

∞∑

x,y=−∞

psc(x, y) =

n∑

x,y=−n

psc(x, y) (2.39)whereby
∞∑

x,y=−∞

ps(x, y) >

∫

R2

ps(x, y)dx dy (2.40)for s < ∞. The Equation (2.38) does not 
hange in the dis
rete 
ase, i.e. n still dependslinearly on sc. However, for cerror another term follows 
ompared to (2.37), be
ause ofthe inequality (2.40).2.4.2. Cal
ulation of the O�setAs the unlimited integral ps(x, y) is always 1, it follows
qpsf ,sc(x, y) = 1− 1 = 0. (2.41)Hen
e, a 
onvolution with 
onstant signal f always generates the result '0'. This pos-tulation is important for the analyti
 signal. When 
al
ulating in the dis
rete 
ase thisattribute disappears, as ps(x, y) is restri
ted to a limited sum. In the dis
rete 
ase forlimited n it always follows that qpsf ,sc(x, y) 6= 0. We need to post-pro
ess the signal12
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Figure 2.3.: Kernels q̂xx14,15 and q̂xy14,15response by subtra
ting the mean elements-value. This substra
tion is only required forthree of the six masks
q̂ξsf ,sc(x, y) = qξsf ,sc(x, y)−

n∑

x̃,ỹ=−n

qξsf ,sc(x̃, ỹ)

(2n+ 1)2
, ξ ∈ {p, xx, yy}. (2.42)The formulas for the other masks do not 
hange.

q̂ξsf ,sc(x, y) = qξsf ,sc(x, y), ξ ∈ {x, y, xy} (2.43)Figure 2.2 and 2.3 depi
t the 
onvolution kernels q̂ξ14,15 with ξ ∈ {p, x, xx, xy} and
cerror = 1.66. The radius is n = 24 and the diameter is (2n + 1) = 49. The design ofthe kernels is determined by the quotient sc

sf
, the resolution is indu
ed by sc. These fourkernels and the two transpositions of q̂xsf ,sc and q̂xxsf ,sc are used in the implementation ofthe 2-dimensional signal.2.4.3. The Basi
s of the Analyti
 SignalAs already mentioned, the analyti
 signal is not only used to 
al
ulate the lo
al phaseand amplitude of the neighbourhood, but also for the mean orientation and the apexangle. The �ne- and 
oarse-s
ale values supply the boundaries in whi
h the 
onsideredstru
ture is lo
ated. In this subse
tion we are fo
ussing on the 
lass whi
h is the signalmodel of the analyti
 signal.Figure 2.4 depi
ts an example for the usage of the analyti
 signal on a pure non-axis-13
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Figure 2.4.: Appli
ation of the analyti
 signal on a syntheti
 image with a = 1, θ = π/8and s = 6. The values of the analyti
 signal are sf = 5 and sc = 7. Fromthe left to the right and the top to the bottom: input signal, re
onstru
tedand normalised signal, θ, α, φ and a.14



2.4. Appli
ation of the Analyti
 Signalparallel sinus-os
illation. The distan
e of two maxima in the input signal is 24 pixels,
π is represented by 12 pixels. The relation between the s
ale and the pixels is

s =
π̂

2 pixel (2.44)with π̂ as the size in pixels used to des
ribe π. For this example it follows
s =

12 pixel
2 pixel = 6.The sine wave is exa
tly dete
ted in a s
ale interval whi
h in
ludes s
ale s = 6. In ourexample, we have 
hosen the interval [5, 7]. The lower four plots depi
t the results of theanalyti
 signal. The �rst pi
ture is the mean orientation. It only adopts the values −π

8and 7π
8
. This is exa
tly the rotation of the sine wave 
on
erning the x-axis8. Only the
rossover areas and the borders introdu
e small errors. Tra
king the input signal fromthe left to the right, the mean orientation displays whether the input signal is as
endingor des
ending - the higher value represents a lo
ally as
ending wave.The next plot - the apex angle - is the angle between the two orientations in one point.In most 
ases the apex angle is '0', any 
al
ulated orientations are positioned in the samedire
tion, it follows that the intrinsi
 dimension at this point is '1'. But there are also�ve ridges of values near to π

2
. These ridges are lo
ated at extreme values of the inputsignal whi
h are the points of 
hanging the orientation. These positions are 
rossoversfrom one to another state9.The plot for the lo
al phase φ represents the stru
ture of the input signal. At φ = 0 theinput signal is rea
hing its maximum value, at φ = π the input signal be
omes minimal.The linear development of φ between minimum and maximum value is only visible if thes
ale interval is 
hosen in a 
orre
t way.The last plot shows the amplitude a. In the ideal 
ase one expe
ts a 
onstant value.This 
annot be mat
hed at every point, be
ause there are problemati
 fringe e�e
ts onthe border of the input signal. The input signal f 
an be re
onstru
ted using a and φwith

f̂ = a cos(φ). (2.45)
8On an axis-parallel wave, the orientations would equal 0 and π.9The width of these 
rossovers is indu
ed by w = sc − sf . For w → 0, also the width of the 
rossoversbe
omes '0'. 15
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Figure 2.5.: MSE of the re
onstru
tions with f̂ = a cos(φ) and f̂ ′ = cos(φ).This re
onstru
tion is depi
ted next to the input signal. Sin
e the amplitude is 
on-stant10, Zang [44℄ suggests an only phase-based re
onstru
tion
f̂ ′ = cos(φ). (2.46)This re
onstru
tion 
an be helpful in some 
ases, espe
ially if the amplitude is not ofany interest. The mean square error (MSE) between the two re
onstru
tions and theinput signal is depi
ted in 2.5. The following equation is used to 
ompare both MSE's.mse(f̂) > mse(f̂ ′)

X Y
= −0.08 (2.47)with X Y as the number of pixels in the test image, mse is the mean square errorand a > b the fun
tion

a > b :=







1 : a > b

0 : a = b

−1 : a < b

. (2.48)The quality of both re
onstru
tion methods is very similar11.10This makes sense only for this example.11Equation (2.47) means: 46% of the pixels of f̂ are a�i
ted with greater MSE than the same pixelsof f̂ ′.16



2.4. Appli
ation of the Analyti
 Signal2.4.4. Expansion to Multiple S
ale IntervalsThe pra
ti
al appli
ation of the analyti
 signal 
onsists of the 
omparison of the resultsfor di�erent s
ale intervals. For n s
ale intervals {[sf1, sc1], . . . , [sfn , scn]} we 
al
ulatethe analyti
 signal and 
ompare the di�erent results. An useful requirement is thedisjun
tive 
overing of the s
ale intervals
sf1 < sc1 = sf2 < sc2 . . . scn. (2.49)A simple requirement 
on
erning a stati
 shape of the 
onvolution masks leads to12

q =
sc
sf

. (2.50)This 
an be realised by
si = 2(

i
d
) (2.51)with sfi = si−1 and sci = si. An o
tave13 is de
omposed into d di�erent parts.A well known appli
ation is the analysis of the attenuation att whi
h is identi
al withthe amplitude. For this 
ertain partition of the s
ale spa
e it reads

att
a
i = ai (2.52)We take an one-pixel-stripe inside the input image of Figure 2.4 and apply the analyti
signal n times. In our example, the s
ale interval borders run from 1 to 24, using 40di�erent intervals. The attenuation is maximal at the s
ale interval whi
h in
ludes theindu
ed s
ale. Figure 2.6 depi
ts the results. The maximum ridge is positioned in themiddle, for too �ne or too 
oarse s
ales the responses are less intensive. The maxima onlydi�er in the fore- and ba
kground, but these ina

ura
ies are the result of 
onvolution.The indu
ed s
ale 
an be dete
ted by isolating the s
ale with highest attenuation.The �rst plot in Figure 2.7 depi
ts the s
ale interval in whi
h the attenuation rea
hesits maximum for every point. This pro
edure is proposed in [11℄, but the result isina

urate: The lo
ated s
ales vary inside seven di�erent intervals between [4.18, 7.28];the main s
ale is lo
ated at 5.73. The results are only appli
able in the areas with amaximum in the input image, in other areas the s
ale be
omes too small, whi
h means itis not as
ertainable by the main s
ale dete
tion. The maximum grey value in the input12This requirement is not ne
essary but yields to a simple equidistant s
ale spa
e where ea
h o
tavehas the same number of intervals, in other words ∀i, j : (log sci − log sfi) = (log scj − log sfj ).13O
tave has the same meaning as known from musi
: For s
ale s the o
tave is given by 2s. 17
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Figure 2.6.: 40 di�erent attenuations for an image stripe in the input image of 2.4 at
y = 25 with s
ales running from 1 to 24.signal is indi
ated by φ → 0 or φ → π. In other words there is a relationship betweenthe ina

ura
y of the main s
ale dete
tion operator (error) and the phase

error = 1− | cos(φ)| ∈ [0, 1]. (2.53)This leads to the use of the phase to improve the main s
ale dete
tion.We introdu
e another measurement whi
h repla
es the attenuation att
a. We 
all thisthe new measure attb with

att
b
i = ai| cos(φi)|. (2.54)The appli
ation of the maxima dete
tion with att

b is a bit more a

urate, however itdoes not lead to an absolute elimination of the weak points. It obtains to high responsesat points where the �rst method is too low. A bene�t of this approa
h is the appearan
eof a large uniform plane between the error-wedges. The plot for this method is depi
tedin 2.7.The 
ombination of both methods lead to the �nal main s
ale dete
tion:1. 
al
ulate n attenuations based on att
a
i2. ex
lude the (n − d) s
ale intervals where d > 0 responses are below a 
ertainthreshold3. take highest attenuation att

b
i inside the d remaining intervals.18
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2. The 2-Dimensional Analyti
 SignalOne interesting point of this routine is how to �nd the threshold. There are two possibleways:1. 
hoose d of the highest responses for 
onstant d > 0.2. 
hoose all responses higher than a given threshold, e.g. threshold = factormax(a)with 0 < factor ≤ 1.In both 
ases we �nd a set of s
ales {si1, . . . , sid}. An appropriate 
hoi
e in the �rstapproa
h is d = n
2
. In the se
ond approa
h factor = 0.8 leads to reasonable results.The last plot in Figure 2.7 shows the se
ond approa
h with factor = 0.8.This method is superior to the other two approa
hes. The advantages of the alternativemethod are 
ombined with an outlier-elimination using the normal method.So far, the 
onsidered attenuations were only based on a or a and φ, respe
tively. Wewill now introdu
e an approa
h only based on the phase 
ongruen
e. This approa
h usesa property of exa
tness of a lo
al s
ale in p. It �nds the s
ale in p, having the minimumdi�eren
e to other adja
ent s
ales 
on
erning the phase response. In our de�nition themethod operates on the modulus of di�eren
es14

att
c
i = 1− | cos(φi)− cos(φi−1)|+ | cos(φi)− cos(φi+1)|

4
(2.55)with att

c
i ∈ [0, 1] having a good value 
lose to '1'. The best s
ale in
ludes the highestpossible varian
e of a band pass width at lowest varian
e 
on
erning the dete
ted stru
-ture. The dete
ted s
ale will also be 
alled the main s
ale.The dete
ted stru
tures di�er from those, dete
ted by the other methods, be
ause theamplitudes are ignored and phase and amplitude are in general linear independent. Thereis no quantitative information about the intensities 
on
erning signal response, ratherthan qualitative information about separateness of the s
ale, hen
e the re
onstru
tionusing phase 
ongruen
e di�ers from other methods in a fundamental way.2.4.5. S
ale Dete
tion on Multiple WavesAs in real images, there is always a lo
al superposition of many arbitrary waves, we will
onsider the behaviour of the s
ale dete
tion on two arbitrary waves. Figure 2.8 shows14For the following de�nition it is important to assume a 
omparability between di�erent s
ale intervals.In a simple approa
h using the same number of intervals per o
tave it is already guaranteed.20
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2. The 2-Dimensional Analyti
 Signalthe 
onstru
tion of our input signal. The signal is built by two sine waves with di�er-ent s
ales and orientations. The �rst wave is three times larger than the se
ond. Theintensities are distributed in a way, that the �rst wave des
ends linearly from the left tothe right and the se
ond behaves oppositely. The 
rossover of the intensities is lo
atedin the middle of the pi
ture. The third pi
ture displays the overlay of the signals, whi
his the input signal for the s
ale dete
tion of the three proposed methods. The fourth�gure is the estimated result for the standard method and the 
ombined method.The next four plots show the results of the two amplitude-based main s
ale dete
tors.The left images depi
t the dete
ted s
ales. The right image is the phase-based re
on-stru
tion f̂ ′ using only these s
ales.The standard approa
h is also known as 'maxima dete
tion'. The 
ombined method is
hara
terised by a higher 
on
entration of a dete
ted s
ale in a 
ertain part.The �rst two plots in 2.9 depi
t the appli
ation of the phase 
ongruen
e. The next �gureis the histogram of the dete
ted main s
ales for the three methods. The phase-
ongruen
ebased method indu
es another kind of signal than the amplitude based approa
hes: The
orre
t s
ales are only dete
ted at extreme points 
on
erning a 
ertain s
ale whi
h arepoints with φ = 0 or φ = π. The amplitude-intensity is ignored.The histogram depi
ts the di�eren
es of the three methods. The estimated result 
on-sists of two peaks at s = 4 and s = 12. The peaks of the three methods are marked bya square.The standard approa
h dete
ts two peaks for the �ne wave at s = 3.3 and s = 4.5. Forthe 
oarse wave it dete
ts two peaks at s = 10 and s = 12.The 
ombined method performs better. It just dete
ts the two estimated peaks at s = 4.5and s = 12. In this sense, it is superior to the standard approa
h.The phase 
ongruen
e generates the worst results as it dete
ts a huge false positive rateat s = 1.5. The other two lo
al maxima are given by s = 5 and s = 12, whereas thenumber of o

urren
es of these two maxima is only a bit higher than the number of theadja
ent o

urren
es.The 
omputer 
ode for the main-s
ale dete
tion is given in listing A.5, the 
ode for thefun
tion whi
h generates the syntheti
 image is given in listing A.6.

22
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ation of s+ with the phase 
ongruen
e approa
h. Bottom: His-togram of the dete
ted s
ales. The squares mark the peaks of ea
h approa
h.
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2. The 2-Dimensional Analyti
 Signal2.4.6. General De�nition of the AttenuationIf we ignore the 
onstraint, that we need the same number of intervals per o
tave, thegeneral de�nition of the �rst attenuation reads
att

a
i =

ai
log(sci)− log(sfi)

. (2.56)For the se
ond attenuation it follows
att

b
i =

ai| cos(φi)|
log(sci)− log(sfi)

. (2.57)The phase 
ongruen
e is de�ned by
att

c
i = 1− | cos(φi)− cos(φi−1)|wr + | cos(φi)− cos(φi+1)|wl

2(wl + wr)
(2.58)with wr = log(sci+1

)− log(sfi) and wl = log(sci)− log(sfi−1
).These de�nitions allow the usage of every partition of the s
ale spa
e and not only theone given in Equation (2.51). Now it is possible to separate the s
ale spa
e by

[sfi, sci] = [(i− 1)cI + cO, icI + cO], with cI , cO ∈ N+ (2.59)with cI the interval size and cO the o�set. It also satis�es the 
onstraint of disjun
tive
overing.The 
ode for the 
al
ulation of the three attenuation-types 
an be found in A.5.2.4.7. Modi�ed Image Re
onstru
tionIf the sum of all s
ale intervals 
overs ea
h important wave, the image 
an be re
on-stru
ted by
f̂(x, y) =

n∑

i=1

ai cos(φi). (2.60)Using Equation (2.60) we introdu
e the modi�ed re
onstru
tion by introdu
ing an arrayof fa
tors b
f̂(x, y) =

n∑

i=1

biai cos(φi), bi ∈ [0, 1]. (2.61)With the support of the modi�ed re
onstru
tion we 
an design a large set of di�erentphase- and amplitude-based �lters. It allows us to suspend or emphasise some s
ale24



2.4. Appli
ation of the Analyti
 Signalresponses a

ording to the information given by a lo
al histogram or previous knowledge.In Se
tion 2.4.4, the re
onstru
tion satis�es the de�nition
bi :=

{

1 : si = main s
ale
0 : otherwise . (2.62)This method is also appli
able to noise redu
tion using the analysis of the respe
tiveattenuation. Low values of attenuation 
an be 
onsidered as noise, whereas too highattenuations 
an be determined as s
rat
hes on the surfa
e of a s
anned photography.After noise redu
tion the resulting signal f̂ 
an be 
onsidered as a new input image forfurther 
omputations.We 
ome ba
k to this de�nition in the main 
hapter of this thesis, as it will be the basisof the SSSF.2.4.8. A Fast Implementation of the Analyti
 SignalWe �nish the 
hapter about the analyti
 signal with a des
ription of a fast performingimplementation. We introdu
e a 
onvolution pyramid and an instru
tion for the imple-mentation on the GPU.As already mentioned, an introdu
tion to the implementation in C 
ode is given in [40℄.From the programmers viewpoint, the 
onvolution draws most of the attention. Theanalysis of a neighbourhood at a point p with radius n takes (2n+1)2 image- and �lter-mask-a

esses15 
ombined with the same number of multipli
ations and sums. This
omplexity of O(n2) leads to a non-a

eptable draw-ba
k for the appli
ation espe
iallyfor big 
onvolution sizes. The only way to redu
e the number of 
al
ulations is to re-stri
t the 
onsidered (image-) points by only paying attention to every dx-th pixel16.This approa
h is also known as 
onvolution pyramid [1℄. The mask-
al
ulation does notneed to be 
hanged using the relationship̂

s =
s

dx
. (2.63)The shortened 
onvolution mask has the same design and size as the 
onvolution mask
reated by shortened s
ale parameters:Consider a 
onvolution mask m with parameters sc and sf and the size kn× kn. Com-puting the sum for every k×k-square results in an n×n mask m̂. This new 
onvolution15The main problem is generally the speed of the image a

esses.16The value dx is the o�set between two 
onsidered points on the signal. 25



2. The 2-Dimensional Analyti
 Signalmask has the same design and sum as the �rst one, but less entries. Be
ause the designis de�ned by the q = sc
sf

and the size is linear in sc it follows that m̂ equals a 
onvolutionmask 
reated by ŝc =
sc
dx

and ŝf =
sf
dx
.The appli
ation of the o�set dx on the �rst kernel qp is depi
ted in Figure 2.10. Theheight and the design is not tou
hed, whereas the resolution is minimised.The opposite part of the 
onvolution - the input image - must be prepro
essed by a meanvalue 
onvolution with the same mask size as dx. A good approa
h is the limitation ofthe maximum 
onvolution mask size to nmax. For a s
ale interval with 
onvolution size n,the value dx is 
omputed by
dx =

⌈
n

nmax

⌉

. (2.64)This de
reases the 
omplexity of the 
onvolution to a maximum of (2nmax + 1)2 stepswhi
h is independent from n. Although the 
al
ulation for n2
max takes time, this parthas an e�ort of O(1) 
on
erning n.The 
al
ulation of the mean value 
an be de
omposed by an iterative approa
h:We need two di�erent 
onvolution masks, the one to have an odd number n of elementsfor 
al
ulating the mean values reads

Mn
odd =

1

n2







1 . . . 1... . . . ...
1 . . . 1






. (2.65)For an even number of n we need an (n + 1)× (n+ 1) matrix

Mn
even =

1

n2












0.25 0.5 . . . 0.5 0.25

0.5 1 . . . 1 0.5... ... . . . ... ...
0.5 1 . . . 1 0.5

0.25 0.5 . . . 0.5 0.25












. (2.66)
When 
al
ulating di�erent mean values f i

odd := f ∗ M i
odd and f i

even := f ∗ M i
even it isreasonable to use the results iteratively. The origin equals a 2× 2 
onvolution mask

f 2
odd = f ∗

[

0.25 0.25

0.25 0.25

]

. (2.67)
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Figure 2.10.: Convolution mask qp as in 2.2 and its resulting equivalent with dx = 2.The iteration starting at i = 3 reads1. 
al
ulate f i
even using f i−1

odd2. 
al
ulate f i
odd using f i

even,f i−2
odd and f .3. in
rease i.It is possible to store the required information in the four slots of the graphi
-
ard, hen
e

p[r, g, b, α] = p[fcur, f
j
odd, f

j−1
odd , f ] with p[r, g, b, α] being the four 
hannels of one imagepixel.Initially p[f 2

odd, f
1
odd(= f), f 2

odd, f ] be
omes starting at i = 3

• p[f i
even, f

i−2
odd , f

i−1
odd , f ]

• p[f i
odd, f

i−1
odd , f

i
odd, f ].The start-equations for the mean value 
al
ulation steps read

f 1
odd(x, y) = f(x, y) (2.68)
f 2
odd(x, y) =

1

4

1∑

x′,y′=0

f(x+ x′, y + y′). (2.69)
27



2. The 2-Dimensional Analyti
 SignalThe further equations are given by
f i
even(x, y) =

1

4

1∑

x′,y′=0

f i−1
odd (x− x′, y − y′) (2.70)

f i
odd(x, y) =

1

i2

[

2(i− 1)2f i
even(x, y)− (i− 2)2f i−2

odd (x, y)

+
1

2

1∑

x′,y′=0

f

(

x+
i− 1

2
(−1)x

′

+
i− 1

2
−
⌊
i− 1

2

⌋

, y +
i− 1

2
(−1)y

′

+
i− 1

2
−
⌊
i− 1

2

⌋)]

. (2.71)The used values of f are depi
ted in Figure 2.11. The terms f i with i ∈ {2, 4, 6, . . .} aredx 1 2 3 4 5 . . .
f f 1

odd f 3
even f 3

odd f 5
even f 5

odd . . .Figure 2.11.: Masks for the 
al
ulation of the mean valuenot used for the 
al
ulation of the mean value.From one step to the next one, we need only 5 or 13 image a

esses17, independentfrom dx. This leads to a time 
omplexity ofO(1). The time 
omplexity of the 
onvolutionand the 
al
ulation of the mean value on an n×m pixel image having s di�erent s
aleintervals is in O(n×m× s).Obviously we are going to lose some information by applying this pyramid, but themean square errors between two following values of dx are still reasonably small. Theappli
ation on the sine wave - as in Figure 2.4 with dx = 1 and dx = 2 - is depi
ted inFigure 2.12. The implementation with this spe
ial 
onvolution pyramid is given in theAppendix A.1.On a graphi
 pro
essor unit there are some 
ontinuative possibilities for a

eleration.The analyti
 signal is de�ned on grey s
ale images, we only need one 
hannel for theimage information. When using GLSL18 there are always four di�erent 
hannels perpixel19: three 
hannels for red, green and blue and one 
hannel for the alpha value. The17For f i
odd we need 4 pixel a

esses on the border edges of f and one pixel a

ess on f i

even and f i−2

oddwhi
h are stored in the 
ertain pixel; for f i
even with odd value of i we need to 
al
ulate f i−1

even with
4, f i−1

odd with 5 and �nally f i
even with 4 pixel a

esses.18Open Graphi
s Library Shading Language is the language, whi
h is used for the implementation onthe GPU.19a GPU register 
onsists of a ve
tor having 4 �oats. It follows that the pro
essor always 
al
ulates 4�oats per 
lo
k. However one does not have to use these 4 
hannels.28
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Figure 2.12.: MSE's for the the appli
ation as in 2.4 between dx = 1 and dx = 2. Firstrow: a and φ. Se
ond row: θ and α.a

ess to a pixel always uses these four 
hannels. A 
ommon way to use this for greys
ale images is to put the adja
ent image pixels into the three remaining free 
hannels,this results for a 
ertain dx in
p[r, g, b, α](x,y;dx) = [f (x,y), f (x+dx,y), f (x,y+dx), f (x+dx,y+dx)] (2.72)with f being the input signal after mean valuing as in 2.11. It redu
es the image a

essesby fa
tor 4. To a

elerate the mask a
esses20 we only submit the non-redundant partsbe
ause the fast memory on a GPU is quite small. When 
al
ulating the 
omplete masksoutside the GPU there are two di�erent types of masks. As shown in Figure 2.2 for thePoisson kernel it is enough to transmit an eighth sli
e. For the other kernels we need at20It is unavoidable to 
al
ulate the mask before pushing into GPU, be
ause it is stati
 for all pixelsand the 
al
ulation (for ea
h pixel) is mu
h more 
omplex than an storage a

ess. 29



2. The 2-Dimensional Analyti
 Signalleast a quarter sli
e for the kernel re
onstru
tion. Furthermore the kernels qx and qy,respe
tively qxx and qyy are identi
al ex
ept for rotation. This results in a minimumrequirement of memory
placemin =

(n + 1)n

2
︸ ︷︷ ︸

qp

+2(n+ 1)n
︸ ︷︷ ︸

qx and qxx

+ n2
︸︷︷︸

qxy

(2.73)for a given maximal kernel size of (2n + 1)2. This is a redu
tion to about 7
48

of the
omplete number of the mask entries. However depending on the spe
i�
 GPU it 
an bemore useful to transmit some redundant information to redu
e the jumps 
on
erning thearray a

ess. The optimal way with respe
t to the speed and the image representationis an uniform transmission of a quarter per mask without the values x = 0 or y = 0 plusthe stripe having x = 0, respe
tively y = 0. This results in a memory requirement of
placeopt = 4n2

︸︷︷︸

qp,qx,qxx,qxy

+ 3n
︸︷︷︸additional for qp,qx and qxx

+ 1
︸︷︷︸middle of qp (2.74)whi
h is still a redu
tion to about 1

6
and a

elerates the 
onvolution-time. We imple-mented the 
al
ulation of the analyti
 signal for placemin and placeopt in C++, OpenGL21and GLSL. We used an NVidia GeFor
e 9600GS GPU22. The faster method (placeopt)is restri
ted to a 
onvolution of 332 pixels, the se
ond one allows up to 652 pixels permask. A test on a 0.25 mega pixel image and another 1 mega pixel image gave thein 2.13 depi
ted frame rates. The 
al
ulations are stopped if the frame rate be
omeslower than 5 frames per se
ond.For placeopt, n = 16 and the smaller image, we a
hieved 45 frames per se
ond, for placeopt,

n = 16 and the larger image, we a
hieved 19 frames per se
ond.The 
al
ulations with the placemin approa
h takes mu
h more time. For the larger im-age, it e�e
ts an abortion of the 
al
ulation at n ≥ 20. As the 
onvolution is the mosttime 
onsuming part of the 
al
ulation, we are able to 
ompute the analyti
 signalsfor 19 s
ale intervals with nmax = 16 in less than one se
ond for the larger 1024× 1024pixel image or to 
ompute one frame in real-time23.The 
al
ulation of the mean value takes not longer than the 
al
ulation of the analyti
signal with n = 1 and placeopt, whi
h is 727 frames per se
ond for the smaller imageand 448 frames per se
ond for the larger one.21Open Graphi
s Library22The 
omplete spe
i�
ation of our our GPU is given in the Appendix B.23In this 
ase, real-time is de�ned as a frequen
y of 20 Hz.30
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 signal 
al
ulation on two 'Lena' - images with
512× 512 and 1024× 1024 pixels.The 
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ant part of the 
al
ulation on theGPU is listed in the Appendix B.
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3. The S
ale Spa
e Segmentation FilterIn this 
hapter we develop a new segmentation �lter whi
h operates on the 2D analyti
signal transform. We 
all it S
ale Spa
e Segmentation Filter1. The main s
ope of ap-pli
ation is the dete
tion whether a pixel is part of a spe
ial texture or not2. The inputis a grey s
ale image as in the 
ase of the analyti
 signal. The output is also a grey s
aleimage providing the likelihood of ea
h pixel being part of the texture. The range of this�lter is neither region based nor edge based, but pixel based in a spe
ial way. Hen
e,the results are generally not 
onne
ted like normal region- or edge-based segmentationoutputs nor does the segmented pixel set grow or shrink from one iteration to the next.Another important attribute is the rotation invarian
e whi
h arises with the inheritedrotation invarian
e of the analyti
 signal whi
h is the only not single-point operation inthis �lter.As texture segmentation is a 
entral task for 
omputer vision, we 
an �nd a lot of di�er-ent publi
ations 
on
erning segmentation or dete
tion routines. We will list some workswhi
h are related with this thesis. There are publi
ations about the segmentation ingeneral and about segmentation on medi
al images. There are also publi
ations, whi
hdes
ribe the phase-based approa
h.Brandt [4℄ gives a programme for the dete
tion of the spine in his do
toral thesis. Heuses template mat
hing and simulated annealing on the grey value input images, withthe limitation not being luminan
e, rotation, size or design invariant. He rea
hes seg-mentation results with a true positive value between 0.75 and 0.85.The authors of [24℄ propose a lung segmentation, whi
h is based on thresholds and his-tograms on grey s
ale images, the authors of [35℄ make a similar approa
h for the liversegmentation. Kaminsky et al. publish an intera
tive tool3 for a 3-dimensional segmen-tation of the spine [21℄, whi
h is basi
ally a region growing in three dimensions.There are also some approa
hes using the watershed transform. The authors of [25℄expose a segmentation approa
h, 
ombining the watershed transform with the region1In the following, we use the abbreviation SSSF .2In our 
ase, the region of interest (ROI) is given by a texture.3An intera
tive segmentation tool normally needs a pre-allo
ation of the segmentation by the user,before it starts to 
al
ulate the �nal segmentation. 33
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Figure 3.1.: Input image and re
onstru
ted imagegrowing, similar to [28℄, [17℄ or [5℄. Also the watershed transform was motivated by thismedi
al task. A spine segmentation is given in [38℄. A segmentation of the brain withthe magneti
 resonan
e tomography is given in [3℄, [15℄ and [29℄. Kindler et. al [23℄ usea two s
ale framework with an energy-driven operator and an adaption of a positionedshape on the stru
ture.The �eld of the phase based approa
hes is dominated by edge-dete
tor-based or feature-dete
tion-based segmentations. The authors of [19℄ give a phase-based edge dete
tor.The author of [34℄ presents a feature dete
tor based on the monogeni
 signal, the publi
a-tions [31℄, [16℄ and [18℄ give solutions for phase based feature dete
tors using ultrasoundphotographs.This 
hapter is split in a short introdu
tion and the des
ription of the fundamental
omponents. Then we dis
uss the di�erent possible designs of the 
omponents and theirdi�erent properties. At the end we will show some results and give an outlook.3.1. Motivation: Ex
lusion of Surrounding AreaThe development of the SSSF is motivated by a spine dete
tion task. Consider a 
om-puter tomography (CT) photography of a human's upper part of the body on whi
h wewant to lo
ate the spine. Generally the spine and other bone stru
tures are lighter thansofter parts. But also other stru
tures, like syntheti
 obje
ts as implants, lettering andimage boundaries 
an rea
h the same grey s
ale value as the bones. In a �rst step wewant to ex
lude these blo
kages to obtain a plainer view on the spine.34
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lusion of Surrounding Area

Figure 3.2.: First image: Band pass example for atta1. White: atta1 inside the band pass.Se
ond image: Modi�ed re
onstru
tion for a low pass �lter.In Se
tion 2.4.7 we introdu
ed the re
onstru
tion of the image using the phase φ andthe amplitude a. We also 
onsidered a modi�
ation using a signal b ∈ [0, 1] whi
h allowsus to �lter noise or s
rat
hes of a photograph in dependen
e of the attenuation att.Figure 3.1 depi
ts a normal re
onstru
tion of an image like in (2.60). The re
onstru
tedimage is not totally equivalent with the sour
e image, in parti
ular �ne details get lost.Furthermore the image looks washed-out, as the bla
k or white regions are dis
oloured4.Figure 3.2 illustrates the power of 
onstru
ting a band pass �lter inside the attenuation.In the �rst image in 3.2 we use a simple band pass �lter
b(x, y) :=

{

1 : atta(x, y) ∈ (tlow, thigh]

0 : otherwise . (3.1)This �lter maps the pixels within a 
ertain range of attenuation to one, and these withhigher or lower attenuation to zero. The 
onsidered s
ales are pretty small5.The resulting image b is an inverted edge dete
tor for the high pass - as espe
ially strongedges get high amplitudes. For low amplitudes b equals a plateau dete
tor, as low am-plitudes go with low grey s
ale 
hanges in the input image6. Hen
e the attenuation att
aindu
es a simple edge dete
tor.4As we 
an only apply a �nite set of di�erent s
ales, we a

umulate every detailed information insideone s
ale interval.5In this example we used is sf = 1 and sc = 2.6The amplitude has similar issues as the modulus of the derivation 35
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Figure 3.3.: Prin
ipal pro
edure for �ltering inside the analyti
 signal s
ale spa
e.A noise dete
tor 
an also be rea
hed with (3.1) but with values tlow = 0 and thigh−tlow = ǫwith ǫ being small. Noise is 
hara
terised by attenuations just greater than zero butvery small.The se
ond image in 3.2 depi
ts the modi�ed re
onstru
tion as in (2.61). The mappingfor bi is a high pass
bi(x, y) :=

{

1 : attai (x, y) > thigh

0 : otherwise . (3.2)The resulting re
onstru
tion 
ontains almost ex
lusively syntheti
 obje
ts like the im-plant and lettering, whereas the spine and the soft parts of the photograph are ex
luded.We ask if there is a band pass based approa
h whi
h is not only able to dete
t edges orobje
ts with extreme grey values, but every well de�ned texture. As we will see, thisquestion 
an be answered in a positive manner.3.2. Components of the SSSFThe SSSF is based on band passes of the attenuation as in (3.1) but with more degreesof freedom to adapt the desired texture.The �ow
hart in Figure 3.3 shows the main 
on
ept of this �lter. The input is a greys
ale image and some knowledge about the texture information. The output image is themodi�ed re
onstru
tion similar to the se
ond image in 3.2 whi
h 
ontains a highlighting36
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Figure 3.4.: Histogram of the output image with same number of obje
t pixels and ba
k-ground pixels.
of the sear
hed texture.In the �rst step the amplitudes, phases and attenuations are 
al
ulated. The s
alefun
tion 
al
ulates the size of the input image and returns a number of s
ale inter-vals s
ales. The s
ales and the input image are transformed with the analyti
 signal.It returns phases and amplitudes whi
h are mapped to a set of attenuations by theAttenuation fun
tion.The SSSF 
omputes a set of b-signals similar to the ones in 3.2, the band pass pa-rameters are stored in knowledge. Finally the information in b, 
ontaining the textureinformation, and the phase and amplitude- signals are merged in the re
onstru
tionfun
tion whi
h returns the output image.This output image is not yet the segmented image but it is a 
olouration for ea
h pixel,whi
h depi
ts the likelihood of being part of the texture or part of the ba
kground. Itis possible to stret
h and move the results of the output image to obtain the s
ale likein Figure 3.4. A simple segmentation 
an be rea
hed by applying a threshold on theoutput image.In the next se
tions we will explain the low-level and the higher-level 
omponents. Thelow-level 
omponents are the s
ale fun
tion, the attenuation fun
tion and the re
on-stru
tion. The higher-level 
omponents are the di�erent modi�
ation fun
tions. 37



3. The S
ale Spa
e Segmentation Filter3.3. Low-Level Components3.3.1. S
ale Fun
tionThe s
ale fun
tion 
omputes the s
ale intervals for the analyti
 signal transform. Theinput images whi
h 
ontain the same texture 
lass may not have the same resolution,but if the input images have same resolution the s
ale fun
tion returns 
onstant s
aleintervals, independent of the input image.The s
ale intervals are given by
si = exp

(

i
log(smax)

n

)

, i ∈ {0, . . . , n} (3.3)with smax the highest 
oarse s
ale. Let h be the height of the input image and w itswidth. The maximal s
ale smax 
an be estimated by
smax = f(y h, x w), f ∈ {min,max,+} and a, b ∈ R≥0. (3.4)For the spine data we use values y = 0.092, x = 0 and f = +. We only 
onsider theimage height7.The resulting value for smax must barely 
over the obje
t diameter of the largest patternin the texture. In our 
ase, this is the spine body whi
h is not ex
eeding smax = 0.092 ·h.3.3.2. Attenuation Fun
tionThe attenuation fun
tion maps the phases and amplitudes of ea
h s
ale interval intothree di�erent attenuations. In our 
ase, the attenuation is the signal, on whi
h the bandpasses are 
omputed. We use the attenuations atta, attb and att

c whi
h are des
ribed indetail in (2.56), (2.57), and (2.58).3.3.3. Re
onstru
tionWe will 
onsider four di�erent types for the modi�ed re
onstru
tion. The original modi-�ed re
onstru
tion is (3.5). The other re
onstru
tion types are a
tually derivatives of the�rst one. Only the �rst equation leads to a

urate re
onstru
tions like in Figure 3.1 bysetting b = 1. The others are ex
lusive for the modi�ed re
onstru
tion as in Figure 3.2.7We 
onsider medi
al images of the spine, these images only share being photographs of the upperpart of the body. Hen
e the height is the only 
onstant information of these photographs.38



3.4. Modi�
ation Fun
tionThe 
onsidered re
onstru
tion types read
rec1(x, y; b) =

S∑

i=1

(biai cos(φi))(x, y) (3.5)
rec2(x, y; b) =

S∑

i=1

(bi cos(φi))(x, y) (3.6)
rec3(x, y; b) =

S∑

i=1

(biai| cos(φi)|)(x, y) (3.7)
rec4(x, y; b) =

S∑

i=1

(bi| cos(φi)|)(x, y). (3.8)
3.4. Modi�
ation Fun
tionIn this se
tion we study di�erent types of the modi�
ation fun
tion starting with a trendfrom spe
ial ones to more abstra
t formulations. The modi�
ation fun
tion introdu
esthe knowledge into the SSSF, it is the main 
omponent of the �lter.We study the band pass �lter, the fuzzy band pass �lter, the polynomial �lter, thegeneral �lter and the 
omprehensive �lter. Ea
h �lter makes use of the s
ale fun
tion,the three attenuation fun
tions and the four re
onstru
tions.3.4.1. Band Pass FilterThe �ltering via thresholds is the �rst and most simple �lter method as it needs a reallysmall set of knowledge. It 
an be applied to ea
h of the three attenuations and fourre
onstru
tions. However in this �rst des
ription we only 
onsider the �rst re
onstru
tionmethod and the �rst two attenuation types.By modi�ed re
onstru
tion as in Equation (3.5) we 
an �lter at least the kind of artifa
tswhi
h are depi
ted in Figure 3.1 and marked in 3.2. The modi�
ation fun
tion for bandpass thresholds is similar to Equation (3.2), but needs S high passes thigh,i and S lowpasses tlow,i for i ∈ {1, . . . , S}.For i ∈ {1, . . . , S} the fun
tion reads

bi(x, y) :=

{

1 : atti(x, y) ∈ (tlow,i, thigh,i]

0 : otherwise . (3.9)39
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Figure 3.5.: Polynomial band pass. t′high and t′low: High pass and low pass as (3.10). t′highand t′low: High pass and low pass as in (3.12)By using the �rst two attenuations we 
an �lter s
rat
hes, borders and lettering. Alsoimplants 
an be �ltered out up to a 
ertain a

ura
y.For every i ∈ {1, . . . , S} with S di�erent s
ale intervals the property bi depends on tlow,siand thigh,si. These 2S thresholds de�ne the �lter 
hara
teristi
s.3.4.2. Polynomial FilterThe polynomial �lter equals the band pass �lter but repla
es the properties tlow,1, . . . , tlow,Sand thigh,1 − tlow,1, . . . , thigh,S − tlow,S by two polynomial fun
tions. The degrees of thepolynomials are k1 < S and k2 < S with
tlow,i :=

k1∑

j=0

ǎj

(
log(sci) + log(sfi)

log(scn) + log(sfn)

)

︸ ︷︷ ︸

=x

j

thigh,i − tlowi
:=

k2∑

j=0

âj

(
log(sci) + log(sfi)

log(scn) + log(sfn)

)j

. (3.10)The redu
tion 
an be useful, as the 
al
ulated thresholds often have strong 
oheren
e andthe knowledge des
ription shrinks down to k1 + k2 + 2 entries8. The indu
ed thresholds8Note: This spe
i�
ation delivers a 
ompa
t range of x ∈ [0, 1].40



3.4. Modi�
ation Fun
tionmust satisfy the 
onstraint
0 ≤ tlow,i ≤ thigh,i

⇒ 0 ≤ tlow,i

∧ 0 ≤ (thigh,i − tlow,i) (3.11)be
ause att ∈ [0,∞).To satisfy this 
onstraint there are two possible ways: The �rst one uses a simple non-linear mapping between the results of (3.10) t̂·,i and the requirement of (3.11)
t·,i := max(0, t̂·,i). (3.12)Figure 3.5 illustrates this mapping.The other approa
h is in
luded dire
tly in the formula of the polynomials

t̂·,i = t·,i ⇔ ∀x ∈ [0, 1] :
k1∑

i=0

aix
i ≥ 0. (3.13)This 
an be solved for a small number of dimensions by

k = 0 → a0 ≥ 0 (3.14)
k = 1 → a0 ≥ 0, a1 > −a0 (3.15)
k = 2 → (a2 > 0, a0 = 0, a1 ≥ 0) ∨ (a2 > 0, 0 < a0 < a2, a1 > −2

√
a0a2)

∨ (a2 > 0, a0 ≥ a2, a1 > −(a0 + a2))

∨ (a2 ≤ 0, a0 ≥ 0, a1 > −(a0 + a2)). (3.16)The implementation of this approa
h demonstrates, that the method is more of theoret-i
al interest as the optimisation of the polynomials is mu
h harder than the optimisationof the other proposed �lters. But we get a really small set of knowledge whi
h 
an beused to estimate the intrinsi
 dimension or 
omplexity of the segmentation task.However, after this step the threshold ve
tor 
an be des
ribed by
Tpol =< a0,1, . . . , ak1,1, a0,2, . . . , ak2,2 > (3.17)whi
h is only of size k1 + k2 + 2.

41
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Figure 3.6.: Blue line: fuzzy interval as in (3.18), red dotted line: same as normalinterval.This redu
tion is independent from S, it only depends on the estimated polynomial9.The simplest 
hoi
e is k1 = k2 = 0 whi
h means tlow,i = tlow and thigh,i = thigh. Thismapping is similar to (3.1). For a ve
tor of size k1 + k2 there are k1 + k2 − 1 di�erentpossible 
ombinations.3.4.3. Fuzzy Band Pass FilterWe return to the band pass �lter and expand it by using fuzzy intervals. Fuzzy intervalsare intervals with fuzzy boundaries, hen
e the boundaries are intervals between 0 and 1.The most simple approa
h reads
bi(x, y) :=







atti(x,y)−tlow1,i

tlow2,i
−tlow1,i

: atti(x, y) ∈ (tlow1,i, tlow2,i)

1 : atti(x, y) ∈ [tlow2,i, thigh1,i]
thigh2,i−atti(x,y)

thigh2,i−thigh1,i
: atti(x, y) ∈ (thigh1,i, thigh2,i)

0 : atti(x, y) ∈ [0, tlow1,i] ∪ [thigh2,i,∞)

(3.18)with edges (tlow1,i, tlow2,i) and (thigh1,i, thigh2,i).Figure 3.6 depi
ts the fuzzy band pass �lter (as in 3.18) and the normal band pass �lter.9Polynomials of size k1 = S − 1 and k2 = S − 1 obviously lead to the same ve
tor length as theunrestri
ted ve
tor. Ea
h unrestri
ted ve
tor does not have more intrinsi
 dimensions, that meansthere is a mapping between both, in this sense this degree is no more a true restri
tion.42



3.4. Modi�
ation Fun
tionSin
e the fuzzy band pass is a superset of the normal band pass we get the normal bandpass by setting
tlow1,i = tlow2,i = tlow,i (3.19)
thigh1,i = thigh2,i = thigh,i (3.20)whi
h satis�es the de�nition (3.9) for the normal band pass.3.4.4. General FilterIn the last se
tions we des
ribed �lters with minimal parameter sets. The re
onstru
tionhave been restri
ted by only using one band pass per s
ale interval and b ∈ [0, 1]. Thereis for example no possible �ltering for the dual obje
t10.The �rst improvement of the general �lter is the expansion of the range of b to R.Furthermore the proposed methods only allow to �lter 
onne
ted attenuations at ea
hs
ale interval, as they use only one band pass. Consequently the se
ond improvement isthe introdu
tion of more than one band pass per s
ale interval.A general s
ale spa
e �lter is just a dis
rete mapping from s
ale intervals s and attenu-ations to the real numbers:
bs(x, y) : atts(x, y) → R (3.21)For every 
onsidered pair (s, att) there is one spe
i�ed value in R respe
tively in [−1, 1]for the mapping.This �lter 
annot be des
ribed with reasonable e�ort as the se
ond value att has a po-tentially large number of di�erent values. In other words it has un
ountable in�niteelements. To re
eive a dis
rete mapping, we must approximate the fun
tion by segment-ing the attenuations in I disjun
tive intervals, representing equivalen
e 
lasses for a
tualattenuations {[att1], . . . , [attI]}

bs(x, y) : [attj ]s(x, y) → R. (3.22)The s
ale interval s is already dis
rete. Figure 3.7 shows su
h a segmentation of theattenuation in 16 equivalen
e 
lasses.The pra
ti
al approximation of the general �lter highly depends on I. If the equivalen
e10Let f1 be a �lter for obje
t Γ1 on ba
kground Γ2, su
h that Γ1 is highlighted 
ompared to Γ2 and
bf1(x, y; s) ≥ 0. The dual obje
t of Γ1 is Γ2 and vi
e versa, hen
e the �lter f2 for ba
kground Γ2 isthat whi
h satis�es bf2(x, y; s) = −bf1(x, y; s) ≤ 0, hen
e bf2(x, y; s) ∈ [−1, 0] /∈ [0, 1]. 43
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Figure 3.7.: red line: mapping of a general �lter having 16 attenuation-equivalen
e-
lasses
lasses are as small as the resolution of att, every attenuation value gets its own equiv-alen
e 
lass - it is not an approximation anymore.This new �lter is theoreti
ally able to extra
t or a

entuate every obje
t like anatomi
alregions, patterns and textures. The bene�t for this �lter is the fast appli
ability be
auseit yields to a single-point operator in s
ale spa
e. The disadvantage is the big size of theknowledge and the high 
osts for training the fun
tion.3.4.5. Relationship Between Band Pass and General FilterThe approa
hes of the general and band pass �lter 
an be 
ombined by introdu
ing amaximum band pass amplitude m into the �lter
bi,m(x, y) = bi(x, y) ·m (3.23)with bi(x, y) as in (3.9).The value m spe
i�es the mapping for the general �lter whereas the boundaries of theband pass tlow and thigh depi
t the boundaries of one 
ertain equivalen
e 
lass.The general �lter with I equivalen
e 
lasses 
an be substituted by I band pass �lterswith thresholds t̃1, . . . , t̃I+1. For band pass �lter i it follows tlow = t̃i and thigh = t̃i+1.44



3.4. Modi�
ation Fun
tion3.4.6. The Comprehensive FilterEa
h of the 
onsidered �lters works so far on one spe
i�
 attenuation type and onere
onstru
tion fun
tion. The 
lient has to 
hoose the ones whi
h have the best resultson the 
onsidered task.There are twelve di�erent 
ombinations of three attenuations and four re
onstru
tiontypes. To 
ombine these, there are several possibilities:
• Take the attenuation- and re
onstru
tion-type of the best one - or
• 
al
ulate a segmentation based on the 12 di�erent responses - or
• 
al
ulate a segmentation based on the 12 di�erent attenuation- and re
onstru
tion-types.The �rst 
hoi
e returns only one 
ombination, whereas the last two approa
hes 
ombinein fa
t all options. The di�eren
e between the last two approa
hes is: The formerapproa
h makes twelve di�erent separations whi
h are parti
ular as good as possible.The other approa
h does not reveal the separation 
hara
ter until all mappings are done.Certainly the performan
e of these approa
hes gets better from the �rst to the last oneas the se
ond one is a superset of the �rst and the third is a superset of the se
ond11.The se
ond approa
h reads

reccomp,2(x, y; b) =





4∑

r=1

∑

k∈{a,b,c}

a(r, k)recr(x, y; br,k)



−∆. (3.24)The �rst approa
h 
an be produ
ed by setting ∆ = 0, a(r, k) = 0 and only a(r̂, k̂) = 1with < r̂, k̂ > as the 
hosen 
ombination between re
onstru
tion type and attenuationtype. The third approa
h reads
reccomp,3(x, y; b) =





4∑

r=1

∑

k∈{a,b,c}

recr(x, y; br,k)



−∆. (3.25)
11The se
ond and the third approa
h are equivalent ex
ept the third approa
h is less restri
ted duringoptimisation. 45
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Figure 3.8.: Simpli�ed training loop to optimise knowledge Θ.This 
an be transformed into the se
ond approa
h as the fa
tor a(r, k) is 
ontained in br,k

reccomp,3(x, y; b) =





4∑

r=1

∑

k∈{a,b,c}

recr(x, y; br,k)



−∆

=






4∑

r=1

∑

k∈{a,b,c}

a(r, k)recr(x, y; br,ka(r, k)
−1

︸ ︷︷ ︸

=b̂r,k

)




−∆

= reccomp,2(x, y; b̂). (3.26)In this thesis we impli
itly always use the third approa
h reccomp,3 as it returns betterresults than the other two approa
hes.3.5. Training of the SSSFAfter we dis
ussed the di�erent kinds of �lters and the prin
ipal fun
tionality of thisapproa
h we 
onsider the development of a knowledge set Θ. As every image 
lass needsits own knowledge set, we must train it a

ordingly to the image 
lass before applyingit. Therefore we use a re
ursive optimisation pro
ess:1. Guess solution Θi2. Compute the 
ost for solution Θi3. Quit or repeat pro
ess 
ontrolled by 
ostThis training loop is depi
ted in 3.8. The pro
ess initially starts with an empty knowl-edge Θ1 = ∅. The �ltered image on this initial knowledge be
omes 0.46



3.5. Training of the SSSFThe 
ost fun
tion 
ompares the �lter results with a target mask 
ontaining a 
olourationin obje
t and non-obje
t. The output of the 
ost fun
tion is the s
alar: 
ost ∈ [0, 1].Finally the update fun
tion 
hanges the knowledge to minimise the 
ost of the �lteredimage of the next iteration. Globally the training loop must be steered by the use of a
ost-based exit 
ondition.In the next se
tions we will evaluate di�erent 1- and n-dimensional 
ost fun
tions. Af-terwards we look at the update fun
tions of the �lters.
3.5.1. 1-Dimensional Cost Fun
tionsWe start with the derivation of simple 
ost fun
tions, based on the di�eren
e between�ltered image and obje
t-mask. Later we will expand it to more dimensions whi
himproves the results of the update fun
tion.We start with the dis
ussion of '�rst order' separation-based fun
tions. These fun
tionsreturn a value whi
h depi
ts the separation of obje
t and non-obje
t in the �lteredimage.When sear
hing the knowledge for one spe
i�
 �lter method, we must evaluate the�ltered image by 
omparing it to some target image. This 
ost fun
tion normally returnsthe di�eren
e between �ltered and target image, whi
h must be minimal for the best�lter. Positive points are obje
t points and negative points are non-obje
t points.The proper 
hoi
e of the separation sep between obje
t and non-obje
t obviously de
idesabout the 
ost, a 
hange of sep in�uen
es the ratio between true positive and negativepoints. Figure 3.9 illustrates this relationship: The index sep-X marks the boundarybetween negative and positive test points.The target image 
onsists of zeros for non-obje
t points and ones for obje
t points. Theset of positive points is {pos}, the negative set is {neg}. In this se
tion rec(p) simplydes
ribes the grey value of the re
onstru
ted image at point p, but not the re
onstru
tionfun
tion itself. To assure the speed of the evaluation fun
tion we set

sep = M(M(rec{pos}),M(rec{neg})) (3.27)with M(a, b) as the mean value of a and b.For ea
h positive pixel pos1, . . . , pos|{pos}| and ea
h negative pixel neg1, . . . , neg|{neg}| the47
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Figure 3.9.: Exemplary �ltered signal. Lower left quadrant: true negative, upper right:true positive, upper left: false positive, lower right: false negative.
ost fun
tion reads 
ostp(rec, posi) =

{

0 : rec(posi) > sep

1 : otherwise (3.28)
ostn(rec, negi) =

{

0 : rec(negi) ≤ sep

1 : otherwise . (3.29)The 
ost fun
tion for the 
omplete set is
ostP (rec, {pos}) =

|{pos}|
∑

i=1


ostp(rec, posi)
|{pos}| =̂true positive value (3.30)
ostN(rec, {neg}) =

|{neg}|
∑

i=1


ostn(rec, negi)
|{neg}| =̂true negative value. (3.31)The 
osts 
ostP and 
ostN are in the interval [0, 1]. The value 
ost = 0.5 depi
ts noseparation, 0 is the best separation for the 
onsidered obje
t and 1 is the best separationfor the dual of the obje
t12, but the worst for the obje
t itself. The 
ompound 
ost isthe mapping

(
ostP (rec, {pos}), 
ostN (rec, {neg})) → [0, 1]. (3.32)12The dual is the inversion between obje
t and non-obje
t. The dual of the obje
t is the non-obje
t.48



3.5. Training of the SSSFWe use the 
ost fun
tions
ostmean(rec, {pos}, {neg}) = 0.5(
ostP (rec, {pos}) + 
ostN(rec, {neg})) (3.33)whi
h is a spe
ial 
ase of
ostp,ǫ(rec, {pos}, {neg}) = 
ostP (rec, {pos})p+ 
ostN (rec, {neg})(1− p)

− ǫ|
ostP (rec, {pos})p− 
ostN(rec, {neg})(1− p)|with ǫ, p ∈ [0, 1]. (3.34)Another simple 
ost fun
tion is given by
ostmax(rec, {pos}, {neg}) = max(
ostP (rec, {pos}), 
ostN(rec, {neg})). (3.35)The �rst most simple evaluation mapping is Equation (3.33). This has the drawba
kto optimise only the easier side, the di�eren
e between 
ostP and 
ostN 
an be
omelarge. Equation (3.34) is an expansion of (3.33) by introdu
ing ǫ ∈ [0, 1] as a measure ofdisparity between 
ostP ({pos}) and 
ostN ({neg}), and p ∈ [0, 1] to 
ontrol an one-sidedoptimisation. This 
ost fun
tion 
an be useful when aiming for a low false-negative orlow false-positive value. A better approa
h, when aiming for an equivalent optimisationis the 
ost fun
tion 
ostmax. With this fun
tion both values grow uniformly as theoptimisation only 
onsiders the worse value.3.5.2. Multi-Dimensional Cost Fun
tionsTo 
ombine n di�erent 
ost fun
tions we de�ne the multi-dimensional 
ost fun
tion. An
n-dimensional 
ost fun
tion is a mapping from n di�erent 1-dimensional 
ost fun
tions:
ost1, . . . , 
ostn to the s
alar 
ost ∈ [0, 1] with
ost = ∆1

1 + ∆1

(

ost1
∆1

+
∆2

1 + ∆2

(

ost2
∆2

+ . . . (
ostn) . . .)). (3.36)The value 
ost1 has the highest relevan
e, whereas 
ostn is least signi�
ant. The value∆iis the smallest distan
e between two di�erent evaluations of 
osti, this di�eren
e is thegrid size of 
osti, whi
h is only available if 
osti is a dis
rete mapping.To simplify the 
onstru
tion of multi-dimensional 
ost fun
tions, we will restri
t the testpoints to a subset with |{pos}| = |{neg}|. 49



3. The S
ale Spa
e Segmentation FilterCal
ulation of ∆ for the 1-Dimensional Cost Fun
tionsThe 
ost fun
tions introdu
ed in Se
tion 3.5.1 are already dis
rete:Let rec1 and rec2 be two di�erent re
onstru
tions of the same input image with
ost(rec1, {pos}, {neg})
︸ ︷︷ ︸

=
ost(rec1) > 
ost(rec2, {pos}, {neg})
︸ ︷︷ ︸

=
ost(rec2) .At least one value of 
ostP (reci, {pos}) or 
ostN(reci, {neg}) must improve from the �rstto the se
ond re
onstru
tion reci. Let without loss of generality
ostP (rec1, {pos})
︸ ︷︷ ︸

=
ostP (rec1)

> 
ostP (rec2, {pos})
︸ ︷︷ ︸

=
ostP (rec2)and 
ostp(rec1)− 
ostp(rec2) =

|{pos}|
∑

i=1


ostp(rec1, posi)
|{pos}| − 
ostp(rec2, posi)

|{pos}|

≥ 1

|{pos}| = ∆pos. (3.37)With N = |{neg}| = |{pos}| and
ostN(reci) := 
ost(reci, {neg}) (3.38)it follows 
ostN(rec1) > 
ostN (rec2) ⇒ ∆neg =
1

|{neg}| =
1

N
= ∆pos. (3.39)The smallest di�eren
e ∆ for a 
ost fun
tion 
ost(·) ∈ {
ostP (·), 
ostN(·)} is given by

∆
ost = min{Υ
ost|Υ
ost > 0 ∧Υ
ost = 
ost(rec1)− 
ost(rec2)}
⇒ [
ost(rec1) > 
ost(rec2) ⇒ n

︸︷︷︸

∈N

∆
ost = 
ost(rec1)− 
ost(rec2)]. (3.40)Now it is possible to 
ompute ∆ for 
ostmean and 
ostmax. The equation for 
ostmax reads
Υ
ostmax

= max(
ostP (rec1), 
ostN(rec1))−max(
ostP (rec2), 
ostN(rec2))
=

N∑

i=1


ost{P∨N}(rec1, ·)
N

− 
ost{P∨N}(rec2, ·)
N

≥ 1

N
(3.41)

∆
ostmax
= min(Υ
ostmax

) =
1

N
. (3.42)50



3.5. Training of the SSSFLet ǫ = 0, hen
e 
ostp,ǫ 
an be simpli�ed by redu
ing it to the �rst term of (3.34). ∆
ostp,0reads
Υ
ostp,0 = (
ostP (rec1)p+ 
ostN (rec1)(1− p))

−(
ostP (rec2)p+ 
ostN(rec2)(1− p))

= p[
ostP (rec1)− 
ostP (rec2)] + (1− p)[
ostN (rec1)− 
ostN(rec2)]
=

p j

N
+

(1− p) k

N
=

p(j − k) + k

N
, with j, k ∈ Z

∆
ostp,0 = min(Υ
ostp,0) = { gcd(m,n)
nN

: m
n
= p ∈ Q

∅ : p /∈ Q
(3.43)with gcd(m,n) as greatest 
ommon divisor of m and n. Obviously the dis
retisationof 
ostp,0 is only possible for p ∈ Q.Let p = 0.5, it follows

∆
ost0.5,0 = 1

2N
= ∆
ostmean . (3.44)As we solved ∆ for 
ostmax and 
ostmean, we 
an 
ombine it with the 1-dimensionalse
ond order 
ost fun
tions.

Se
ond Order Cost Fun
tionsWe will spe
ify �ve di�erent se
ond order 
ost fun
tions whi
h 
an be used to a

eleratethe optimisation pro
ess inside the update fun
tion. The �rst two 
ost fun
tions arebased on the band pass design of the knowledge. Let |m| be the modulus of the maximumamplitude of the band pass interval, w = thigh−tlow ≥ 0, |mmax| a maximum value of |m|and wmax a maximum value of w. The �rst two 
ost fun
tions read
ostΘmin =
|w m|

wmaxmmax
(3.45)
ostΘmax = 1− |w m|

wmaxmmax
. (3.46)The fun
tion 
ostΘmin returns lower 
osts if the surfa
e area of the band pass 
ontra
ts,whereas 
ostΘmax delivers lower 
osts if the surfa
e area grows.The other three 
ost fun
tion are based on the �ltered image similar to the 1-dimensional
ost fun
tions in Se
tion 3.5.1. These fun
tions are based on the absolute distan
e51
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ale Spa
e Segmentation Filterbetween obje
t and non-obje
t. With d = |M({pos})−M({neg})| the fun
tions read
ostdmin = | 1

exp(d)
− 1| (3.47)
ostdmax =

1

exp(d)
(3.48)
ostdopt = | 1

exp(|d− 2|) − 1|. (3.49)The fun
tion 
ostdmin returns lower 
osts for d → 0, 
ostdmax optimises d → ∞ and 
ostdoptreturns best results for d = 2.As the 
ost fun
tions are not dis
rete, we have to dis
retise them, sin
e we want to
ombine them with the other lower 
ost fun
tions.Let 
ostf ∈ {
ostΘmin, 
ostΘmax, 
ostdmin, 
ostdmax, 
ostdopt}. (3.50)The dis
retisation of 
ostf reads
1

∆
= n ∈ N (3.51)
̂ostf = ∆⌊
ostf

∆
⌋. (3.52)The value 
̂ostf is the dis
rete equivalent of 
ostf . With f = 
̂ostf , 
ostf as in (3.50)and g ∈ {
ostmean, 
ostmax} the resulting 2-dimensional 
ost fun
tion is
ostf,g = ∆g

1 + ∆g
(

ostg
∆g

+ 
ostf). (3.53)

52



3.5. Training of the SSSF3.5.3. Update Fun
tion: Adaption of the KnowledgeThe update fun
tion is responsible for �nding the optimal adaption of the knowledge Θ.In our 
ase:
argmin

Θ

ost(recΘ, {pos}, {neg}) (3.54)with recΘ as the appli
ation of knowledge Θ on the image. The optimisation itself isdone by the algorithm des
ribed below.Nelder-Mead MethodThe Nelder-Mead method13 needs a start ve
tor v0 and tries to 
al
ulate the globaloptimum ve
tor. If the ve
tor range is of dimension d, the Nelder-Mead method reads:

• Take d linear independent seeds v1, . . . , vd; Rename it a

ording to the 
osts
ost(vi) su
h that v0 has the maximum 
ost; begin loop:� Cal
ulate 
entre of gravity v̂ for all points ex
ept v0.� Set α = β = 1; begin loop:
∗ v′ = v0 + βα(v̂ − v0)

∗ if 
ost(v′) < 
ost(vd) then in
rease α
∗ elseif 
ost(v′) > 
ost(v0) then de
rease α, β = −1

∗ else de
rease α

∗ if 
ost(v′) does not 
hange anymore, quit loop.� repla
e v0 with v′ and rename ve
tors a

ording to their 
osts.� if 
ost(v′) = 
ost(v0), quit loop.
• return vdThe steps in the inner loop are 
alled the re�e
tion for α = β = 1, expansion for α > 1and redu
tion for 0 < α < 1. The method is published in [27℄. Nelder-Mead is verygeneral, as it belongs to the 
lass of derivative free and nonlinear optimisation methods.As we do not know anything about the stru
ture of our input signal14 we take thisgeneral optimisation method. In our 
ase v is a ve
tor-like subset of knowledge Θ, to
al
ulate 
ost(v) we apply the knowledge 
on
erning the ve
tor Θv to generate an outputimage IΘv , hen
e 
ost(v) = 
ost(IΘv).13also known as Downhill simplex method or Amoeba method14The only restri
tion for the input signal f reads f ∈ L2. 53
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Figure 3.10.: Interpretation of one fuzzy band pass �lter: < m, c, w, wl
f , w

r
f >.Des
ription of the KnowledgeThe design of the knowledge set must satisfy the restri
tions of

• a small parameter set Θv to optimise simultaneously - and
• a fast evaluation of one 
hoi
e of the parameter set Θv.The smallest entity of knowledge for a given s
ale interval s is in general the followingve
tor:

v =< c, w, wl
f , w

r
f , m > (3.55)with c and w ≥ 0 as 
entre and width of one band pass, wl

f ≥ 0 and wr
f ≥ 0 as sizeof left and right fuzzy edge and m as the maximum value of the band pass. This set(see Figure 3.10) has the same dimension as the parameter set in Figure 3.6 but o�ersbetter optimisation by the Nelder-Mead method. For ea
h re
onstru
tion r, attenuationtype a and s
ale interval s we need at least one knowledge entity vr,a,s. In other words,the number of parameters we get for one knowledge set is given by

|Θmin| = |r| × |a| × |s| × |v|. (3.56)In our 
ase it follows |Θmin| = 4×3×16×5 = 960. Additionally we 
ombine n band passesper s
ale interval, re
onstru
tion type and attenuation type. So the upper boundary of54



3.5. Training of the SSSFthe size of the knowledge set reads |Θmax| = n|Θmin|. Obviously Θ ∈ R|Θmax| is too highdimensional for a simultaneous optimisation whi
h leads to an optimal solution.We bypass the large optimisation range by optimising only one knowledge entity v
on
urrently. Ea
h knowledge entity is separable.Let repla
e(v,m) =< v(1), v(2), v(3), v(4), m > (3.57)be the fun
tion whi
h repla
es the �fth entry of v with m and let Θp be the knowledgeentity at position
p =< r, a, s, i > (3.58)with r as a re
onstru
tion type, a an attenuation type, s a s
ale interval and i the i-thband pass �lter. Let furthermore

Ω(Θ, p,m) =

{

Θpos : pos 6= p

Θrepla
e(Θp,m) : pos = p
(3.59)be the repla
ement of the knowledge entity at position p and let

Ψ(Θ, p,m) =

{ 0 : pos 6= p

Θrepla
e(Θp,m) : pos = p
(3.60)be the repla
ement of the knowledge entity at position p and the suppression of theother knowledge entities.Let rec(Θ) be the re
onstru
ted image indu
ed by knowledge Θ, and let Θ ≡ Ω(Θ, p,m).Hen
e separability means

rec(Θ) = rec(Ω(Θ, p, 0)) + rec(Ψ(Θ, p,m)) (3.61)
rec(Ω(Θ, p, 0)) = rec(Θ)− rec(Ψ(Θ, p,m))

= rec(Θ) + rec(Ψ(Θ, p,−m)). (3.62)Due to this 
hara
teristi
 we 
an redu
e the simultaneous optimisation to only oneentity v ∈ R5. This equation a

elerates the evaluation for one guessed knowledge set,as only the values of one re
onstru
tion have to be 
onsidered.In one step, the optimisation method guesses a ve
tor v̂ ∈ R5. Sin
e a knowledge entity vis restri
ted to (R,R≥0, R≥0, R≥0, R) we need a mapping between v̂ and v.
55



3. The S
ale Spa
e Segmentation FilterLet v̂ be the guessed ve
tor
v̂ =< c, ŵ, ŵl

f , ŵ
r
f , m > . (3.63)The mapping reads

v =< c, |ŵ|,min(|ŵl
f |, |ŵ|),min(|ŵr

f |, |ŵ|), m > . (3.64)This general knowledge des
ription enables the 
on�guration of every proposed �lter.Band Pass FilterThe band pass �lter has no fuzzy edges and a 
onstant value m. It follows that only the�rst two parameters of the knowledge have to be trained:
k1 =< c, w, 0, 0, 1 > (3.65)Hen
e we need a 2-dimensional optimisation fun
tion as in Listing 3.1.1 width := 0.5;2 for i:=1 to S do begin3 
 :=(max(att)+min(att))/2;4 w :=(max(att)-min(att)) * width;5 [
,w℄ := Opt1([
,w℄,...);6 end; Listing 3.1: Optimisation s
heme for the band pass �lterFuzzy Band Pass FilterThe fuzzy band pass �lter must also train the fuzzy edges

k2 =< c, w, wl
f , w

r
f , 1 > . (3.66)This 
an be done by a 4-dimensional minimisation fun
tion as in Listing 3.2, but alsoby two di�erent 2-dimensional ones, whi
h are depi
ted in 3.3.General FilterThe fun
tion for the general �lter is mu
h more 
omplex than those for the band pass�lter. We need mu
h more values to optimise: When having I equivalen
e 
lasses, we56



3.5. Training of the SSSF1 width := 0.5;2 fuzzyWidth := 0;3 for i:=1 to S do begin4 
 :=(max(att)+min(att))/2;5 w :=(max(att)-min(att))*width;6 [
,
,w_f_l ,w_f_r℄ := Opt2([
,w,fuzzyWidth ,fuzzyWidth℄,...);7 end; Listing 3.2: First optimisation s
heme for the fuzzy band pass �lter1 width := 0.5;2 fuzzyWidth := 0;3 for i:=1 to S do begin4 
 :=(max(att)+min(att))/2;5 w :=(max(att)-min(att)) * width;6 [
,w℄ := Opt1([
,w℄,...);7 [w_f_l ,w_f_r℄ := Opt3([fuzzyWidth ,fuzzyWidth℄,
,w,...);8 end; Listing 3.3: Se
ond optimisation s
heme for the fuzzy band pass �lterget at least I|Θmin| knowledge entries whi
h is 15360 for Θmin = 960 and I = 16.Fortunately we must only �nd one parameter per knowledge entity, as the 
entre cconstand width wconst are given by the equivalen
e 
lass
k3 =< cconst, wconst, 0, 0, m > . (3.67)The optimisation is one-dimensional. It follows a programme as in Listing 3.4 To a

el-erate the appli
ation and to get more robust results, we 
an 
reate an iterative pro
essstarting with only one equivalen
e 
lass. This s
heme is illustrated in Figure 3.11. Atea
h iteration, the size of one equivalen
e 
lass shrinks, whereas its number grows. Theinitialisation m = 0 is skipped starting with the se
ond iteration and repla
ed by thevalue of the last iteration.Advan
ed Band Pass FilterWith the 
ombination of the fuzzy band pass �lter and the general �lter, we a
hieve thebest results. The knowledge entities read
k4 = < c, w, 0, 0, m > and (3.68)
k5 = < c, w, wl

f , w
r
f , m > . (3.69)57



3. The S
ale Spa
e Segmentation Filter
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Figure 3.11.: Iteration 
y
le to get optimal knowledge for b1 m := 0;2 w:= (max(att)-min(att))/(2*I);3 for i=0 to I-14 
 := min(att) + w + I*2*w;5 m := Re
4([m℄,
,w,...);6 end;7 end; Listing 3.4: Optimisation s
heme for the general �lterThe sear
h spa
e be
omes three-, respe
tively �ve-dimensional. The superposition of nadvan
ed band pass �lters is superior to any other proposed �lter - even for n being asmall number.Polynomial FilterThe polynomial �lter represents an ex
eption, as the knowledge set di�ers from theproposed one. We are sear
hing the ve
tor with size |v| = k1+k2+2 for one re
onstru
tiontype r and attenuation type a
v = Tpol =< a0,1, . . . , ak1,1, a0,2, . . . , ak2,2 > . (3.70)For the se
ond degree polynomials it follows |Θ| = 4×3×6 = 72. For one re
onstru
tiontype and attenuation type, the fun
tionality is listed in 3.5. At �rst we optimise the high58



3.5. Training of the SSSF1 % start values for low pass polynomial2 a1[0,...,k_1℄ := 0;3 % start values for high pass polynomial4 a2[0,...,k_2℄ := 0;5 for i=0:k_26 % optimise (i+1)-th value in polynomial a27 a2 := Opt(a2,i+1 ,...);8 end;9 for i=0:k_110 % optimise (i+1)-th value in polynomial a111 a1 := Opt(a1,i+1 ,...);12 end; Listing 3.5: Optimisation s
heme for the polynomial �lter
passes and then the low passes. In ea
h optimisation pro
ess, starting with a 
onstantpolynomial value, we let the degree grow from 0 to k1 or k2 respe
tively. In the nextloop we use the estimated ve
tor part to obtain new start values. Let ãi be the fa
torsof the new polynomial f̃ and ai the fa
tors of the last polynomial f . The mean valueof f must equal the mean value of f̃ for a set of given intervals

x2∫

x1

k−1∑

i=0

aix
idx =

x2∫

x1

k∑

i=0

ãix
idx. (3.71)The integral boundaries indu
e a partition of [0, 1] into k intervals with simplest par-titioning {[0, 1

k
], . . . , [k−1

k
, 1]}. There are k 
onstraints for sear
hing k + 1 free param-eters, in other words, there is only one free parameter left. Another equivalent 
hoi
eis {[0, 1

k
], [0, 2

k
], . . . , [0, 1]}, whi
h leads to simpler 
onstraints. For l ∈ {1, . . . , k} the
onstraints read

k−1∑

i=0

(
l

k

)i+1
ai

i+ 1
=

l/k∫

0

k−1∑

i=0

aix
idx =

l/k∫

0

k∑

i=0

ãix
idx =

k∑

i=0

(
l

k

)i+1
ãi

i+ 1
. (3.72)The steps are the following: Set k = 0, �nd a0 using the optimisation method. Get seedsfor k = 1 using Equation 3.72

a0 =

1∫

0

a0 dx =

1∫

0

ã0 + ã1x dx = ã0 + ã1/2 (3.73)
=⇒ ã1 = 2(a0 − ã0). (3.74)59



3. The S
ale Spa
e Segmentation FilterUse the optimisation method with new seeds to get optimal parameters a0 and a1,
ontinue with the same pro
edure by in
rementing k.For k = 2, we get
ã1 = 6(a0 − ã0) + a1 (3.75)
ã2 = −6(a0 − ã0). (3.76)In the same manner for k = 3 we get

ã1 = 11(a0 − ã0) + a1 (3.77)
ã2 = −27(a0 − ã0) + a2 (3.78)
ã3 = 18(a0 − ã0). (3.79)Let ă = a0 − ã0. We get the seeds

k = 0 : a =< a0 > (3.80)
k = 1 : a =< a0, 2ă > (3.81)
k = 2 : a =< a0, 6ă+ a1,−6ă > (3.82)
k = 3 : a =< a0, 11ă+ a1,−27ă+ a2, 18ă > . (3.83)The results obtained by this approa
h are very unstable and unpredi
table. To improvethe behaviour we may vary the start values for the lower and higher polynomials andsele
t the best results. However, this method 
annot gain the other proposed ones inspeed and a

ura
y15.

15Although this approa
h leads to short knowledge des
riptions, there is a signi�
ant drawba
k. Theappli
ation of the �lter 
annot be a

elerated and the training of this �lter up to same quality asthe band pass �lter will take mu
h longer.60



3.5. Training of the SSSFLimitations of the Update Fun
tionWhen optimising the band passes separately, a band pass 
hange is only a

epted ifit de
reases the 
ost. Hen
e being at position p (de�ned as in Equation 3.58), there
onstru
tion in
luding the 
urrent knowledge entity rec(Θ) and the re
onstru
tionwithout the knowledge entity rec(Ω(Θ, p, 0)) feature the relationship
ost(rec(Θ)) = 
ost(rec(Ω(Θ, p, 0)))−∆, ∆ > 0 (3.84)sin
e a band pass is only a

epted if it produ
es a 
ost de
rease.A good separation is indi
ated by a 
ost value near '0', whereas no separation is indi-
ated by a value of '0.5'. After the training of the knowledge via for instan
e the bandpass method, we get n knowledge ve
tors for spe
i�ed s
ale intervals, attenuation- andre
onstru
tion types.For testing whi
h values are most signi�
ant and whi
h 
an be suppressed we 
onsiderall n values for ∆ : ∆1, . . . ,∆n.The sum of the single 
ost de
reases di�ers from the global 
ost de
rease
∑

n

∆i 6= 
ost(rec)− 0.5. (3.85)The sum of the individual 
ost de
reases is only about 25% of the 
omplete 
ost de
rease.In other words, the 
omplete 
ost de
rease is in�uen
ed by 
ross 
orrelations betweentwo or more band passes to about 75%.It follows that the optimum knowledge set of band pass �lters must be trained in par-allel. Sin
e two band pass �lter have a 
ost de
rease in 
ombination, one of them mustnot un
over a 
ost de
rease.The dimension of one band pass �lter is within the bounds of possibility to be 
al
ulated.In our 
ase an optimisation of all band passes in one step is too large as it produ
es asear
h spa
e of 2× 3× 4× 16 = 384 dimensions16.One the one hand, the presented approa
h has the bene�t to be programmable and beingrelatively fast, but on the other hand it has the drawba
k not being absolutely 
orre
t.A 
hange of knowledge entity vp requires the re-adaption of potentially all other knowl-edge entities. Conversely the adaption of the other knowledge entities require a re-adaption of vp. With a growing set of already optimised knowledge entities, the value16The dimensions are 
al
ulated by 2 parameters per band pass, 3 di�erent attenuation types, 4 re
on-stru
tion types and 16 di�erent s
ale intervals. 61



3. The S
ale Spa
e Segmentation Filterof ea
h entity 
onverges against its optimum value. It follows that also the presentedapproa
h yields to similar results as the optimum high dimensional parallel approa
h.In other words, for growing iteration 
y
les in the optimisation pro
ess, the estimatedknowledge 
onverges against the optimal one.3.5.4. Postpro
essing of the KnowledgeAs already mentioned in Se
tion 3.2, we normalise Θ to ful�ll the 
onstraints whi
h aredepi
ted in Figure 3.4.Let d = M({pos})−M({neg})
2

be half of the di�eren
e between the mean value of the ob-je
t and the ba
kground points. Let Θa,r,s,i be the i-th knowledge entry for att = a,re
onstru
tion type r and s
ale interval s. The normalised knowledge Θ̂ reads
Θ̂a,r,s,i = < Θa,r,s,i(1), . . . ,Θa,r,s,i(4),

Θa,r,s,i(5)

d
> (3.86)

∆ =
M({pos})

d
− 1. (3.87)This normalisation allows the appli
ation of the �nal segmentation with a 
onstantthreshold t. Let Iout be the normalised �ltered image. The segmentation Ξ for a thresh-old t is a binary image with

Ξ(x, y) =

{

1 : Iout(x, y) > t

−1 : otherwise
. (3.88)The absolute values of t satisfy the 
onstan
y relationship where t = 0 always yields to asegmentation with same false positive and false negative ratio, t = 1 depi
ts the 
entre ofgravity 
on
erning the obje
t points and t = −1 the 
entre of gravity of the ba
kgroundpoints. For t 6= 0, the relative ration between false positive and false negative valuesdepends on the varian
es of the two 
urves in Figure 3.4.
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3.6. The Multi-Filter
Train multi-knowledge


Train knowledge
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Figure 3.12.: Training s
heme of the multi-�lter.3.6. The Multi-FilterThe results of one SSSF is a 
olouration into obje
t pixels represented by '1', and theba
kground pixels represented by '−1'. The training mask indu
es a spe
i�
 error whi
hperturbs the 
olouration.In 
ontrast to the simple SSSF , the s
ale spa
e multi-segmentation �lter uses n > 1di�erent knowledge sets Θ1, . . . ,Θn. In the �rst step we develop Θ1 for the initial mask,whi
h already results in a segmentation Ξ1. In step i we design a new mask based on thesegmentation result of the sum of all knowledge sets ΞΣ =
∑i

j=1 Ξi and the initial maskto train only those points whi
h are badly separated. This iteration is exe
uted n times.The n knowledge matri
es are able to �lter more information than only one knowledgeset. In parti
ular, it obtains the �ltering of di�
ult image regions like implants andlettering. The advantages are better segmentations, whereas the optimisation pro
esstakes n times longer. This pro
ess is depi
ted in Figure 3.12. The sample implementationis shown in Listing 3.6.The values of maskSum depi
t the 
olouration col of the relationship between positiveand negative �ltering with col = |pos|−|neg|, |pos| the number of positive segmentationsand |neg| the number of negative segmentations. The threshold t depi
ts the maximalnumber of true segmentations at a single position whi
h are integrated into the trainingset of the new mask. In this example we take t = 2. Pixel p is removed from the 
urrentmask if there are 2 more adequate knowledge sets than inadequate knowledge sets for p.63



3. The S
ale Spa
e Segmentation Filter1 fun
tion MultiKnowledge(amplitude ,phase ,mask):array of knowledge2 % initialise variables3 N := 20;4 t := 2;5 % 
al
ulate first knowledge6 knowledge[1℄ := TrainKnowledge(amplitude ,phase ,maskOld);7 maskSum := ((SSSF(amplitude ,phase ,knowledge[1℄) >0) -0.5)*2;8 % make N-1 iterations9 for (i:=2; i<=N; i++)10 % 
ompute new mask 
ontaining 1 for new obje
t points, 0 for newba
kground points and NaN for points to ignore11 maskNew := NaN(zeros(size(mask)));12 maskNew((maskSum<t)&(mask==1)) := 1;13 maskNew((maskSum>-t)&(mask==0)):= 0;14 % 
ompute knowledge i15 knowledge[i℄:=TrainKnowledge(amplitude ,phase ,maskNew);16 % Cal
ulate separation:17 maskSum:=maskSum+(((SSSF(amplitude ,phase ,knowledge[i℄) >0) -0.5)*2);18 end;19 return knowledge;Listing 3.6: Computing the multi-knowledgeIn general the �rst �ve iterations do not improve the segmentation, but the 
ost alwaysshrinks down with growing iterations. An absolute saturation, in the sense that nmaxiterations lead to the best results, is not observable17, but the lower boundary of 
ostsis 0. Hen
e
∀δ > 0 : ∃n : cost(rec(Ωn)) < δ. (3.89)In other words, this �lter 
an always return the optimum segmentation for �nite imagesif exe
ution time does not matter.3.6.1. The Dis
rete and the Linear Multi-FilterThe result of the training fun
tion is not a single knowledge setΘ but an array [Θ1, . . . ,Θn].These n knowledge sets indu
e n di�erent �ltered images Iout1 , . . . , Ioutn , whi
h again in-du
e the n segmentation results Ξ1, . . . ,Ξn ∈ {−1, 1}.17There is in fa
t a saturation whi
h is the minimal number of iterations we need to 
reate a satisfying�lter with cost = 0. For a training mask with N = |{pos}|+ |{neg}| pixels the upper boundary isgiven by N . This saturation is however not useful, as the information re
eived from this spe
i�
training image is at most a subset of the information indu
ed by the texture. This 'illusional'saturation 
an easily be generated by setting n ≪ N .64



3.6. The Multi-FilterTo summarise these signals, there is a dis
rete approa
h Ξ̂Σ
dis and a linear approa
h Ξ̂Σ

linwith
Ξ̂Σ
dis =

n∑

i=1

Ξi (3.90)
Ξ̂Σ
lin =

1

N

n∑

i=1

Iouti . (3.91)To re
eive the �nal segmentation ΞΣ, we map Ξ̂Σ in {−1, 1} by
ΞΣ(x, y) =

{

1 : Ξ̂Σ(x, y) > 0

−1 : otherwise
. (3.92)The Equation (3.91) yields to a linear mapping, the �ltered images are simply sum-marised, we 
an also obtain Ξ̂Σ

lin by summarising the knowledge entities.Let b(Θi) be the re
onstru
tion fa
tor matrix for Θi and rec(x, y; b(Θi)) the re
onstru
-tion for Θi. Ξ̂Σ
lin satis�es the relationship
Ξ̂Σ
lin =

1

N

N∑

i=1

rec(x, y, b(Θi))

=
1

N





N∑

i=1





4∑

r=1

∑

k∈{a,b,c}

recr(x, y; br,k(Θi))



−∆i





=
1

N





N∑

i=1

4∑

r=1

∑

k∈{a,b,c}

recr(x, y; br,k(Θi))



− 1

N

N∑

i=1

∆i

︸ ︷︷ ︸

∆

=







4∑

r=1

∑

k∈{a,b,c}

recr(x, y; Σ
N
i=1br,k(

Θi

N
)

︸ ︷︷ ︸

br,k(ΘΣ)

)







−∆

= rec(x, y, b(ΘΣ)) (3.93)with Θi

N
as the division of the maximal band pass amplitude of ea
h knowledge entryin Θi by divisor N - just as in Equation (3.86).It follows that the expansion to linearity leads to the same formula as the normal re-
onstru
tion, whi
h only needs one o�set and up to N overlapping intervals. In other
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Figure 3.13.: Mapping between size of the training set and its 
osts.words, we get an elegant implementation of the general �lter18.Both approa
hes have di�erent advantages. The dis
rete �lter (3.90) is better trainedsin
e it is the sum of N potentially di�erent �lters. The linear �lter (3.91) has similar
hara
teristi
s up to a 
ertain degree, whereas being intrinsi
ally only one �lter. It fol-lows that the linear �lter is faster to apply in 
ontrast to the dis
rete one.
3.7. Appli
ation of the SSSFIn the last se
tion we des
ribed the theory of the SSSF . The �nal parametrisation ofthe �lter 
an only be found by di�erent test runs on a real segmentation task. Thereforewe will develop the �lter properties on a spine segmentation task. The input images areof the same 
lass as the image in Se
tion 3.1, but 
ontain the 
omplete spine.In this subse
tion we will 
onsider the training set size and the optimal 
hoi
e for thes
ale spa
e. Later we will evaluate the proposed �lters and the proposed 
ost fun
tionsto be able to de�ne optimal presets for a given task.66



3.7. Appli
ation of the SSSF3.7.1. Evaluation of Training Set SizesWhen training the �lters, the size of the training set impa
ts the results and the eval-uation time of the optimisation pro
edure. Due to the performan
e improvement, thetraining set is only an equidistant subset of all possible training points with the samesize for obje
t and ba
kground points. The task is to �nd an optimum size. With grow-ing training set sizes, the optimisation on the training set be
omes harder and its 
ostgrows, whereas the appli
ation of the estimated knowledge be
omes better. An optimaltraining set size is the one whi
h barely satis�es the quality indu
ed by the di�eren
ebetween the 
osts for the training set and the 
osts for the 
omplete image.Figure 3.13 shows a mapping between the size of the training set, tested for sizes 101.5,
102, . . ., 105 and taken from three di�erent images of this 
lassi�
ation. The numberof test points of these 3 images is approximately 105.7. The 
osts for the training setin
reases and the 
osts for the 
omplete set de
reases. The distan
e between the 
ostsof the training set and the 
omplete set rea
hes its minimum at 105. The minimum
osts for the 
omplete set is rea
hed between 103.5 and 104. Above this point, the 
ostsfor the 
omplete set in
reases whi
h 
an be explained as it is restri
ted by the 
ost onthe training set. It follows that a larger training set size does not lead ne
essarily tobetter band pass �lters. Sometimes it also generates drawba
ks for the optimisationfun
tion. The optimum size depends on the motive of the image and also on the mask.In our 
ase, a good 
hoi
e is a value between 103.5 and 104. In Figure 3.13 we usedthe 
ost fun
tion 
ostmax. The used mask and the highest maximum s
ale, whi
h willbe dis
ussed below, is 
ertainly also responsible for the 
osts, but only for the absolutevalue and not for the relative development of the training set sizes.3.7.2. Evaluation of the Maximum S
aleAs already mentioned, another important property is the highest maximal s
ale smax.If the maximal s
ale is too large - mu
h larger as the obje
t size - the 
osts in
rease,as the signi�
ant data is too small in relation to the 
omplete data. In the trainingimages and the test images, we 
al
ulated the mean size of the texture in pixels d. Inthis example, d is the width of the spine. The relative s
ale srel is a fa
tor to 
al
ulatethe highest maximum s
ale

smax = d · srel. (3.94)18It is not possible to apply this mapping to linearity for every example. The loss of segmentationquality from Ξ̂Σ

dis to Ξ̂Σ

lin is often too large. 67
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Figure 3.14.: Mapping as in Figure 3.13, but restri
ted to the 
osts for the 
omplete set.We tested 6 di�erent values for srel from 0.6 to 1.6. The results are displayed in Fig-ure 3.14. The lowest 
osts are rea
hed between 103.5 and 104. The 
urves are very 
om-parable in quality, 
on
erning the relative s
ale the lowest 
osts are rea
hed at srel = 1and srel = 1.4, whereas also the relative s
ales 
ollapse more for too high training setsizes than the others. The values for srel = 0.6 have 
ommonly too high 
osts, whereasthe values for srel = 1.4 and srel = 1.6 seem to be robust, as they have only a smallvarian
e between 103 and 104.5 and have also quite good 
osts.3.7.3. Optimum MasksThe third property for a good segmentation is the 
hoi
e of the mask. We want to sep-arate the obje
ts and the ba
kground, in our 
ase, we want to separate the spine fromthe ba
kground. Therefore we use a mask with spine pixels represented by '1' and ba
k-ground pixels represented by '0' (see Figure 3.15, plot 1). It follows that the estimatedknowledge a

entuates the spine against the ba
kground. This 
ould be su�
ient, if the
osts were 
lose to '0'. However, this simple mask leads to 
osts far from '0', but stillbelow '0.5'.When using di�erent knowledge types with di�erent masks, one 
an also promote thequality of the segmentation. The se
ond mask in Figure 3.15 whi
h is evaluated is '1' atthese positions, where the �rst mask is '1' too. It is '0' only around the spine. This leadsto a better separation on the left and right side of the spine. In this way we design a set68



3.7. Appli
ation of the SSSF

Figure 3.15.: 2 di�erent masks with red=1, bla
k=0, turquois=NaN: a) mask for �ndingthe spine b) mask for getting a better segmentation at spine borders 
)base imageof knowledge �lters whi
h are 
ombined together, or whi
h are 
ombined with regionalinformation.Di�erent masks are 
ombined to train the segmentation espe
ially for problemati
 re-gions. The �rst mask in Figure 3.15 is used to lo
ate the spine 
entre as the positionof the horizontal mean value on one line. The se
ond mask in Figure 3.15 isolates theexa
t borders of the spine. The 
ombination of these two masks with an one-row region-growing algorithm solves the spine segmentation problem. We start in the spine 
entre,indu
ed by the �rst mask, and we stop at the borders, retrieved from the se
ond mask19.The �lters do not use any topologi
al or regional information. Hen
e this �lter leads tobetter segmentations when 
ombining it with this regional information, as e.g. the spineis 
onne
ted and it is similar to a watershed from top to bottom.3.7.4. Evaluation of the Filter TypesFor the next test runs we take the photograph and training masks from Figure 3.16. Forthe evaluation of the di�erent �lter types we take the 2-dimensional 
ost fun
tion 
ostf,gwith f = 
ostmean and g = 
ostdopt (see Equation 3.53).19The general segmentation problem for one 
onne
ted obje
t in the middle of the image also follows thisregion growing approa
h by using a mask for the obje
t and n others for the borders by a

entuatingthe border itself more and more. 69
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Figure 3.16.: Test image for the next examples, mask to train the spine allo
ation andmask to train the allo
ation of the spine borders.Parametri
ally a �lter train s
heme 
ontains three di�erent variables:1. The adaption of 
entre and width of a band pass.2. The adaption of the left and right fuzzy edges.3. The adaption of the maximum value for the band pass amplitude.There are seven meaningful types of 
ombination, depi
ted by the 3-dimensional binaryve
tor: [001], [010], . . . , [111].Ea
h adaption starts with a maximum value m = {−1, 1}, 
entre c = 0.5 and width
w = 0.35 whi
h are normalised to the interval, and fuzzy edges wl

f = wr
f = 0. Fortypes ([0 · ·]) ten di�erent equivalen
e 
lasses are 
hosen and the abort 
riterion for themain loop is weakened by fa
tor 100.The results are given in Figure 3.17. The number of applied improvements variesfrom 390 to above 104. The general �lter-based approa
hes ([0 · ·]) need too manyimprovements, hen
e too mu
h optimisation time. The fuzzy edge adaption based opti-misations ([11·]) generate lowest 
osts, the other approa
hes ([10·]) are worse, but needshorter optimisation time.70
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Figure 3.17.: Evaluation of the 
ost fun
tion. First row: �rst order 
osts. Se
ond row:Improvements until abortion.3.7.5. Evaluation of the Cost Fun
tionsThe evaluation of the �rst order 
ost fun
tion is done by the usage of the 2-dimensional
ost fun
tion 
ostf,g, with g = 
ostdopt, f ∈ {
ostmean, 
ostmax} and �lter type ([101]) (seeFigure 3.19).The 
ost fun
tion 
ostmean is superior in time and quality.In 3.5.2 we proposed 5 di�erent se
ond order 
ost fun
tions. For the evaluation purpose,these 
ost fun
tions are 
ombined with 
ostmean as the �rst order 
ost fun
tion and �ltertype ([111]). The results are depi
ted in Figure 3.18.The �rst order 
osts for the �rst three fun
tions are quite similar, whereas the thirdfun
tion 
ostΘmax takes the shortest optimisation time. We 
an drop the last three fun
-tions, as they are worse 
on
erning 
osts. A signi�
ant feature for the 
hoi
e of the 
ostfun
tion 
an also be the number of improvements. Con
erning this 
hara
teristi
 theknowledge-based evaluations (max, t) and (min, t) are superior even to the empty 
ostfun
tion (−). 71
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Figure 3.18.: Evaluation of the se
ond order 
ost fun
tion in
luding the empty se
ondorder 
ost fun
tion (-). First order 
osts and improvements until abortion.rank kind 
ost improvements1 mean 0.1600 7182 max 0.1792 1534Figure 3.19.: Cost fun
tions 
ostmean and 
ostmax3.7.6. Final PresetsThe �nal implemented presets are tested with 30, 000 positive and 30, 000 negative testpoints on the input image and the �rst mask of Figure 3.16. The exe
ution time isgrowing with des
ending the 
osts. The se
ond plot in 3.20 depi
ts the ratio betweenits exe
ution time and the exe
ution time of the preset 'dirty'20.Only preset 'best' leads to the optimum whi
h is 
lose to the value of 'optimal'. The oth-ers are automati
ally interrupted inside the sear
h loop, be
ause the 
osts-improvementgot too 
lose to zero.20The exe
ution time for the preset 'dirty' is 23 se
onds on this ma
hine. A Compaq Presario A900Notebook PC: A 32-Bit Intel Core 2 Duo CPU T5450 with 2 × 1.66 GHz and 2GB RAM. TheMatlab version is 7.6.0.324 (MATLAB R2008a).72
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Figure 3.20.: Evaluation of the �nal �lter presets. First order 
osts and exe
ution timerelative to preset 'dirty'.3.7.7. Evaluation of the Multi-FilterFigure 3.21 shows a segmentation on the �rst test image. We applied both masks,the spine dete
tion and the spine-border dete
tion mask. The segmentations of both�lters show the following: Red or dark blue represent positive or negative responses ofboth �lters, light blue denotes a positive response only of the spine-border �lter andyellow is the 
olour only for a positive response of the spine �lter. The �rst plot isthe segmentation after the �rst iteration, the se
ond after ten iterations and the thirdafter 100 iterations.The used presets are 'dirty' for the spine segmentation and 'basi
' for the spine-bordersegmentation. The train data 
ontains only the information of this image, thereforethe absolute results be
ome very good. If we only 
onsider the relative improvementof the 100 iterations in 3.22 we are superior to the best standard approa
h with the
10th iteration (see also se
ond image in 3.21), and rea
h a 
ost value of 0.0357 forthe spine dete
tion with the worst optimisation preset 'dirty' and 0.0229 for the spine-73
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Figure 3.21.: Improvement of the multi-�lter: example for 2 multi-knowledge �lters in-du
ed by mask 1 and mask 2.border dete
tion with the se
ond worst preset 'basi
'. This segmentation is depi
tedin the last image of Figure 3.21. Be
ause of the fast, but in parti
ular highly 
ostingoptimisation types (see also �rst image in 3.21), the pro
ess needs 10 iterations to gainthe segmentation results of the best optimisation type 'best'. But the improvement isstill obvious: The exe
ution time for the multi-�lter with n iterations is restri
ted by ntimes the exe
ution time of the used preset. If we use the fastest preset we get betterresults as any other single appli
ation already in the same exe
ution time as preset 'fast'.
74



3.8. Results3.8. ResultsThe 
omplete 
ode for the implementation of the training and appli
ation for the �lteris given in the Appendix A.2.In this se
tion we will give examples for di�erent stand-alone SSSF -appli
ations. These�lter results are still a pre-stage to a �nal segmentation �lter, as it is not 
ombined withother image pro
essing te
hniques whi
h in
lude topographi
al or lo
al information21.3.8.1. Appli
ation on Spine PhotographsFor the demonstration on spine photographs, we use di�erent training set sizes.1. One training image2. Three training images3. 14 training imagesEa
h training set is trained for the normal spine dete
tion and the spine-border dete
tion.The knowledge adaption of the training images is shrinking down with the growingtraining set size, whereas the appli
ability is growing. This development is obvious asmore training images 
ontain more varian
es of the texture representation.The 
ost graphs in Figure 3.22 have similar developments. The adaption for the spine-border dete
tion be
omes worse than the adaption for the spine dete
tion. In the �rstiterations the 
osts 
ome with a high os
illation. The length of os
illation is indu
ed bythe training set size. At the �rst plot the os
illation lasts for the �rst 10 iterations, inthe se
ond, it lasts for the �rst 20 iterations and in the third it takes 50 iterations. Alsothe amplitude of this os
illation is growing with growing training set size.The �nal spine segmentation results meet in most 
ases the expe
tations, sin
e the �lterresults are of good quality.
21The design of a �nal �lter, i.e. for spine segmentation or liver volume estimation 
an be developed onthese �lter results by the use of opening and 
losing operators, 
ombined with 1- or 2-dimensionalregion-growing or energy-minimising approa
hes, respe
tively. 75
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Figure 3.22.: The graphs of the 
osts for training improvements and di�erent trainingset sizes. First row: 
osts for 1 training image, se
ond row: 
osts for 3training images, third row: 
osts for 14 training images.76
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Figure 3.23.: Filter appli
ation on 4 of 14 training images. Upper row: Results of thetwo masks. Dark blue or orange =̂ positive or negative responses of theboth �lters. Green =̂ only positive response of the spine border dete
tion,light blue =̂ only positive response of the spine dete
tion. Red line =̂training-mask. 77
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Figure 3.24.: Images 2, 4 and 6.78
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Figure 3.25.: Images 3, 8 and 10. 79
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Figure 3.26.: Images 11, 12 and 13.80
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Figure 3.27.: Di�
ult images: 28, 31 and 36. 81
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Figure 3.28.: Di�
ult images: 53, 69 and 90.82
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Figure 3.29.: The graphs of the 
osts for training improvements of the liver segmentation.We used 10 di�erent training images.3.8.2. Appli
ation on Liver CT-PhotographsAnother di�
ult medi
al 
omputer vision task is the segmentation of the liver in a sta
kof 
omputer tomography data. The liver is a huge obje
t on the left side in the images.As its shape varies, the 
urrent working segmentation routines always need human's presegmentation. However, our presented results are only appli
ations of the �lter and nota liver segmentation approa
h itself.For the demonstration of our method on liver photographs, we trained it on the pho-tographs 14, 24, . . . , 104 and tested it on 14, 18, . . . , 106.The results are depi
ted from Figure 3.30 to Figure 3.33.The segmentation of the liver 
an be essentially upgraded by the use of inter
onne
tionsbetween two sli
es. A two dimensional region growing approa
h 
ould lead to a satisfying�nal segmentation. Another upgrade 
an be made by the 
onsideration of not only the
x − y-proje
tion, but the proje
tions in x− z and y − z dire
tion, too. The knowledgeadaption for the liver images be
omes better than the knowledge adaption for the spineimages (see Figure 3.29) as the images are more similar and of identi
al size.The results of this image 
lass is of the same quality as other 
urrent approa
hes (seealso [26℄).

83
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Figure 3.30.: Every fourth sli
e of a 
t-sta
k. First and third row: Segmentations as forthe spine dete
tion. Se
ond and fourth row: Input images as for the spinedete
tion. Sli
es 14, 18, . . . , 3484
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Figure 3.31.: Sli
es 38, 42, . . . , 58
85
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Figure 3.32.: Sli
es 62, 66, . . . , 82
86
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Figure 3.33.: Sli
es 86, 90, . . . , 106
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3. The S
ale Spa
e Segmentation Filter3.9. Con
lusion and OutlookThe proposed �lter te
hnique has some positive properties. On
e having amplitude andphase signals for 
ertain s
ale intervals we 
an train a segmentation for a spe
ial tex-ture, su
h as in this example the spine or liver. The te
hnique is relatively stable andthe false-positive or false-negative error 
an be suppressed via a weighted evaluationfun
tion. As the segmentation result is in R and not in {0, 1} as 
lassi
al segmentationroutines, it provides a measurement for ea
h pixel being part of the texture or not.Another advantage is the attribute being a single-point mapping, sin
e ea
h point isevaluated itself. It follows, that after the appli
ation of the analyti
 signal, there isno further obje
t des
ription ne
essary. As the �lter is 
onstant for ea
h point, it 
anbe applied very fast, for example on a GPU pixel-shader. Therefore, the �lter 
an beexe
uted in parallel, or in other words, in O(1) on an adequate hardware. We showed,that the 
al
ulation of the analyti
 signal 
an be done in less than one se
ond for a 1mega pixel image. The 
al
ulation of the SSSF for n = 100 iterations takes at most
t = 2.4 se
onds on the same system, sin
e t = n× 384× 1

9∗4∗448
se
onds22. Hen
e we areable to 
ompute one image in about three se
onds on this GPU.The next advantage 
on
erns the false segmented points. When having some moreknowledge about the 
onsidered stru
ture, like for example some tightness or 
onne
-tivity, we 
an expand the regions by 
onsidering the densities by 
onvolving the resultwith a mask to get the mean value, whi
h simulates the tightness.Normal segmentations are region- or edge-based. This approa
h is nearly independentas it is a single-point mapping. We 
an �nd masks, whi
h indu
e region based segmen-tations as the proposed spine segmentation and these whi
h indu
e edge based ones assimple edge dete
tors based on the phase for small s
ales. In other words, this approa
h
an be used for every kind of pixel highlighting and is therefore most abstra
t.The properties of this �lter are beside its potential of a high a

eleration, the rotationinvarian
e, luminan
e invarian
e and high adaptivity to any stru
ture.The �lters only use the phases and amplitudes of the input image, therefore the �ltersare applied in parallel. Future work will deal with an expansion of the �lter with a serial
omponent, sin
e the input signal for the phase and amplitude of �lter i is the resultof �lter i − 1. This approa
h leads to mu
h better results even if the training of this�lter set lasts mu
h longer: it requires fast hardware and good software. It looks like aneuronal network, where ea
h neuron gets an image, 
omputes the analyti
 signal andapplies the �lter to get the output image having same size and range as the input image.In the last 
hapter we show the quality of the �lter by applying a �nal spine dete
tion.22The time for 9 pixel a

esses is 448 frames / se
ond, we only need 1 pixel a

ess and we are able to
ompute 4 slots in parallel. In our implementation the size of one SSSF is maximal 384.88



4. Design of a Spine Dete
torIn this 
hapter we will expand the results of the SSSF to the design of a �nal spinesegmentation, whi
h segments the spine from the ba
kground. This allows us to 
omparethe proposed method with other spine segmentation programmes. We only design avery simple post pro
essing of the spine segmentation, whi
h underlines the power ofthe SSSF itself. First we 
onsider, how medi
s solve this task. Afterwards, we 
onsiderthe problem again from the programmer's point of view.4.1. Image Pro
essing from the Medi
al Point of ViewFor a human being it is typi
ally no problem to segment the spine and spine bodies.Hen
e, they start immediately to measure the distortion. We only 
onsider anterior-posterior photographs1 whi
h allow only a dete
tion of the s
oliosis in horizontal dire
-tion when wat
hing from ahead. The most 
ommon measure for des
ribing this kind ofs
oliosis is the Lippman-Cobb angle2.Figure 4.1 illustrates the 
al
ulation of the Lippman-Cobb angle. The �rst two �gures(available at [45℄) show the mapping from photographi
 data to s
heme.Consider the 
urve of the spine as a linear fun
tion fspine : R → R, x = fspine(y). The lo-
ation of the Lippman-Cobb angle pi
obb is the lo
al maximum (most right) or minimum(most left) point in fspine. The angle itself is the maximum angle of the derivative f ′spinebetween the two adja
ent extreme points. Hen
e n angles α1, . . . , αn for n+2 samplingpoints p0
obb, . . . , pn+1
obb are given by
{p0
obb, . . . , pn+1
obb} = {{0, 0, p2
obb, . . . , pn−1
obb, ymax, ymax}|

∀i ∈ {2, . . . , n− 1} : pi−1
obb < pi
obb ∧ f ′spine = 0} (4.1)
∀i ∈ {1, . . . , n} : αi = {arctan(f ′spine(yi1))− arctan(f ′spine(yi2))|

yij = argmin
y

{f (2)spine(y)|y ∈ [pi−2+j
obb , pi−1+j
obb ]}} (4.2)1AP radiographi
 proje
tions of the spine2also known as 'Cobb's angle', whi
h was introdu
ed in 1935. 89
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Figure 4.1.: Measuring the Lippman-Cobb angle: lo
al spine photograph, 
orrespondings
heme and general s
heme for the Lippman-Cobb anglewith ymax the maximum pixel 
oordinate in y−dire
tion. The i-th Lippman-Cobb angleis given by αi
obb = |αi|.Figure 4.1 illustrates the 
al
ulation. A spine 
urve is 
alled de
ompensated if
n∑

i=1

αi 6= 0. (4.3)The example from 4.1 (available at [46℄) has values α1 = 42◦, α2 = −89◦ and α3 = 47◦,this spine is 
alled '
ompensated' sin
e the sum of the angles as ∑3
1 αi = 0.In medi
al diagnosti
s the lo
ations must be de
lared in addition to the angles. There-fore spine bodies are partitioned into 5 groups from the top to the bottom 
ervi
alvertebras3, thora
i
4, lumbar5 vertebras, sa
rum6 and tailbone7. For s
oliosis, generallyonly the spine bodies C4, . . . , L5 are of relevan
e. These are 21 bodies, the radiographis normally 
ut inside the 
ervi
al spine. The thora
i
 spine 
an be dete
ted by holdingup the ribs. The 
rossover between thora
i
 and lumbar spine is variable, be
ause someindividuals have 13 rib pairs.3C1, . . . , C74T1, . . . , T125L1, . . . , L5, sometimes also (T1, . . . , T13) and (L1, . . . , L4)6S1, . . . , S57at all 4 segments90



4.2. Programmer's Approa
h
Exclude borders Extract stripe enclosing the spine centre Select mean-line in the stripeFigure 4.2.: Segmentation �ow 
hart leading from input image to spine body segments.There is another approa
h for measuring the s
oliosis by using the midpoints of thevertebras 
alled the Risser-Ferguson method. Robinson at al. have showed the equiva-len
e of both methods in [32℄. A more detailed introdu
tion 
an be found in [30℄ and a
ompa
t overview to further methods is available in [33℄.It is equivalent to sele
t the upper and lower plates of the vertebras or the midpoints ofea
h vertebra, as there is a mapping between the Risser-Ferguson and Lippman-Cobbmethod.4.2. Programmer's Approa
hThe spine segmentation is the main task for an automati
al system in 
ontrast to thehuman approa
h. The prin
ipal pro
eeding is depi
ted in Figure 4.2.The �rst step is the ex
lusion of everything, whi
h does not 
ontain any information,su
h as white border or noise. In the 
ase of the spine segmentation this is an ex
lusionof some area on the left and the right sides. The se
ond step extra
ts a stripe en
losingthe spine 
entre. In the resulting neighbourhood it is easier to �nd the edges of thespine. The last step �nally delivers the 
urve of the spine. This is the fun
tion fspineas des
ribed in Se
tion 4.1. After that, the 
al
ulation of the Lippman-Cobb angle is atrivial task. In the images 4.3 to 4.5 the results of the steps are marked. The result ofthe �rst step is the segmentation of the light blue area from the dark blue area. Thestripe en
losing the spine 
entre is orange, the mean-line is yellow. Additionally the
ontours of the spine are marked with a red line.It is important to note that every arrow between the boxes in 4.2 is a�i
ted witha spe
ial probability for �nding the right mapping 
on
erning the se
ondary task, asgenerally in 
omputer vision the approximated fun
tion is a mapping between the inputimage and the 
on
lusion, whi
h goes along with an enormous redu
tion of dimensions,by simultaneously not redu
ing the intrinsi
 dimensions 
on
erning the goal.There are obviously many di�erent other possibilities to join the task from Figure 4.2,but we will only 
onsider this approa
h.The Figures 3.24 to 3.28 show the results of the SSSF. The results of the �rst maskwhi
h only 
ontains the obje
t itself, are used for ful�lling the �rst two steps. The main91



4. Design of a Spine Dete
torfun
tion inside these steps is the appli
ation of the analyti
 signal whi
h determines thephase φ. The value cos(φ) is rea
hing its maximum in the 
entre of the spine. This is
ut out and expanded to get the stripe en
losing the spine 
entre.For the next step we restri
t the results of the spine-border dete
tion to the stripeen
losing the spine. We 
al
ulate again cos(φ) and apply some opening and 
losingpro
edures [37℄. We get a highlighting, based on the spine-border dete
tion and thestripe.As the spine is tubular, we apply a tra
k operator with a size of the mask equal to thespine width, in the next step. Its �attened result is already 
lose to the optimum.For the 
al
ulation of the s
oliosis the segmentation of the spine bodies is not required.The 
omputer 
ode of our approa
h is depi
ted in A.3.4.3. ResultsWe show the results of our �nal segmentation fun
tion whi
h only uses the phase, the
al
ulation of the mean value, some noise deleting fun
tions like opening and 
losingand the blob sear
h8.4.3.1. Relation to other Spine Segmentation FiltersWith these simple pre-pro
essing te
hniques, we already rea
h good segmentation re-sults. Applying a
tive shape models, simulated annealing or the watershed transform
ould improve our results additionally. The per
entage of overlapping of our �nal seg-mentation is only a�i
ted with a positive error of 5% and a negative error of 3%9.Beside, Brandt [4℄ splits down the segmentation of the spine in good and bad imagesand in upper parts and lower parts. He a

omplishes a positive error and negative errorof about 10% for images of the best quality. For images with worst quality he gainserrors of 25%. However, he is not plotting any result images.Also the average error of other spine segmentation approa
hes is near 10% (see also
hapter 5 in [4℄).A 
ommon issue for 
omparing results is the fa
t, that many segmentation results areonly given in tabular form and furthermore in millimetre, but not in the per
entageof the overlap between estimated and 
omputed results. Most of the approa
hes wedes
ribed in the introdu
tion of Se
tion 3 use the energy minimisation and the region8The blob sear
h is the sear
h for 
onne
ted areas with same grey values.9The positive error varies between 2.6% and 7%, the negative error varies between 1.7% and 4%.92



4.3. Resultsgrowing approa
h, but need a human made 
alibration of the start values for ea
h image.With this �lter, we got a robust, fast, powerful and general segmentation tool whi
h issuperior to standard a
tive shape or simulated annealing approa
hes at fa
tor 3− 5.The SSSF is neither region- nor edge-based: the 
olouration of our approa
h is morerobust than these approa
hes, as it 
annot be in�uen
ed by one false de
ision in thesegmentation pro
ess whi
h is not intrinsi
ally su

essive.Sin
e the major part of our method is the 
omputation of the SSSF, our approa
hstill takes about three se
onds per 1 mega-pixel image. The 
al
ulation of the post-pro
essing after the SSSF does not 
ontain any time 
onsuming methods. In this sense,our approa
h is not only more a

urate than any other method, but also very fast.4.3.2. Con
lusionWe demonstrated that we are able to ex
eed the state-of-the-art approa
hes with easysegmentation te
hniques like 
omputing mean values, dilation, erosion and the 
al
ula-tion of the phase. Applying a more powerful postpro
ess on our �ltered signals 
ouldimprove the results further on.Our approa
h is superior to region- and edge-based segmentations, as the pixel based ap-proa
hed 
annot be in�uen
ed by false de
isions outside the 
urrent pixel. We designeda spine segmentation, whi
h is up to 3− 5 times more pre
ise than the 
urrently knownapproa
hes. We showed that our method is also appli
able to di�
ult images whi
h areimages with implants 
overing the spine. The approa
h takes about three se
onds perimage, as the post-pro
essing after the 
al
ulation of the SSSF does not 
ontain anytime 
onsuming methods and the 
al
ulation of the input signals is possible in aboutthree se
onds.
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4. Design of a Spine Dete
tor

Figure 4.3.: Image 36. Left: Segmentation-steps. Right: Input and output of our fun
-tion. The errors are: false negative = 7%, false positive = 1.7%.
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4.3. Results

Figure 4.4.: Image 53: False negative = 3.4%, false positive = 4%.
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4. Design of a Spine Dete
tor

Figure 4.5.: Image 90: False negative = 2.6%, false positive = 2.8%.
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Appendix A.CodeA.1. Analyti
 SignalSample Code Listing A.1: MainS
aleExample.m1 fun
tion s
aleImage = MainS
aleExample()2 % s
aleImage = MainS
aleExample()3 % Author : Felix Thomsen4 % Example to understand the 
ode stru
ture56 % take a syntheti
 image with orientation = pi/8, s
ale = 10 and7 % amplitude =1:8 image = SynthImage (100 ,[1;pi /8;0;10℄ ,1);910 % take 2-dimensional analyti
 signal s
ale spa
e with depth =16 and maximal11 % 
oarse s
ale = 10012 [amplitude ,phase ,s
ales ℄ = AllAS(image ,16 ,100);1314 % 
ompute the main s
ale with the standard approa
h15 s
aleImage = MainS
ale (amplitude ,phase ,s
ales ,1);1617 % plot the result :18 surf(s
aleImage );
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Appendix A. CodeCal
ulation of the Analyti
 SignalListing A.2: AS.m1 fun
tion [orientation ,phase ,amplitude ,apexAngle ℄=...2 AS(image ,fineS
ale ,
oarseS
ale ,nMax)3 % [orientation ,phase ,amplitude ,apexAngle ,attenuation ℄=4 % AS(image ,fineS
ale ,
oarseS
ale ,nMax)5 % Author : Felix Thomsen6 %7 % 
al
ulates the 2-D Analyti
 Signal on image with fineS
ale and8 % 
oarseS
ale and a maximal mask size nMax9 % default : fineS
ale = 1; 
oarseS
ale = 100; nMax = 16;10 if nargin <111 error('need at least 1. parameter image ');12 end13 if nargin <214 fineS
ale = 1;15 end16 if nargin <317 
oarseS
ale = 100;18 end19 if nargin <420 nMax = 16;21 end22 [kP ,kX ,kY ,kXX ,kYY ,kXY ,dx℄ = 
reate_AK (fineS
ale ,
oarseS
ale ,nMax);23 % image prepro
essing24 if (ndims(image )==3)25 img =double (rgb2gray (image ));26 else27 img = double (image);28 end2930 % 
onvolutions31 f_p = 
onvolution (img ,kP ,dx);32 f_x = 
onvolution (img ,kX ,dx);33 f_y = 
onvolution (img ,kY ,dx);34 f_xx = 
onvolution (img ,kXX ,dx);35 f_yy = 
onvolution (img ,kYY ,dx);36 f_xy = 
onvolution (img ,kXY ,dx);3738 % signal 
al
ulation39 f_pm = 0.5 .*( f_xx -f_yy);40 f_s = 0.5 .* f_p;41 f_plus = f_xy;42 e = sqrt(f_pm .^2 + f_plus .^2) ./abs(f_s);43 q = (f_x .^2 + f_y .^2) .* 2 ./(1+e);4445 phase = atan2(sqrt(q),f_p);4647 orientation = atan2(f_y ,f_x);104



A.1. Analyti
 Signal48 epsilon = 0.001;49 orientation (orientation >(2*pi -epsilon )) = 0;5051 amplitude = sqrt(real(f_p .^2 + q)) .*0.5;5253 apexAngle = real(a
os(sqrt(f_y .^2+f_x .^2)./abs (f_s)));54 end5556 %--------------------------------------------------------------------------57 % Create kernels and 
onvolution58 %--------------------------------------------------------------------------59 fun
tion [kP,kX,kY,kXX ,kYY ,kXY ,dx℄= 
reate_AK (fineS
ale ,
oarseS
ale ,maxN)60 % 
al
ulates 
onvolution mask size for stati
 error = 5%61 % if 
al
ulated size >maxN -> take smaller impre
ise size6263 % 
al
ulate 
onvolution size n for parameter E=error64 E = 2;65 n = 
oarseS
ale * E;66 dx = 
eil(n / maxN);67 n = floor (n / dx);68 [x,y℄ = meshgrid (-n:n,-n:n);69 
oarseS
ale = 
oarseS
ale / dx;70 fineS
ale = fineS
ale / dx;7172 % Kernel1FS , Kernel1CS , Kernel2FS , Kernel2CS73 ssFS = fineS
ale ^2;74 ssCS = 
oarseS
ale ^2;75 z = x.^2+y.^2;7677 kernel1FS = 1 ./ (2 * pi .* (ssFS + z).^(3/2) );78 kernel1CS = 1 ./ (2 * pi .* (ssCS + z).^(3/2) );79 kernel2FS = (2 * pi) .* (z.^2) .*(( ssFS+z).^(3/2) );80 kernel2CS = (2 * pi) .* (z.^2) .*(( ssCS+z).^(3/2) );8182 
ontrol = (kernel2FS ~= 0);83 kernel2FS (
ontrol ) = -(fineS
ale .* (2 * ssFS + 3.*z(
ontrol ))...84 - 2.*( ssFS + z(
ontrol )).^(3/2) )./ kernel2FS (
ontrol );85 kernel2CS (
ontrol ) = -(
oarseS
ale .* (2 * ssCS + 3.*z(
ontrol ))...86 - 2 .*( ssCS + z(
ontrol )).^(3/2) )./ kernel2CS (
ontrol );8788 % kernels kP ,kX ,kY ,kXX ,kYY ,kXY89 kP = freeDC (fineS
ale .* kernel1FS - 
oarseS
ale .* kernel1CS );90 kX = freeDC (x .*( kernel1FS - kernel1CS ));91 kXX = freeDC (x.^2 .* ( kernel2FS - kernel2CS ));92 kXY = freeDC (x.*y .* ( kernel2FS - kernel2CS ));93 kY = kX ';94 kYY = kXX ';95 end9697 fun
tion kernelB = freeDC (kernel )98 kernelB = kernel - mean(kernel (:) ); 105



Appendix A. Code99 end100101 fun
tion img = 
onvolution (img ,
onvKernel ,dx)102 % img = 
onvolution (img ,
onvKernel ,dx)103 %104 % Comnvolutes image img with mask 
onvKernel similar to105 % 
onv2 (img ,
onvKernel ,'valid ')106 % dx in {1 ,2 ,...} spe
ifies the offset between pixels .107 % mask 
onvKernel needs odd size and 1 =width/height108 % if n = size(
onvKernel ,1) , the 
onvolution result equals a normal109 % 
onvolution with a kernel of size110 % m = (n-1) * dx +1111 % Example : n = 11, dx = 2 -> m = 21112 % for mean -value 
al
ulation one needs a pre -
onvolution mask of size dx.113114 % generates for dx=2 4 images with following stru
ture for width =5,115 % height =6:116 % image (1,1) | image (1,2)117 % 1,1 - 3,1 - 5,1 | 2,1 - 4,1118 % 1,3 - 3,3 - 5,3 | 2,3 - 4,3119 % 1,5 - 3,5 - 5,5 | 2,5 - 4,5120 % ----------------------------------121 % image (2,1) | image (2,2)122 % 1,2 - 3,2 - 5,2 | 2,2 - 4,2123 % 1,4 - 3,4 - 5,4 | 2,4 - 4,4124 % 1,6 - 3,6 - 5,6 | 2,6 - 4,6125 % with x,y as pixel (x,y) from image img126 n = (size(
onvKernel ,1) -1) /2;127 % Mean -value 
al
ulation128 if dx >1129 img = padarray ( padarray (img ',floor(dx/2) ,'repli
ate ') ',...130 floor(dx/2) ,'repli
ate ');131 flattenN = floor(dx/2) *2+1;132 flattenMask = ones(flattenN );133 if mod(dx ,2) == 0134 flattenMask (:,1) = flattenMask (:,1) .* 0.5;135 flattenMask (:, end) = flattenMask (:, end).* 0.5;136 flattenMask (1,:) = flattenMask (1,:) .* 0.5;137 flattenMask (end ,:) = flattenMask (end ,:) .* 0.5;138 end139 flattenMask = flattenMask ./ sum(flattenMask (:) );140 img = 
onv2 (img ,flattenMask ,'valid ');141 end142143 % width and height 
al
ulation144 img = padarray ( padarray (img ',n*dx ,'repli
ate ')',n*dx ,'repli
ate ');145 [height ,width℄ = size(img);146 ii = 1:1:dx;147 w = 
eil ((width -ii +1) ./dx);148 h = 
eil ((height -ii+1) ./dx);149106



A.1. Analyti
 Signal150 % generate and 
onvolute dx*dx image parts151 
Images = zeros(h(1) -(n*2) ,w(1) -(n*2) ,dx ,dx);152 for ih =1:1: dx153 for iw =1:1: dx154 
urImage = zeros(h(1) ,w(1) );155 hh = 1:1:h(ih);156 ww = 1:1:w(iw);157 
urImage (hh ,ww) = img ((hh -1) .*dx+ ih ,(ww -1) .*dx+ iw);158 
Images (:,:,ih ,iw) = 
onv2 (
urImage (:,:) ,
onvKernel ,'valid ');159 end160 end161162 % write ba
k 
onvolution results163 img = zeros(height -(n*dx*2) ,width -(n*dx*2));164 for hh =1:1: height -(n*dx*2);165 for ww =1:1: width -(n*dx*2);166 img(hh ,ww) = 
Images (
eil(hh./dx),
eil(ww./dx) ,...167 mod ((hh -1) ,dx)+1, mod ((ww -1) ,dx)+1) ;168 end169 end170 end Listing A.3: AllAS.m1 fun
tion [amplitude ,phase ,s
ales ℄ = AllAS(image ,depth ,maxS
ale )2 % [amplitude ,phase ,s
ales ℄ = AllAS(image ,elements ,maxS
ale )3 % Author : Felix Thomsen4 % 
al
ulates logarithmi
 s
ale spa
e on image 
on
erning the 2D-Analyti
5 % signal with depth elements , 
oarseS
ale (depth) = maxS
ale6 % and fineS
ale (1) = 17 [h,w℄ = size(image);8 logdiff = log(maxS
ale )/depth;9 s
ales = exp(log (1):logdiff :log (maxS
ale ));10 amplitude = zeros(h,w,depth);11 phase = zeros (h,w,depth);12 for i=1: depth13 fprintf ('i= %d, fineS
ale =%f, 
oarseS
ale =%f\n',i,s
ales (i),s
ales (i+1))14 [or ,phase (:,:,i),amplitude (:,:,i)℄= AS(image ,s
ales (i),s
ales (i+1) );15 end;
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Appendix A. CodeAttenuation Based Pro
eduresListing A.4: Attenuation.m1 fun
tion attenuation = Attenuation (amplitude ,phase ,s
ales ,kind)2 % attenuation = Attenuation (amplitude ,phase ,s
ales ,kind)3 % Author : Felix Thomsen4 % 
al
ulates attenuation with kind in {1,2,3}5 [h,w,d℄ = size( amplitude );6 attenuation = zeros(h,w,d);7 swit
h kind8 
ase 1; % attenuation kind= 'a'9 for dd=1:d10 attenuation (:,:, dd) = amplitude (:,:, dd)...11 ./ (log(s
ales (dd+1))-log(s
ales (dd)));12 end;13 
ase 2; % attenuation kind= 'b'14 amplitude = amplitude .* abs(
os(phase));15 for dd=1:d16 attenuation (:,:, dd) = amplitude (:,:, dd)...17 ./ (log(s
ales (dd+1))-log(s
ales (dd)));18 end;19 
ase 3; % attenuation kind= '
'20 phase = 
os(phase);21 for dd=2:d-122 wr = log(s
ales (dd +2))-log(s
ales (dd));23 wl = log(s
ales (dd +1))-log(s
ales (dd -1) );24 attenuation (:,:, dd) = 1 - (abs(phase (:,:, dd)-phase (:,:,dd -1) )*wr...25 + abs(phase (:,:, dd)-phase (:,:, dd+1))*wl)./(2*( wl+wr));26 end;27 otherwise ; % no a
tion28 end ; Listing A.5: MainS
ale.m1 fun
tion [s
aleImage ,maxAtt ℄ = MainS
ale (amplitude ,phase ,s
ales ,kind)2 % [s
aleImage ,maxAtt ℄ = MainS
ale (amplitude ,s
ales ,s
aleKind ,phase)3 % Author : Felix Thomsen4 % 
al
ulates the s
ale with highest attenuation (main s
ale )5 % kind in {1,2,3,4}6 % with 1-3 = highest attenuations with kind 1-37 % 4 = 
ombination of 1 and 28 [h,w,d℄ = size( amplitude );9 s
aleImage = zeros(h,w);10 maxAtt = zeros(h,w);11 if kind ==4 % 
ombined method12 
utOff = 0.5;13 [s
aleImageA ,maxAttA ℄ = MainS
ale (amplitude ,phase ,s
ales ,1) ;14 threshold = maxAttA .* 
utOff ;15 
lear s
aleImageA ;16 
lear maxAttA ;108



A.1. Analyti
 Signal17 att1 = Attenuation (amplitude ,phase ,s
ales ,1);18 att2 = Attenuation (amplitude ,phase ,s
ales ,2);19 for i=1:d20 [maxAtt , s
aleImage ℄ = Update (maxAtt ,s
aleImage ,att2(:,:,i) ,...21 att1(:,:,i)>threshold ,( s
ales (i)+ s
ales (i+1))/2) ;22 end;23 else % attenuations 1,2,324 att = Attenuation (amplitude ,phase ,s
ales ,kind);25 iStart = 1 + (kind ==3);26 iEnd = d - (kind ==3);27 for i=iStart :iEnd28 [maxAtt , s
aleImage ℄ = Update (maxAtt ,s
aleImage ,att (:,:,i) ,...29 true(size(maxAtt ,1) ,size(maxAtt ,2) ) ,(s
ales (i)+ s
ales (i+1))/2);30 end;31 end;32 end3334 fun
tion [maxAtt ,s
aleImage ℄ =Update (maxAtt ,s
aleImage ,
urAtt ,indi
es ,s
ale)35 betterAtt = indi
es & false;36 betterAtt (indi
es ) = 
urAtt (indi
es )>maxAtt (indi
es );37 s
aleImage (betterAtt ) = s
ale;38 maxAtt ( betterAtt ) = 
urAtt (betterAtt );39 endSyntheti
 Test Image Listing A.6: SynthImage.m1 fun
tion image=SynthImage (size ,parameter ,n)2 % image=SynthImage (size ,parameter ,n)3 % Author : Felix Thomsen4 % Creates a test image , whi
h 
onsists of n sine waves with5 % amplitudes ,orientations ,phases and s
ales6 if nargin ~=37 error('need size ,parameter = [ amplitudes ;orientations;phases ;s
ales ℄ and n');8 end9 am = parameter (1,:);10 or = parameter (2,:);11 ph = parameter (3,:);12 s
 = parameter (4,:);13 delta = pi ./ (s
 .* 2);14 image = zeros (size);15 for i=1:1: n16 [x,y℄ = meshgrid (0: delta (i):(size -1) *delta (i) ,0: delta(i):(size -1)*delta(i));17 image = image + am(i) .* 
os(x .* 
os(or(i)) + y .* sin(or(i)) + ph(i)) + am(i);18 end
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Appendix A. CodeA.2. S
ale Spa
e Segmentation FilterSample Code Listing A.7: CreateKnowledgeExample.m1 fun
tion [knowledgeO , knowledgeE ℄ = CreateKnowledgeExample ()2 % [knowledgeO ,knowledgeE ℄ = CreateKnowledgeExample ()3 % Author : Felix Thomsen4 % Example to understand the 
ode stru
ture56 % Load training data for the spine images 1,5:7 [trainDataO , trainDataE ℄ = LoadTrainDataSpine ([1 ,5℄) ;89 % Load training s
heme with preset 'fast ':10 trainS
heme = LoadTrainS
heme('fast ');1112 % Train knowledge with 20 iterations for the spine obje
t and the spine13 % edges :14 knowledgeO = TrainMultiKnowledge(trainDataO ,trainS
heme ,20);15 knowledgeE = TrainMultiKnowledge(trainDataE ,trainS
heme ,20);Listing A.8: ApplyKnowledgeExample.m1 fun
tion filteredSignal = ApplyKnowledgeExample( knowledge )2 % filteredSignal = ApplyKnowledgeExample ()3 % Author : Felix Thomsen4 % Example to understand the 
ode stru
ture56 % Load one test image number 30:7 [amplitude ,phase ,mask ,image ,s
ales ℄ = LoadTestImageSpine (30);89 % Apply the knowledge to the signal :10 filteredSignal = ApplyMultiFilter(amplitude ,phase ,s
ales , knowledge );1112 % plot the result :13 subplot (1,2,1);14 images
 ( filteredSignal);15 subplot (1,2,2);16 images
 (filteredSignal >0);
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A.2. S
ale Spa
e Segmentation FilterCreate Train Data Listing A.9: CreateTrainData.m1 fun
tion [trainData ,
ount ℄ = CreateTrainData(am ,ph ,mask ,s
 ,
ount )2 % [trainData ,
ount ℄ = CreateTrainData(am,ph,mask ,s
 ,
ount )3 % Author : Felix Thomsen4 % Creates train data for knowledge training , needs amplitude , phase , s
ales5 % and mask having zeros for negative points , ones for positive points and6 % any other value for points to ignore . Optional parameter 
ount as maximal7 % training set size.8 % Result : 
ount = size of positive and negative training set9 % trainData .limits : maximal and minimal attenuations10 % trainData .signals (pixel ,s
ale ,i)11 % i odd : positive set , 1 even: negative set12 % i in {1 ,... ,6}: attenuation kind(
eil(i/2))13 % i in {7 ,... ,14}: re
onstru
tion kind(
eil((i-6) /2) )14 s
ales = size(s
 ,2) -1;15 maxCountPos = sum(mask(:) ==1);16 maxCountNeg = sum(mask(:) ==0);17 if nargin < 518 
ount = min(maxCountPos , maxCountNeg );19 else20 
ount = min ([
ount ,maxCountPos ,maxCountNeg ℄);21 end;22 trainData .signals = zeros (
ount ,s
ales ,14);23 trainData .limits = zeros (3,2, s
ales );24 % take indi
es25 [h,w℄ = size(mask);26 indi
esPos = FindIndi
es (find(mask ==1),
ount ,h,w);27 indi
esNeg = FindIndi
es (find(mask ==0),
ount ,h,w);28 % attenuation29 for at =1:330 att = Attenuation (am,ph,s
,at);31 trainData .signals (:,:, at*2-1) = GetTrainingSignal(att , indi
esPos );32 trainData .signals (:,:, at*2) = GetTrainingSignal(att , indi
esNeg );33 end;34 % re
onstru
tion basis35 for r=1:436 re
 = GetRe
Basis (am,ph,r);37 trainData .signals (:,:,(r*2) +5) = GetTrainingSignal(re
 ,indi
esPos );38 trainData .signals (:,:,(r*2) +6) = GetTrainingSignal(re
 ,indi
esNeg );39 end;40 % limits41 for at =1:342 for s=1: s
ales43 trainData .limits (at ,1,s) = min(min( trainData .signals (:,s,(at*2-1) :(at *2))));44 trainData .limits (at ,2,s) = max(max( trainData .signals (:,s,(at*2-1) :(at *2))));45 end;46 end;47 end 111



Appendix A. Code4849 fun
tion indi
es = FindIndi
es (indi
esIn ,
ount ,h,w)50 % results indi
es with size(indi
es )=(
ount ,2)51 % indi
es (:,1) = x-
oordinate , indi
es (:,2) = y-
oordinate52 % where indi
esIn is 153 indi
es = zeros (
ount ,1);54 fa
tor = size(indi
esIn ,1)/
ount;55 for i=1: 
ount56 indi
es (i) = indi
esIn (round(i * fa
tor ));57 end ;58 indi
es2 = zeros(h,w);59 indi
es2 (indi
es ) = 1;60 [indi
esY ,indi
esX ℄ = find( indi
es2 ==1);61 indi
es = zeros (
ount ,2);62 indi
es (:,1) = indi
esY ;63 indi
es (:,2) = indi
esX ;64 end6566 fun
tion tSignal = GetTrainingSignal(signal ,indi
es )67 % results tSignal with size(tSignal ) = (
ount ,s
ales )68 % where the points are defined by the indi
es69 number = size(indi
es ,1);70 tSignal = zeros (number ,size(signal ,3));71 for i=1: number72 tSignal (i,:) = signal (indi
es (i,1) ,indi
es (i,2) ,:);73 end ;74 end Listing A.10: AddTrainData.m1 fun
tion [trainData ,
ount℄ = AddTrainData(trainDataIn ,signalCount ,am,ph,mask ,s
)2 % [trainData ,
ount℄ = AddTrainData(trainDataIn ,signalCount ,am ,ph ,mask ,s
)3 % Author : Felix Thomsen4 % adds train data trainDataIn for signalCount different images to new5 % train data using am,ph,mask ,s
 , where ea
h training data set has same size6 % 
ount /(signalCount +1)7 
ountIn = size( trainDataIn .signals ,1);8 s
ales = size(trainDataIn .signals ,2);9 
ount = 
eil(
ountIn / signalCount );10 [trainDataNew ,
ountNew ℄ = CreateTrainData(am,ph,mask ,s
 ,
ount);11 if 
ount ~= 
ountNew12 
ountIn = min( 
ountNew *signalCount ,
ountIn );13 trainDataIn .signals = Redu
eTrainDataSize(
ountIn , trainDataIn .signals );14 end ;15 
ount = 
ountIn +
ountNew ;16 trainData .signals = zeros(
ount ,s
ales ,14);17 trainData .signals (1: 
ountIn ,:,:) = trainDataIn .signals (:,:,:);18 trainData .signals (( 
ountIn +1) :( 
ountIn +
ountNew ) ,:,:) = trainDataNew.signals ;19 trainData .limits = trainDataNew.limits ;20 for j=1:321 for s=1: s
ales112



A.2. S
ale Spa
e Segmentation Filter22 trainData .limits (j,1,s) = min (trainDataNew.limits (j,1,s) ,...23 trainDataIn .limits (j,1,s));24 trainData .limits (j,2,s) = max (trainDataNew.limits (j,2,s) ,...25 trainDataIn .limits (j,2,s));26 end;27 end;28 end2930 fun
tion signals = Redu
eTrainDataSize(
ountNewIndi
es ,signalsIn )31 
ountIn = size(signalsIn ,1);32 s
ales = size(signalsIn ,2);33 signals = zeros(
ountNewIndi
es ,s
ales ,14);34 fa
tor = 
ountIn / 
ountNewIndi
es;35 for i=1: 
ountNewIndi
es36 signals (i,:,:) = signalsIn (round(i * fa
tor ) ,:,:);37 end;38 end Listing A.11: TransformMask.m1 fun
tion tMask = TransformMask(mask ,offsetIn ,offsetOut )2 % tMask = transMask (mask ,offsetIn ,offsetOut )3 % Author : Felix Thomsen4 % transforms mask by only maintaining positive points inside the range defined by5 % offetIn and negative points inside the range defined by offsetOut . Ea
h6 % offset is defined by x-axis distan
e to the border between positive and7 % negative points . The mask has to 
onsist of one positive verti
al strand .8 % A value bigger than the maximal range of a region is 
ut down to the maximal9 % valid value.10 tMask = double (mask);11 if ( offsetIn ~=0)12 tMask(imerode (mask ,strel ('square ',(offsetIn *2) +1))==1) = -1;13 end;14 if ( offsetOut ~= 0)15 tMask( imdilate (mask ,strel('square ',(offsetOut *2) +1) )==0) = -1;16 end; Listing A.12: GetBOneS
ale.m1 fun
tion bOneS
ale = GetBOneS
ale(at, knowledgeEntry)2 % bOneS
ale = GetBOneS
ale(at ,knowledgeEntry)3 % Author : Felix Thomsen4 % 
al
ulates b-Matrix for one s
ale interval with5 % size(bOneS
ale ) = size(at) and6 % knowledgeEntry = [
,w,w_f ^l,w_f ^r,m℄7 if ( knowledgeEntry(3) <=0) && (knowledgeEntry (4) <=0)8 bOneS
ale = GetBandPass (at, knowledgeEntry);9 else10 bOneS
ale = GetBandPassFuzzy(at ,knowledgeEntry);11 end;12 if knowledgeEntry (5) ~=1 113



Appendix A. Code13 bOneS
ale = bOneS
ale .* knowledgeEntry(5);14 end ;15 end1617 fun
tion bOneS
ale = GetBandPass (at, knowledgeEntry)18 bOneS
ale = zeros(size(at));19 k =[ knowledgeEntry (1) -knowledgeEntry (2) ,knowledgeEntry(1) +knowledgeEntry(2) ℄;20 bOneS
ale ((k(1) <at) & (at <k(2))) = 1;21 end2223 fun
tion bOneS
ale = GetBandPassFuzzy(at ,knowledgeEntry)24 bOneS
ale = zeros(size(at));25 k = [ knowledgeEntry(1) - knowledgeEntry(2) - knowledgeEntry (3) ,... % pos126 knowledgeEntry (1) - knowledgeEntry(2) + knowledgeEntry (3) ,... % pos227 knowledgeEntry (1) + knowledgeEntry(2) - knowledgeEntry (4) ,... % pos328 knowledgeEntry (1) + knowledgeEntry(2) + knowledgeEntry (4) ℄; % pos429 bOneS
ale (k(1) <at & at <k(2)) = (at(k(1) <at & at<k(2)) - k(1) )./(k(2) -k(1));30 bOneS
ale (k(2) <=at & at <=k(3)) = 1;31 bOneS
ale (k(3) <at & at <k(4)) = (k(4) - at(k(3) <at & at <k(4)))./(k(4) -k(3));32 end Listing A.13: GetRe
Basis.m1 fun
tion re
Basis = GetRe
Basis (amplitude ,phase ,kind)2 % re
Basis = GetRe
Basis (amplitude ,phase ,kind)3 % Author : Felix Thomsen4 % Cal
ulates re
onstru
tion basis using amplitude and phase for5 % re
onstru
tion kind = kind in {1,2,3,4}6 swit
h kind7 
ase 1; re
Basis = amplitude .* 
os(phase );8 
ase 2; re
Basis = 
os(phase);9 
ase 3; re
Basis = amplitude .* abs(
os(phase));10 
ase 4; re
Basis = abs(
os(phase ));11 otherwise ;12 error('wrong kind in GetRe
Basis : kind=%i',kind);13 re
Basis = NaN;14 end ; Listing A.14: LoadTestImageSpine.m1 fun
tion [am ,ph ,mask ,im,s
,maxSize ℄ = LoadTestImageSpine(number )2 % [am ,ph ,mask ,im ,s
℄ = LoadTestImageSpine(number )3 % Author : Felix Thomsen4 % Loads signals for the spine photographs5 % number in {1 ,... ,95}6 maskX = 0;7 maskY = 0.092;8 depth = 15;9 if number <1010 imSour
e = ['spine/b0',int2str (number ),'.tif '℄;11 maSour
e = ['spine/m0',int2str (number ),'.tif '℄;114



A.2. S
ale Spa
e Segmentation Filter12 else13 imSour
e = ['spine /b',int2str (number ),'.tif '℄;14 maSour
e = ['spine /m',int2str (number ),'.tif '℄;15 end;16 sprintf (imSour
e )17 im = imread (imSour
e );18 im = double (im(:,:,1))./255;19 mask = imread (maSour
e );20 mask = (double (mask(:,:,1))./100) >1;21 maxSize = maskY*size(im ,1)+maskX*size(im ,2) ;22 [am,ph,s
℄ = AllAS(im,depth ,maxSize );23 am(isnan(am))=0;24 ph(isnan(ph))=0; Listing A.15: LoadTrainDataSpine.m1 fun
tion [trainDataO ,trainDataE ℄ = LoadTrainDataSpine(numbers )2 % [trainDataO ,trainDataE ℄ = LoadTrainDataSpine(numbers )3 % Author : Felix Thomsen4 % generates train data for spe
ifi
 images and masks5 % numbers = {number (1) ,..., number (n)}, number (i) in {1 ,... ,95}6 length = size(numbers ,1)*size(numbers ,2) ;7 
ount = 140000/ length ;8 [am,ph,mask ,im ,s
 ,maxSize ℄ = LoadTestImageSpine(numbers (1) );9 mask2Number = 
eil(maxSize /6);10 trainDataO = CreateTrainData(am ,ph ,mask ,s
,
ount);11 trainDataE = CreateTrainData(am ,ph ,...12 TransformMask(mask ,mask2Number ,mask2Number ),s
 ,
ount);13 
lear am ph s
 im14 for i=2: length15 [am ,ph ,mask ,im,s
,maxSize ℄ = LoadTestImageSpine(numbers (i));16 mask2Number = 
eil(maxSize /6);17 trainDataO = AddTrainData(trainDataO ,i-1,am ,ph ,mask ,s
);18 trainDataE = AddTrainData(trainDataE ,i-1,am ,ph ,...19 TransformMask(mask ,mask2Number ,mask2Number ),s
);20 
lear am ph s
 im21 end; Listing A.16: LoadTestImageLiver.m1 fun
tion [am,ph,mask ,im ,s
 ,maxSize ℄ = LoadTestImageLiver(number )2 % [am ,ph ,mask ,im,s
℄ = LoadTestImageLiver(number )3 % Author : Felix Thomsen4 % Loads signals for the liver photographs5 % number in {11 ,... ,107} or {202 ,... ,298}6 maskX = 0;7 maskY = 0.1;8 depth = 15;9 if number <10010 imSour
e = ['liver /sta
k1 /image0 ',int2str (number ),'.tif '℄;11 maSour
e = ['liver /sta
k1 /m0',int2str (number ),'.tif '℄; 115



Appendix A. Code12 elseif number <20013 imSour
e = ['liver/sta
k1 /image ',int2str (number ),'.tif '℄;14 maSour
e = ['liver/sta
k1 /m',int2str (number ),'.tif '℄;15 else16 imSour
e = ['liver/sta
k2 /image ',int2str (number ),'.tif '℄;17 maSour
e = ['liver/sta
k2 /m',int2str (number ),'.tif '℄;18 end ;19 sprintf (imSour
e )20 im = imread ( imSour
e );21 im = double (im(:,:,1))./255;22 mask = imread (maSour
e );23 mask = (double (mask (:,:,1))./100) >1;24 maxSize = maskY *size(im ,1)+maskX*size(im ,2);25 [am ,ph ,s
℄ = AllAS (im ,depth ,maxSize );26 am(isnan(am))=0;27 ph(isnan(ph))=0; Listing A.17: LoadTrainDataLiver.m1 fun
tion [trainDataO , trainDataE ℄ = LoadTrainDataLiver(numbers )2 % [trainDataO ,trainDataE ℄ = LoadTrainDataLiver(numbers )3 % author : Felix Thomsen4 % generates train data for spe
ifi
 images and masks5 % numbers = {number (1) ,..., number (n)}, number (i) in {11 ,... ,107} or6 % {202 ,... ,298}7 length = size(numbers ,1)*size(numbers ,2);8 
ount = 100000/ length ;9 [am ,ph ,mask ,im,s
,maxSize ℄ = LoadTestImageLiver(numbers (1));10 mask2Number = 
eil(maxSize /4);11 trainDataO = CreateTrainData(am ,ph ,mask ,s
 ,
ount );12 trainDataE = CreateTrainData(am ,ph ,...13 TransformMask(mask ,mask2Number ,mask2Number ),s
,
ount);14 
lear am ph s
 im15 for i=2: length16 [am ,ph ,mask ,im ,s
 ,maxSize ℄ = LoadTestImageLiver(numbers (i));17 mask2Number = 
eil(maxSize /4);18 trainDataO = AddTrainData(trainDataO ,i-1,am,ph,mask ,s
);19 trainDataE = AddTrainData(trainDataE ,i-1,am,ph ,...20 TransformMask(mask ,mask2Number , mask2Number ),s
);21 
lear am ph s
 im22 end ;
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A.2. S
ale Spa
e Segmentation FilterCreate Training S
hemeListing A.18: LoadTrainS
heme.m1 fun
tion trainS
heme = LoadTrainS
heme(optimizeKind)2 % trainS
heme = LoadTrainS
heme( optimizeKind)3 % author : Felix Thomsen4 % Loads data for a training s
heme5 % optimizationKind = ['huge '|' best '|' optimal '|' fast '|' basi
 '|' dirty '℄6 if nargin ==07 optimizeKind = '';8 end;9 found = true;10 trainS
heme . maxImprovements = 2000;11 trainS
heme .minImprovement = 10^ -5;12 if str
mp (optimizeKind ,'huge')13 n=10;14 kF = zeros (5,n*2);15 for i=1:n16 kF(:,i) = [(i -0.5)/n ,0.5/n,0,0,-1℄;17 kF(:,i+n) = [(i-0.5) /n ,0.5/n,0,0,1℄;18 end;19 parameters1 = [0 ,0 ,1 ,0.5℄;20 parameters2 = [0,0,1,5,0.5℄;21 trainS
heme . minImprovement = 10^ -6;22 trainS
heme . maxImprovements = 10000;23 elseif str
mp (optimizeKind ,'best')24 kF = [0.5 ,0.35 ,0 ,0 ,1;0.5 ,0.35 ,0 ,0 , -1℄ ';25 parameters1 = [1 ,1 ,0 ,0.5℄;26 parameters2 = [1,1,0,5,0.5℄;27 elseif str
mp (optimizeKind ,'optimal ')28 kF = [0.5 ,0.35 ,0 ,0 ,1;0.5 ,0.35 ,0 ,0 , -1℄ ';29 parameters1 = [1 ,1 ,0 ,0.5℄;30 parameters2 = [1,1,0,5,0.5℄;31 trainS
heme . maxImprovements = 1000;32 elseif str
mp (optimizeKind ,'fast')33 kF = [0.5 ,0.35 ,0 ,0 ,1;0.5 ,0.35 ,0 ,0 , -1℄ ';34 parameters1 = [1 ,1 ,1 ,0.5℄;35 parameters2 = [1,1,1,2,0.5℄;36 trainS
heme . maxImprovements = 500;37 elseif str
mp (optimizeKind ,'basi
 ')38 kF = [0.5 ,0.35 ,0 ,0 ,1;0.5 ,0.35 ,0 ,0 , -1℄ ';39 parameters1 = [1 ,0 ,1 ,0.5℄;40 parameters2 = [1,0,1,5,0.5℄;41 trainS
heme . minImprovement = 10^ -4;42 trainS
heme . maxImprovements = 500;43 elseif str
mp (optimizeKind ,'dirty ')44 kF = [0.5 ,0.35 ,0 ,0 ,1;0.5 ,0.35 ,0 ,0 , -1℄ ';45 parameters1 = [1 ,0 ,1 ,0.5℄;46 parameters2 = [1,0,1,5,0.5℄;47 trainS
heme . minImprovement = 10^ -4; 117



Appendix A. Code48 trainS
heme .maxImprovements = 100;49 else fprintf ('LoadTrainS
heme: Undefined optimize kind - use ''fast'' instead .\n')50 trainS
heme = LoadTrainS
heme('fast');51 found = false;52 end ;53 if found54 trainS
heme . knowledgeFun
tion = kF;55 trainS
heme . parameters1 = parameters1 ;56 trainS
heme . parameters2 = parameters2 ;57 end ;1-Dimensional Cost Fun
tionsListing A.19: Evaluate.m1 fun
tion [
ost ,
V℄ = Evaluate (re
 ,kind)2 % [
ost ,
ompareVe
tor℄ = Evaluate (re
 ,kind ,parameters )3 % author : Felix Thomsen4 % 
al
ulates eval for re
 and kind in [ -100 ,100℄ with p=mod (kind ,1) and5 % epsilon = (kind -mod (kind ,1) )/100 eval_2 is evaluated if kind=06 % eval -> 1 => good value7 % 
ost >= 0 . Be re
_1 better re
_2 -> 
ost(re
_2 )-
ost(re
_1 ) >=18 % re
 (:,1) = positive points , re
 (:,2) = negative points9 % 
ost = 1-eval10 % 
ompareVe
tor = [sep ,1/ delta ,M(re
 {pos }),M(re
 {neg }), eval{pos },eval{neg }℄11 if nargin == 112 kind = 0;13 end ;14 
V = zeros (6,1);15 for i=1:216 
V(i+2) = mean(re
 (:,i));17 end ;18 
V(1)= mean(
V (3:4));19 
V(5) = mean(double (re
 (:,1) >
V(1)));20 
V(6) = mean(double (re
 (:,2) <=
V(1)));21 if kind ==0 %eval_222 
ost = 1-min(
V(5:6) );23 
V (2) = size(re
 ,1);24 elseif (kind ~=0) && (abs(kind) <100) %eval_125 p = mod(kind ,1);26 epsilon =(kind -p)/100;27 
ost = 1 - (
V (5)*p+
V(6) *(1-p)-epsilon *abs(
V(5)*p-
V(6) *(1-p)));28 % take a mathemati
al false value due to performan
e of29 % postpro
essing , only 
orre
t for kind = 0.530 % right value : [m,n℄ = divident &Divisor (p)31 % delta = g
d (m,n) / (n * size(re
 ,1) );32 
V (2) = 2 * size(re
 ,1);33 else error('Evaluate : Undefined evaluation kind: %f',kind);34 end ;
118



A.2. S
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e Segmentation FilterListing A.20: EvaluateRe
.m1 fun
tion 
ost = EvaluateRe
 (re
 ,mask ,kind)2 % 
ost = EvaluateRe
 (re
 ,mask ,kind)3 % Author : Felix Thomsen4 % Cal
ulates 
ost for a re
onstru
ted image and a mask 
ontaining 1 for5 % obje
t and 0 for ba
kground . Value 'kind ' is as in Evaluate .6 pos = (mask ==1);7 neg = (mask ==0);8 sep = 0.5;9 evalP = sum ((( re
 (:) >sep)&pos (:))) / sum (pos (:));10 evalN = sum ((( re
 (:) <=sep )&neg (:))) / sum(neg (:));11 if kind ==0 %
ost_ {max }12 
ost = 1-min(evalP ,evalN );13 elseif (kind ~=0) && (abs(kind) <100) %
ost_ {p,epsilon }14 p = mod(kind ,1);15 epsilon =(kind -p)/100;16 
ost = 1 - (evalP*p+evalN *(1-p)-epsilon *abs(evalP*p-evalN *(1-p)));17 else error('Evaluate : Undefined evaluation kind: %f',kind);18 end;
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Appendix A. CodeTrain Knowledge Listing A.21: TrainKnowledge.m1 fun
tion [knowledge ,
ost ,newRe
 ℄ =TrainKnowledge(trainData ,trainS
heme ,knowledge )2 % [knowledge ,
ost ,newRe
 ℄ =TrainKnowledge(trainData ,trainS
heme ,knowledge )3 % author : Felix Thomsen4 % 
omputes knowledge , 
ost >0 and final re
onstru
tion5 % needs trainData , optional trainS
heme and optional start knowledge6 items = size(trainData .signals ,1);7 s
ales = size(trainData .signals ,2);8 signalsOpt = zeros (items ,3,2);9 if nargin <210 trainS
heme = LoadTrainS
heme();11 end ;12 kF = trainS
heme . knowledgeFun
tion;13 maxKnowledgeEntries = size(kF ,2);14 if nargin <315 knowledgeEntriesIn = zeros (5, s
ales ,3,4, maxKnowledgeEntries);16 else17 knowledgeEntriesIn = knowledge .entries ;18 end ;19 knowledgeEntries= initialiseKnowledge(trainData .limits ,kF, knowledgeEntriesIn);20 for at =1:321 for s
ale =1: s
ales22 signalsOpt (: ,1 ,1:2) = trainData .signals (:, s
ale ,(at*2-1) :(at*2));23 signalsOpt (: ,2 ,1:2) = trainData .signals (:, s
ale ,(at *2+5) :(at *2+6));24 for re
 =1:425 for kE =1: maxKnowledgeEntries26 
urKnowledge = knowledgeEntries(:, s
ale ,at ,re
 ,kE);27 if 
urKnowledge(6) >028 signalsOpt = updateSignals(signalsOpt ,
urKnowledge);29 end;30 end;31 end;32 end;33 end ;34 
ost = 0.5;35 offset =0;36 improvements = 0;37 unusedLoops =0;38 maxLoops = s
ales * maxKnowledgeEntries *3*4;39 at = 0;40 re
 = 0;41 s
ale =0;42 kE = 0;43 improvement = ones (1 ,100) ;44 printSteps = 100;45 print = true;46 % Main loop47 while (improvements <trainS
heme . maxImprovements)&&...120



A.2. S
ale Spa
e Segmentation Filter48 (unusedLoops <maxLoops ) && (mean( improvement )>trainS
heme .minImprovement)49 [at ,re
 ,s
ale ,kE℄ = in
reaseLoop(at,re
 ,s
ale ,kE ,s
ales ,maxKnowledgeEntries );50 signalsOpt (: ,1 ,1:2) = trainData .signals (:, s
ale ,at*2-1: at*2) ;51 signalsOpt (: ,2 ,1:2) = trainData .signals (:, s
ale ,re
 *2+5: re
 *2+6);52 
urKnowledge = knowledgeEntries(:, s
ale ,at ,re
 ,kE);53 
urLimits = trainData .limits (at ,:, s
ale );54 if 
urKnowledge(6) ==0 % ina
tive55 
urSignalsOpt = signalsOpt ;56 [
urKnowledge ,
urOffset ,
urCost ,found℄ =...57 TrainKnowledgeEntry(
urKnowledge(1:5) ,zeros (5,1) ,...58 
urSignalsOpt ,
urLimits ,trainS
heme .parameters1 );59 else60 
urSignalsOpt = resetSignals(signalsOpt ,
urKnowledge);61 [
urKnowledge ,
urOffset ,
urCost ,found℄ =...62 TrainKnowledgeEntry(
urKnowledge(1:5) ,
urKnowledge(1:5) ,...63 
urSignalsOpt ,
urLimits ,trainS
heme .parameters2 );64 end;65 if 
urCost <
ost66 unusedLoops = 0;67 improvement (2:100) = improvement (1:99) ;68 improvement (1) = 
ost -
urCost ;69 else70 unusedLoops = unusedLoops +1;71 end;72 if found && (
urCost <=
ost)73 improvements = improvements + 1;74 if print && (mod(improvements -1, printSteps )==0)75 fprintf ('%i:\ t
ost *100=%f,\td *10^5=% f, \timpr *10^5=% f,\ tloop =%i\n' ,...76 improvements ,
urCost *100 ,( 
ost -
urCost )*100000 ,...77 (mean( improvement )-trainS
heme .minImprovement)*100000 , unusedLoops )78 end;79 
ost = 
urCost ;80 offset = 
urOffset ;81 signalsOpt = updateSignals(
urSignalsOpt , 
urKnowledge);82 knowledgeEntries (1:5, s
ale ,at ,re
 ,kE) = 
urKnowledge (1:5);83 knowledgeEntries(6, s
ale ,at ,re
 ,kE) = knowledgeEntries(6,s
ale ,at ,re
 ,kE)+1;84 end;85 end;86 if print87 if (improvements >= trainS
heme . maxImprovements)88 fprintf ('Exit 
ode =1. Maximal number of iterations rea
hed .\n')89 fprintf ('%i:
ost *100=% f',improvements ,
ost *100)90 elseif (mean(improvement ) <=trainS
heme . minImprovement)91 fprintf ('Exit 
ode =2. Too less improvement .\n')92 fprintf ('%i:
ost *100=% f\n',improvements ,
ost *100)93 else94 fprintf ('Exit 
ode =0. Regular exit .\n')95 fprintf ('%i:
ost *100=% f\n',improvements ,
ost *100)96 end;97 end;98 newRe
 = zeros(items ,2); 121



Appendix A. Code99 newRe
 (: ,1:2) = signalsOpt (: ,3 ,1:2) ;100 newRe
 = newRe
 - offset ;101 % 
reate final knowledge102 knowledge .entries = zeros (5, s
ales ,3,4, maxKnowledgeEntries);103 for at =1:3104 for re
 =1:4105 for s
ale =1: s
ales106 for kE = 1: maxKnowledgeEntries107 k = knowledgeEntries(:, s
ale ,at,re
 ,kE);108 % add only valid knowledge entries109 if (k(6) ~=0) &&(k(2) >0) &&(k(5) ~=0)110 knowledge .entries (1:5, s
ale ,at,re
 ,kE) = k(1:5);111 end;112 end;113 end;114 end;115 end ;116 knowledge .offset = offset ;117 [knowledge ,newRe
 ℄ = normaliseKnowledge(knowledge ,newRe
 );118 end119 % --------------------------------------------------------------------------120 % outsour
ed methods for TrainKnowledge121 % --------------------------------------------------------------------------122 fun
tion [at ,re
 ,s
ale ,kE℄= in
reaseLoop(at ,re
 ,s
ale ,kE ,s
ales , maxKnowledgeEntries)123 % In
reases loop parameters . You are able to abort the loop with regular124 % instru
tions and get plainer 
ode.125 kE = mod(kE, maxKnowledgeEntries)+1;126 if kE==1127 s
ale = mod(s
ale ,s
ales )+1;128 if s
ale ==1129 re
 = mod(re
 ,4) +1;130 if re
 ==1131 at = mod(at ,3) +1;132 end;133 end;134 end ;135 end136137 fun
tion knowledgeEntries = initialiseKnowledge(limits ,knowledgeFun
tion ,...138 knowledgeEntriesIn)139 % maps old knowledge entries to new ones.140 % if old knowledge ~= empty : knowledge entry = old knowledge entry141 % otherwise : knowledgeFun
tion ,limits -> knowledge entry142 [foo ,s
ales ,foo2 ,foo3 ,maxKE ℄ = size( knowledgeEntriesIn);143 knowledgeEntries = zeros (6, s
ales ,3,4, maxKE);144 maxKE2 = size(knowledgeFun
tion ,2);145 for s
ale =1: s
ales146 for at=1:3147 for re
 = 1:4148 for kE =1: maxKE149 k = [ knowledgeEntriesIn(:, s
ale ,at,re
 ,kE);1℄;122



A.2. S
ale Spa
e Segmentation Filter150 if (k(5) ==0) || (k(2) ==0)151 
urLimits = limits (at ,:, s
ale );152 kE2 = min(maxKE2 ,kE);153 k(1) = 
urLimits (1) + knowledgeFun
tion (1, kE2)...154 * (
urLimits (2) -
urLimits (1) );155 k(2) = knowledgeFun
tion(2, kE2)...156 * (
urLimits (2) -
urLimits (1) );157 k(3:4) = knowledgeFun
tion (3:4, kE2) *k(2) ;158 k(5) = knowledgeFun
tion(5, kE2);159 k(6) = 0;160 end;161 knowledgeEntries(:, s
ale ,at ,re
 ,kE) = k;162 end;163 end;164 end;165 end;166 end167168 fun
tion signalsOpt = updateSignals(signalsOpt ,knowledgeEntry)169 % applies knowledgeEntry170 for i=1:2171 signalsOpt (:,3,i) = signalsOpt (:,3,i) +...172 signalsOpt (:,2,i) .* GetBOneS
ale(signalsOpt (:,1,i),knowledgeEntry (1:5) );173 end;174 end175176 fun
tion signalsOpt = resetSignals(signalsOpt , knowledgeEntry)177 % subtra
ts knowledgeEntry178 signalsOpt = updateSignals(signalsOpt ,[ knowledgeEntry (1:4) ;-knowledgeEntry (5) ℄);179 end180181 fun
tion [knowledge ,re
℄ = normaliseKnowledge(knowledge ,re
)182 % "normalises " knowledge with183 % mean(re
Pos ) = 1, mean(re
Neg ) = -1184 s
ales = size(knowledge .entries ,2) ;185 mKE = size(knowledge .entries ,5) ;186 fa
tor = 2/( mean(re
 (:,1))-mean(re
 (:,2)));187 re
 = fa
tor .*re
;188 for s
ale =1: s
ales189 for kE =1: mKE190 for at=1:3191 for re
Kind =1:4192 entry = knowledge .entries (:, s
ale ,at ,re
Kind ,kE);193 knowledge .entries (5, s
ale ,at ,re
Kind ,kE)= entry (5)*fa
tor ;194 end;195 end;196 end;197 end;198 offset = knowledge .offset ;199 knowledge .offset = offset *fa
tor ;200 end 123



Appendix A. Code201 % --------------------------------------------------------------------------202 % Train knowledge entry203 % --------------------------------------------------------------------------204 fun
tion [knowledgeEntry ,offset ,
ost ,found ℄ =...205 TrainKnowledgeEntry(knowledgeEntry , knowledgeEntryOld ,signals ,limits , parameter )206 % [knowledgeEntry ,offset ,
ost ,found ℄ =...207 % TrainKnowledgeEntry(knowledgeEntry ,knowledgeEntryOld ,signals ,limits ,parameter )208 % signals (:,1,1) = atPos , signals (:,1,2) = atNeg ,209 % signals (:,2,1) = re
BasisPos , signals (:,2,2)= re
BasisNeg ,210 % signals (:,3,1) = re
OldPos , signals (:,3,2) = re
OldNeg211 % limits (1) = minAt , limits (2) = maxAt212 % knowledgeEntry = startKnowledge213 % parmeter = [b,f,m,evType1 ,evType2 ℄214 % 
ost : 
ost1 + 
ost2 /delta2215 % knowledgeEntry (1:5) = [
',w',f_w ^l',f_w ^r',m '℄216 % -> knowledgeNew = [
',w',f_w ^l',f_w ^r',m'℄ .* ~[b,b,f,f,m℄ +217 % [
,w,f_w ^l,f_w ^r,m℄ .* [b,b,f,f,m℄218 type = parameter (1) + 2* parameter (2) + 4* parameter (3);219 parameterSize = size(parameter ,2);220 evType = parameter (4: parameterSize);221222 startCost = getStartValues(signals ,evType ,limits ,knowledgeEntryOld);223 maxFunEvals = 20;224 % --------------------------------------------------------------------------225 % Optimization226 % --------------------------------------------------------------------------227 swit
h type228 
ase 1; % 100 bandpass229 value = fminsear
h (�(minimiser )...230 
ostFun
tion(signals ,evType ,startCost ,limits ,...231 [minimiser (1:2) ;knowledgeEntry (3:5) ℄),knowledgeEntry (1:2) ,...232 optimset ('MaxFunEvals ',maxFunEvals ,'Display ','off '));233 knowledgeEntry(1:2) = value (1:2);234 
ase 2; % 010 fuzzy235 value = fminsear
h (�(minimiser ) 
ostFun
tion(signals ,evType ,...236 startCost ,limits ,[ knowledgeEntry (1:2) ;...237 minimiser ;knowledgeEntry (5) ℄),knowledgeEntry (3:4) ,...238 optimset ('MaxFunEvals ',maxFunEvals ,'Display ','off '));239 knowledgeEntry(3:4) = value (1:2);240 
ase 3; % 110 bandpass , fuzzy241 value = fminsear
h (�(minimiser )...242 
ostFun
tion(signals ,evType ,startCost ,limits ,...243 [minimiser (1:4) ;knowledgeEntry (5) ℄),knowledgeEntry (1:4) ,...244 optimset ('MaxFunEvals ',maxFunEvals ,'Display ','off '));245 knowledgeEntry(1:4) = value (1:4);246 
ase 4; % 001 maxValue247 value = fminsear
h (�(minimiser )...248 
ostFun
tion(signals ,evType ,startCost ,limits ,...249 [knowledgeEntry (1:4); minimiser ℄),knowledgeEntry(5) ,...250 optimset ('MaxFunEvals ',maxFunEvals ,'Display ','off '));251 knowledgeEntry(5) = value ;124



A.2. S
ale Spa
e Segmentation Filter252 
ase 5; % 101 bandpass , maxValue253 value = fminsear
h (�(minimiser )...254 
ostFun
tion(signals ,evType ,startCost ,limits ,...255 [ minimiser (1:2); knowledgeEntry (3:4) ;...256 minimiser (3) ℄) ,[knowledgeEntry (1:2);knowledgeEntry (5) ℄,...257 optimset ('MaxFunEvals ',maxFunEvals ,'Display ','off '));258 knowledgeEntry (1:2) = value (1:2) ;259 knowledgeEntry(5) = value (3);260 
ase 6; % 011 fuzzy , maxValue261 value = fminsear
h (�(minimiser )...262 
ostFun
tion(signals ,evType ,startCost ,limits ,...263 [ knowledgeEntry (1:2);minimiser ℄),knowledgeEntry (3:5) ,...264 optimset ('MaxFunEvals ',maxFunEvals ,'Display ','off '));265 knowledgeEntry (3:5) = value (1:3) ;266 
ase 7; % 111 bandpass , fuzzy , maxValue267 value = fminsear
h (�(minimiser )...268 
ostFun
tion(signals ,evType ,startCost ,limits ,...269 minimiser ),knowledgeEntry ,...270 optimset ('MaxFunEvals ',maxFunEvals ,'Display ','off '));271 knowledgeEntry = value;272 otherwise ; % no 
hange273 end;274 knowledgeEntry = map2validKnowledge(knowledgeEntry ,limits );275 ev = 
ostFun
tion(signals ,evType ,startCost ,limits ,knowledgeEntry);276 [
ost ,
ompareVe
tor℄ = CallEvaluate(signals ,knowledgeEntry ,evType (parameterSize -3) );277 offset = 
ompareVe
tor(1) ;278 found = (ev <=0);279 end280 %--------------------------------------------------------------------------281 % knowledgeEntry design 
onstraints282 %--------------------------------------------------------------------------283 fun
tion knowledgeEntry = map2validKnowledge(knowledgeEntry ,limits )284 % Computes valid knowledgeEntry using knowledgeEntry and limits285 % 
,m in R, w,w_f ^l,w_f ^r in R>=0286 % w_f ^l<w, w_f ^r<w287 height = abs( knowledgeEntry(5));288 maxHeight = 10;289 minHeight = 0.01;290 if height ~=0291 height = max(min(height , maxHeight ),minHeight );292 end;293 knowledgeEntry(5) = sign( knowledgeEntry(5)) * height ;294 knowledgeEntry(2:4) = abs (knowledgeEntry (2:4));295 knowledgeEntry(3) = min(knowledgeEntry (2) ,knowledgeEntry (3));296 knowledgeEntry(4) = min(knowledgeEntry (2) ,knowledgeEntry (4));297 lower = knowledgeEntry (1) -knowledgeEntry (2) -knowledgeEntry (3);298 higher = knowledgeEntry (1)+knowledgeEntry (2)+knowledgeEntry (4);299 if (lower >limits (2))||( higher <limits (1))300 knowledgeEntry(1) = (limits (1) +limits (2))/2;301 else302 lower = knowledgeEntry (1) -knowledgeEntry (2)+knowledgeEntry (3); 125



Appendix A. Code303 higher = knowledgeEntry (1)+knowledgeEntry (2) -knowledgeEntry(4) ;304 if lower < limits (1)305 knowledgeEntry(3) = 0;306 end;307 if higher > limits (2)308 knowledgeEntry(4) = 0;309 end;310 lower = knowledgeEntry(1) -knowledgeEntry(2)+ knowledgeEntry(3);311 if lower < limits (1)312 
enter =( knowledgeEntry (1)+knowledgeEntry(2) -knowledgeEntry(3) +limits (1))/2;313 width =( knowledgeEntry(1)+ knowledgeEntry(2)+ knowledgeEntry(3) -limits (1) )/2;314 knowledgeEntry(1) = 
enter ;315 knowledgeEntry(2) = width ;316 end;317 higher = knowledgeEntry (1)+knowledgeEntry (2) -knowledgeEntry(4) ;318 if higher > limits (2)319 
enter =( knowledgeEntry (1) -knowledgeEntry(2) +knowledgeEntry(4) +limits (2))/2;320 width =(- knowledgeEntry (1)+knowledgeEntry(2) +knowledgeEntry(4) +limits (2))/2;321 knowledgeEntry(1) = 
enter ;322 knowledgeEntry(2) = width ;323 end;324 end ;325 knowledgeEntry (2:4) = abs( knowledgeEntry(2:4) );326 end327 % --------------------------------------------------------------------------328 % 
ost fun
tions for trainKnowledgeEntry329 % --------------------------------------------------------------------------330 fun
tion [
ost , deltaInv ℄= EvaluateCVOrKE(
ompareVe
tor ,knowledgeEntry ,limits ,evType )331 % 
omputes evaluation based only on knowledgeEntry design and limits for332 % evType in {1= minimise ,2= maximise }333 % 
omputes evaluation based only on 
ompareVe
tor for334 % evType in {3= minimise ,4= maximise ,5= near 2} distan
e between positive335 % and negative points336 % supplies empty evaluation for evType =0337 maxHeight = 10;338 maxWidth = limits (2) -limits (1);339 distan
e = abs( 
ompareVe
tor(4) -
ompareVe
tor (3));340 deltaInv = 10000;341 swit
h evType342 
ase 0; % no a
tion343 
ost = 0;344 deltaInv = 1;345 
ase 1; % minimise346 
ost = abs(knowledgeEntry (5)*knowledgeEntry(2) )/ (maxHeight *maxWidth );347 
ase 2; % maximise348 
ost = abs(knowledgeEntry (5)*knowledgeEntry(2) )/-( maxHeight *maxWidth )+1;349 
ase 3; %minimise350 
ost = abs (1/ exp(distan
e ) -1);351 
ase 4; %maximise352 
ost = 1/exp( distan
e );353 
ase 5; % distan
e near 2126



A.2. S
ale Spa
e Segmentation Filter354 
ost = abs (1/ exp(abs (distan
e -2) ) -1);355 otherwise ;356 error ('EvaluateCVOrKE: Undefined evType : %f',evType );357 end;358 % dis
retise 
ost:359 
ost = (floor (
ost*deltaInv ))/deltaInv ;360 end361362 fun
tion [
ost ,
ompareVe
tor℄ = CallEvaluate(signals ,knowledgeEntry ,evType )363 % 
alls Evaluate by firstly 
omputing all relevant parameters364 re
 = zeros(size(signals ,1) ,2);365 for i=1:2366 re
(:,i) = signals (:,3,i) +...367 signals (:,2,i).* GetBOneS
ale(signals (:,1,i),knowledgeEntry (1:5));368 end;369 [
ost ,
ompareVe
tor℄ = Evaluate (re
 ,evType );370 end371372 fun
tion startCost = getStartValues(signals ,evType ,limits , knowledgeEntry)373 % 
omputes start 
osts to optimize from374 knowledgeEntry = map2validKnowledge(knowledgeEntry ,limits );375 n = size(evType ,2);376 startCost = zeros(n ,1);377 [startCost (n),
ompareVe
tor℄ = CallEvaluate(signals ,knowledgeEntry ,evType (n));378 for i=1:n-1379 startCost (i) = EvaluateCVOrKE(
ompareVe
tor ,knowledgeEntry ,limits ,evType (i));380 end;381 end382383 fun
tion [
ost ,
ostValues ℄= 
ostFun
tion(signals ,evType ,startCost ,limits ,...384 knowledgeEntry)385 % n-dimensional 
ost fun
tion :386 % 
ost = 
ost1 -startCost1 + deltaInv2 (
ost2 -startCost2 +387 % deltaInv3 (...( 
ostn -startCostn )...))388 % 
ost <0 -> better value , 
ost >0 worse value389 % most right evType stands for evaluation in CallEvaluate390 % all others for EvaluateCVOrKE391 knowledgeEntry = map2validKnowledge(knowledgeEntry ,limits );392 n = size(evType ,2);393 
ostValues = zeros(n,1);394 [
ostValues (n),
ompareVe
tor℄ = CallEvaluate(signals ,knowledgeEntry ,evType (n));395 
ost = 
ostValues (n)-startCost (n);396 deltaInv = 
ompareVe
tor(2);397 for i=n -1: -1:1398 
ost = deltaInv * 
ost;399 [
ostValues (i),deltaInv ℄ =...400 EvaluateCVOrKE(
ompareVe
tor ,knowledgeEntry ,limits ,evType (i));401 
ost = 
ost + 
ostValues (i) - startCost (i);402 end;403 end
127



Appendix A. CodeTrain Multi-KnowledgeListing A.22: TrainMultiKnowledge.m1 fun
tion [multiKnowledge ,
osts ,binaryRe
 ℄= TrainMultiKnowledge(trainData ,...2 trainS
heme ,maxIterations)3 % [multiKnowledge ,
osts ,binaryRe
 ℄ =4 % TrainMultiKnowledge(trainData ,trainS
heme ,maxIterations)5 % author : Felix Thomsen6 % 
omputes set of knowledge sets: multiKnowledge , whi
h has better issues7 % 
on
erning separation as only one knowledge set .8 % uses trainData , optional trainS
heme and maxIterations.9 if nargin <210 trainS
heme = LoadTrainS
heme();11 end ;12 if nargin <313 maxIterations = 100;14 end ;15 items = size(trainData .signals ,1);16 s
ales = size(trainData .signals ,2);17 newItems = 
eil(items /3);18 
urCosts = ones(maxIterations ,1);19 % first knowledge20 [
urMultiKnowledge(maxIterations),
urCosts (1) ,
urRe
 ℄ =...21 TrainKnowledge(trainData ,trainS
heme );22 
urMultiKnowledge (1) = 
urMultiKnowledge(maxIterations);23 binaryRe
Pos = [( 
urRe
 (:,1) >0) -0.5,(1: items) '℄;24 binaryRe
Neg = [( 
urRe
 (:,2) <=0) -0.5,(1: items ) '℄;25 % optimisation - loop26 for iteration =2: maxIterations27 sortedPos = sortrows (binaryRe
Pos ,1);28 sortedNeg = sortrows (binaryRe
Neg ,1);2930 % take only these indi
es whi
h have bad segmentation issues .31 
urNewItems = min(newItems ,max(
eil(sum(binaryRe
Pos(:,1) <=1) *1.5) ,...32 
eil(sum(binaryRe
Neg(:,1) <=1) *1.5)));33 %take indi
es from sorted Ve
tors34 
urSignals = zeros(
urNewItems ,s
ales ,14);35 for i=1: 
urNewItems36 for j=1:737 
urSignals (i,:,j*2-1)=trainData .signals (sortedPos (i,2) ,:,j*2-1);38 
urSignals (i,:,j*2)=trainData .signals (sortedNeg (i,2) ,:,j*2);39 end;40 end;41 limits = trainData .limits ;42 
urTrainData.signals = 
urSignals ;43 
urTrainData.limits = limits ;44 
urMultiKnowledge(iteration ) = TrainKnowledge(
urTrainData , trainS
heme );45 
urRe
 = ApplyFilter2(trainData , 
urMultiKnowledge( iteration ));46 binaryRe
Pos(:,1) = binaryRe
Pos(:,1) + (
urRe
 (:,1) >0) -0.5;47 binaryRe
Neg(:,1) = binaryRe
Neg(:,1) + (
urRe
 (:,2) <=0) -0.5;128
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ale Spa
e Segmentation Filter48 binaryRe
 = [binaryRe
Pos(:,1) ,-binaryRe
Neg(:,1) ℄;49 
urCosts ( iteration ) = Evaluate (binaryRe
 ,0.5) ;50 fprintf ('TrainMultiKnowledge :%i:training set size=%i',iteration ,
urNewItems )51 fprintf (',\t 
urrent 
ost *100=% f\n',
urCosts ( iteration )*100)52 end;53 iteration = find(
urCosts ==min(
urCosts ));54 
osts = ones(iteration ,1) ;55 
osts (1: iteration ) = 
urCosts (1: iteration );56 multiKnowledge(iteration ) = 
urMultiKnowledge( iteration );57 for i=1: iteration -158 multiKnowledge(i) = 
urMultiKnowledge(i);59 end;60 end6162 fun
tion re
 = ApplyFilter2(trainData ,knowledge )63 % re
 = ApplyFilter2(trainData ,knowledge )64 % author : Felix Thomsen65 % applies the knowledge set on trainData66 % very similar to ApplyFilter (am ,ph ,s
 ,knowledge )67 % re
 (:,1) = positive points , re
 (:,2) = negative points68 items = size( trainData .signals ,1);69 s
ales = size(trainData .signals ,2) ;70 maxKnowledgeEntries = size(knowledge .entries ,5);71 re
 = zeros(items ,2);72 re
Basis = zeros (items ,2, s
ales );73 att = zeros(items ,2, s
ales );74 for re
Kind =1:475 re
Basis (:,1,:) = trainData .signals (:,:,( re
Kind *2) +5) ;76 re
Basis (:,2,:) = trainData .signals (:,:,( re
Kind *2) +6) ;77 for at =1:378 att (:,1,:) = trainData .signals (:,:, at*2-1);79 att (:,2,:) = trainData .signals (:,:, at*2);80 for kE=1: maxKnowledgeEntries81 for s
ale =1: s
ales82 knowledgeEntry = knowledge .entries (:, s
ale ,at ,re
Kind ,kE);83 if (knowledgeEntry(5) ~=0) && ( knowledgeEntry(2) >0)84 re
 = re
+GetBOneS
ale(att (:,:, s
ale),knowledgeEntry)...85 .* re
Basis (:,:, s
ale);86 end;87 end;88 end;89 end;90 end;91 re
 = re
 - knowledge .offset ;92 end
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Appendix A. CodeApply S
ale Spa
e Segmentation FilterListing A.23: ApplyFilter.m1 fun
tion re
 = ApplyFilter (am,ph,s
, knowledge )2 % re
 = ApplyFilter (am ,ph ,s
 ,knowledge )3 % author : Felix Thomsen4 % applies the knowledge set on amplitudes am , phases ph , s
ales s
5 [h,w,s
ales ℄ = size(am);6 re
 = zeros(h,w);7 maxKnowledgeEntries =size(knowledge .entries ,5);8 attenuations = zeros(h,w,s
ales ,3);9 for kind =1:310 attenuations(:,:,:, kind) = Attenuation (am ,ph ,s
 ,kind);11 end ;12 for re
Kind =1:413 re
Basis = GetRe
Basis (am,ph,re
Kind );14 for at=1:315 att = attenuations(:,:,:, at);16 for kE=1: maxKnowledgeEntries17 for s
ale =1: s
ales18 % extra
t one knowledge entry19 knowledgeEntry = knowledge .entries (:, s
ale ,at ,re
Kind ,kE);20 % if knowledge entry 
ontains any information21 if ( knowledgeEntry(5) ~=0) && (knowledgeEntry(2) >0)22 b = GetBOneS
ale(att (:,:, s
ale),knowledgeEntry);23 re
 = re
 + b.* re
Basis (:,:, s
ale);24 end;25 end;26 end;27 end;28 end ;29 re
 = re
 -knowledge .offset ;
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A.2. S
ale Spa
e Segmentation FilterListing A.24: ApplyMultiFilter.m1 fun
tion [binaryRe
 ,re
℄ = ApplyMultiFilter(am ,ph ,s
 ,multiKnowledge)2 % [re
 ,binaryRe
 ℄ = ApplyMultiFilter(am ,ph ,s
 ,multiKnowledge)3 % author : Felix Thomsen4 % applies several filters on signals am ,ph and s
5 % re
 = sum (re
_1 ,..., re
_n ), binaryRe
 =sum ((re
_1 >0) -0.5,...,( re
_n >0) -0.5)6 knowledgeDepth = size(multiKnowledge ,1)*size(multiKnowledge ,2);7 [h,w,s
ales ℄ = size(am);8 re
 = zeros(h,w);9 binaryRe
 = zeros(h,w);10 attenuations = zeros(h,w,s
ales ,3) ;11 re
Basises = zeros(h,w,s
ales ,4);12 for at = 1:313 attenuations(:,:,:, at) = Attenuation (am ,ph ,s
 ,at);14 end;15 for re
 = 1:416 re
Basises (:,:,:, re
) = GetRe
Basis (am,ph,re
 );17 end;18 for depth = 1: knowledgeDepth19 fprintf ('F:%i\t',depth)20 if mod(depth ,10) ==021 fprintf ('\n')22 end;23 maxKnowledgeEntries = size( multiKnowledge(depth).entries ,5);24 
urRe
 = zeros(h,w);25 for re
 =1:426 re
Basis = re
Basises (:,:,:, re
);27 for at=1:328 att = attenuations(:,:,:, at);29 for kE=1: maxKnowledgeEntries30 for s
ale =1: s
ales31 knowledgeEntry = multiKnowledge(depth).entries ...32 (:, s
ale ,at ,re
 ,kE);33 if (knowledgeEntry (5) ~=0) && (knowledgeEntry(2) >0)34 b = GetBOneS
ale(att (:,:, s
ale),knowledgeEntry);35 
urRe
 = 
urRe
 + b.* re
Basis (:,:, s
ale);36 end;37 end;38 end;39 end;40 end;41 
urRe
 = 
urRe
 - multiKnowledge(depth).offset ;42 re
 = re
 + 
urRe
 ;43 binaryRe
 = binaryRe
 + (
urRe
 >0) -0.5;44 end;45 fprintf ('\n')
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Appendix A. CodeA.3. Spine - Dete
tionSample Code Listing A.25: SpineDete
tionExample.m1 fun
tion [spineCentre ,spine ℄ = SpineDete
tionExample (knowledgeO ,knowledgeE )2 % spineCentre = SpineDete
tionExample (knowledgeO ,knowledgeE )3 % Author : Felix Thomsen4 % Example to understand the 
ode stru
ture56 % Load one test image number 30:7 [amplitude ,phase ,mask ,image ,s
ales ℄ = LoadTestImageSpine (30);89 % Apply the knowledge sets to the signal :10 re
O = ApplyMultiFilter(amplitude ,phase ,s
ales ,knowledgeO );11 re
E = ApplyMultiFilter(amplitude ,phase ,s
ales ,knowledgeE );1213 % Take first redu
tion :14 region = GetRegion (re
O);1516 % Take further redu
tion :17 
loserRegion = GetCloserRegion(re
E ,region );1819 % Take final segmentation:20 [spine ,spineCentre ℄ = FinalSegmentation(
loserRegion ,re
E);2122 % plot the result :23 [he ,we℄ = size(mask);24 im2 = zeros(he,we ,3);25 im2 (:,:,1) = im .*( TransformMask(mask ,3,3) ==-1) +( TransformMask(mask ,3,3) ~=-1);26 im2 (:,:,2) = im .*( TransformMask(mask ,3,3) ==-1);27 im2 (:,:,3) = im .*( TransformMask(mask ,3,3) ==-1);2829 im3 = double (spine ) ./2 + double (mask)./4;30 im3 (imdilate (spineCentre ,strel ('square ' ,5))==1) = 1;31 subplot (1,2,1);32 imshow (im2);33 subplot (1,2,2);34 imshow (im3);35 
olormap (jet);
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A.3. Spine - Dete
tionHelper fun
tions Listing A.26: FindBlobs.m1 fun
tion [binImage , maxTallness ℄ = FindBlobs (binImage )2 % [binImage ,maxTallness ℄ = FindBlobs (binImage )3 % Author : Felix Thomsen4 % Sear
hes 
onne
ted obje
ts with the mehtod 'Tallness '5 [h,w℄ = size(binImage );6 maxTallness = 0;7 for yy=1:h8 for xx =1:w9 if binImage (yy ,xx) == 110 [tallness ,binImage ℄ = Tallness (binImage ,yy,xx,'links ');11 maxTallness = max(tallness ,maxTallness );12 end;13 end;14 end;15 binImage = -binImage ;16 end1718 fun
tion [tallness ,signal ℄ = Tallness (signal ,posy ,posx ,dir )19 % [tallness ,signal ℄ = Tallness (signal ,posy ,posx ,dir )20 % Author : Felix Thomsen21 % sear
hes 
onne
ted obje
ts with Ts
heby
heff neighbourhood at position22 % posy ,posx in the binary image , dire
ted in 'links '|' re
hts '.23 [h,w℄ = size(signal );24 signal = double (signal );25 % Freeman 
oded dire
tion : left up = 0, up = 1 et
 .26 if str
mp (dir ,'links ')27 dire
tion = 6; % left down28 else % 're
hts ' = right29 dire
tion = 2; % right up;30 end;31 dirLeft = (( dire
tion ==6)*2) -1; % at 'links '->1, at 're
hts '->-132 lookUpDir = [-1 0 1 1 1 0 -1 -1;33 -1 -1 -1 0 1 1 1 0℄;34 startpos = [posy ,posx ℄;35 pos = startpos ;36 savePos = pos;37 % Wize of the window :38 deepIndi
es = [pos (1) ,pos (1) ,pos (2) ,pos (2) ℄;39 % mark start position40 signal (pos (1) ,pos (2)) = signal (pos (1) ,pos (2)) ...41 + (pos (2) == 1 || signal (pos (1) ,pos (2) -1) ==0) ...42 + (pos (2) == w || signal (pos (1) ,pos (2) +1) ==0) *2;43 pos (:) = savePos (:) + lookUpDir (:, dire
tion +1) ;44 looked = 0;45 toLookRightStartPos = true;46 % Run around the obje
t at the borders47 while (pos (1) ~= startpos (1) || pos (2) ~= startpos (2) || toLookRightStartPos )&& looked <8133



Appendix A. Code48 if pos (1) == startpos (1) && (pos (2) == startpos (2)+dirLeft )49 toLookRightStartPos = false;50 end;51 if pos (1) >=1 && pos (2) >=1 && pos (1) <=h && pos (2) <=w && signal (pos (1) ,pos (2)) >052 deepIndi
es = [min( deepIndi
es (1) ,pos (1)),max( deepIndi
es (2) ,pos (1) ) ,...53 min(deepIndi
es (3) ,pos (2)),max(deepIndi
es (4) ,pos (2))℄;54 if signal (pos (1) ,pos (2))==155 signal (pos (1) ,pos (2)) = signal (pos (1) ,pos (2)) ...56 + (pos (2) == 1 || signal (pos (1) ,pos (2) -1) ==0)...57 + (pos (2) == w || signal (pos (1) ,pos (2) +1) ==0)*2;58 end;59 savePos = pos;60 dire
tion = mod( dire
tion +2,8);61 looked = 0;62 else63 dire
tion = mod(dire
tion -1,8);64 looked = looked + 1;65 end;66 pos (:) = savePos (:) + lookUpDir (:, dire
tion +1);67 end ;68 % add elements69 tallness = 0;70 open = false;71 s2 = signal ( deepIndi
es (1): deepIndi
es (2) ,deepIndi
es (3): deepIndi
es (4));72 for yy = 1: deepIndi
es (2) -deepIndi
es (1) +173 for xx = 1: deepIndi
es (4) -deepIndi
es (3) +174 if s2(yy ,xx) >175 open = (s2(yy ,xx)==2);76 end;77 if (s2(yy ,xx)==1 && open)||s2(yy ,xx) >178 tallness = tallness +1;79 s2(yy ,xx) = NaN;80 end;81 end;82 end ;83 s2(isnan(s2)) = -tallness ;84 signal (deepIndi
es (1):deepIndi
es (2) ,deepIndi
es (3) :deepIndi
es (4) ) = s2(:,:);85 end Listing A.27: BorderTransform.m1 fun
tion positions = BorderTransform(image ,dir)2 % positions = BorderTransform(image ,dir )3 % Author : Felix Thomsen4 % extra
ts the borders , hen
e verti
al edges in binary signal image.5 [h,w℄ = size(image );6 image = double (image);7 positions = nan(h,w);8 maxPos = 0;9 if nargin ==110 dir = 1;134



A.3. Spine - Dete
tion11 end;12 if dir ==113 sW= 2;14 eW= w;15 dW =1;16 else17 sW = w -1;18 eW = 1;19 dW = -1;20 end;21 for hh = 1:h22 
 = 1;23 pos = 0;24 for ww=sW:dW:eW25 if (
 == 0)26 if image(hh ,ww)==127 pos = pos +1;28 maxPos = max (maxPos ,pos);29 positions (hh ,pos) = ww;30 
 = 1;31 end;32 else % 
=133 
 = image(hh,ww);34 end;35 end;36 end;37 positions = positions (:,1: maxPos );Listing A.28: HeightTransform.m1 fun
tion image = HeightTransform(image)2 % image = HeightTransform(image)3 % Author : Felix Thomsen4 % maps the grey -values of the pixels in one row to the order in [0 ,1℄.5 % Hen
e the highest pixel in one row be
omes 1 the lowest be
omes 0, et
 .6 image=transform ( transform (image ));7 end89 fun
tion trans = transform (image)10 [h,w℄ = size(image);11 %find n heighest pixels per row :12 trans = zeros (h,w);13 line = zeros(w,2);14 for hh=1:h15 line (:,1) = image(hh ,:);16 line (:,2) = (0:w-1) ./(w-1);17 ss = sortrows (line ,1) ;18 trans(hh ,:) = ss(:,2);19 end;20 end 135



Appendix A. CodeSpine-Segmentation Fun
tionsListing A.29: GetRegion.m1 fun
tion region = GetRegion (re
O)2 % region = GetRegion (re
O)3 % Author : Felix Thomsen4 % tries to drop about the half of the ba
kground pixels ,5 % whi
h do not 
ontain the obje
t6 h=size(re
O ,1);7 atomi
 = h/240;8 s1 = imopen ( HeightTransform(re
O) >0.8, strel('square ' ,2));9 [or ,ph℄ = AS(s1 ,atomi
 *8, atomi
 *16 ,25) ;10 phase = HeightTransform(
os(ph));11 line = (phase >0.85) ;12 [binImage ,t℄ = FindBlobs (line);13 line = (binImage ==t);1415 posR = BorderTransform(line ,2);16 posL = BorderTransform(line ,1);17 
entres = (posR(:,1)+posL (:,1))./2;18 line (:,:) = 0;19 for hh =1:h20 if ~isnan(
entres (hh))21 line(hh,
eil(
entres (hh))) = 1;22 end;23 end ;24 region = imdilate (line ,strel('square ',
eil(atomi
 *40)));Listing A.30: GetCloserRegion.m1 fun
tion 
loserRegion = GetCloserRegion(re
E ,region )2 % 
loserRegion = GetCloserRegion(re
E ,region )3 % Author : Felix Thomsen4 % ex
ludes some more ba
kground5 h =size(re
E ,1);6 length = h/36;7 edge = re
E .* region ;8 s1 = imopen ( HeightTransform(edge) >0.85, strel('square ' ,2)).* region ;9 sprintf ('AS1 ')10 [or ,ph℄ = AS(s1 ,length ,length *2 ,25) ;11 phase = 
os(ph);12 phase(region ==0) = -2;13 phase = HeightTransform(phase);14 line = (phase >0.9) ;1516 [binImage ,t℄ = FindBlobs (line);17 line = (binImage ==t);1819 region2 = imdilate (line ,strel('square ',
eil(h/12)));20136



A.3. Spine - Dete
tion21 l2 = 
eil(h/500) ;22 edge2 = re
E .* region2 ;23 s1 = imopen ( HeightTransform(edge2) >0.85, strel('square ' ,2)).* region2 ;2425 s2 = imdilate (imerode (s1,strel('square ',l2)),strel('square ',l2 *3));26 sprintf ('
onv')27 s3 = 
onv2 (s2 ,ones(
eil(length /2))./( length /2) ^2, 'same ');28 
loserRegion = (s3 >0.2);Listing A.31: FinalSegmentation.m1 fun
tion [spine ,
entre ℄ = FinalSegmentation(
loserRegion ,re
E)2 % [spine ,
entre ℄ = FinalSegmentaton(
loserRegion ,re
E)3 % Author : Felix Thomsen4 % 
omputes the final spine -
entre5 % and a region 'spine ', whi
h is used for the 
omputation of the6 % false positive and false negative error7 [h,w℄ = size(re
E);8 atomi
 = h/240;910 signal = 
loserRegion .* re
E;11 s1 = 
onv2 (signal ,ones(
eil (18* atomi
 ),
eil (18* atomi
 ))./( 
eil (648* atomi
 )),'same');12 s2 = HeightTransform(s1).* 
loserRegion;13 line = nan(h,2);14 delta = 1.2/w;15 for hh=1:h16 if (hh >1)17 lastValue = line(hh -1);18 weight = zeros (1,w);19 for i=1:w20 weight (i) = 1-abs(lastValue -i)*delta;21 end;22 values = s2(hh ,:) .* weight ;23 else24 values = s2(hh ,:) ;25 end;26 f = find(values ==max(values ) ,1,'first ');27 line(hh)=f(1);28 end;2930 s1 = zeros (h,w);31 for hh=1:h32 s1(hh,
eil(line(hh))) = 1;33 end;3435 
losestRegion = imdilate (s1,strel('square ',
eil(atomi
 *18)));36 signal2 = 
losestRegion .* signal ;37 s3 = im
lose (signal2 ,strel('square ',
eil(atomi
 *6)));38 spine = (s3 >0) .* 
losestRegion;3940 meanSize = atomi
 * 12; 137



Appendix A. Code41 s5 = nan(h,1);42 
entre = zeros(h,w);43 l2 = line;44 l2(l2 <=1) = nan;45 for hh =1:h46 s5(hh) = mean(l2(max(1, 
eil(hh -meanSize )):min(h,
eil(hh+meanSize ))));47 if (s5(hh) >0)48 
entre (hh,
eil(s5(hh))) = 1;49 end;50 end ;A.4. SamplesIn the �rst three �gures we give the output images of the implemented examples. The
onsole inputs are the following listings:Listing A.32: Main-s
ale dete
tion1 >> s
aleImage = MainS
aleExample ();Listing A.33: Knowledge1 >> [knowledgeO , knowledgeE ℄ = CreateKnowledgeExample ();2 >> filteredSignal = ApplyKnowledgeExample( knowledgeO );Listing A.34: Spine dete
tion1 >> [knowledgeO , knowledgeE ℄ = CreateKnowledgeExample ();2 >> [spineCentre ,spine ℄ = SpineDete
tionExample (knowledgeO ,knowledgeE );In Figure A.4 we give a sample band pass.
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Figure A.1.: Output of listing A.32
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Figure A.2.: Output of listing A.33
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Figure A.3.: Output of listing A.34
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tion typeof the spine border dete
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Appendix B.GPUB.1. Spe
i�
ations of our GPUThe spe
i�
ations of our GPU are as follows:Vendor: NVIDIA CorporationVersion: 3.0.0Renderer: GeFor
e 9600 GS/PCI/SSE2GL_MAX_TEXTURE_UNITS: 4GL_MAX_VERTEX_ATTRIBS_ARB: 16GL_MAX_VERTEX_UNIFORM_COMPONENTS_ARB: 4096GL_MAX_VERTEX_TEXTURE_IMAGE_UNITS_ARB: 32GL_MAX_VARYING_FLOATS_ARB: 60GL_MAX_TEXTURE_IMAGE_UNITS_ARB: 32GL_MAX_TEXTURE_COORDS_ARB: 8GL_MAX_COMBINED_TEXTURE_IMAGE_UNITS_ARB: 32GL_MAX_FRAGMENT_UNIFORM_COMPONENTS_ARB: 2048withStream-Pro
essors: 48Kernel-Clo
k: 500 MHzShader-Clo
k: 1200 MHzStorage-Clo
k: 500 MHz
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Appendix B. GPUB.2. GPU-CodeWe list the sour
e 
ode of the vertex shader we used in Figure 2.13.Listing B.1: placemin1 // tensorBig .frag - as pla
e_min23 // CONSTANTS :4 
onst int MAX_HALF_N = 16;5 
onst float PI = 3.14159265358979323846;6 
onst float TWOPI = PI * 2.0;78 // VARIABLES :9 uniform sampler2D texture ;1011 uniform ve
4 kernelPoisson[MAX_HALF_N *( MAX_HALF_N -1) /2℄;12 uniform ve
4 kernel1 [MAX_HALF_N * (MAX_HALF_N -1) / 2℄;13 uniform ve
4 kernel2 [MAX_HALF_N * (MAX_HALF_N -1) / 2℄;1415 uniform ve
4 diagPoisson [MAX_HALF_N ℄;16 uniform ve
4 diag1[MAX_HALF_N ℄;17 uniform ve
4 diag2[MAX_HALF_N ℄;1819 uniform ve
2 randPoisson [MAX_HALF_N ℄;20 uniform ve
2 rand1[MAX_HALF_N ℄;21 uniform ve
2 rand2[MAX_HALF_N ℄;2223 uniform float middlePoisson;24 uniform int halfN ;25 uniform float n;26 uniform ve
2 offsetFa
tor;27 uniform float amplitudeS
ale;28 float f_x ,f_y ,f_p ,f_xx ,f_yy ,f_xy;2930 // FUNCTION -DECLARATIONS:31 ve
4 AnalytikSignal();32 void Convolution (ve
2 
oord);3334 // PROGRAMME :35 // ---------------------------------------------------------36 // ----------Main - Fun
tion --------------------------------37 // ---------------------------------------------------------38 // The main fun
tion 
alls Analyti
Signal()39 void main()40 {41 gl_FragColor = AnalytikSignal();42 }43 // ---------------------------------------------------------44 // ----------Signal - Cal
ulation ---------------------------45 // ---------------------------------------------------------144



B.2. GPU-Code46 // Analyti
 Signal 
omputes the ve
tor :47 // ve
4(phase ,orientation ,amplitude ,apexAngle ).48 ve
4 AnalytikSignal()49 {50 // Texture 
oordinates :51 ve
2 
oord= gl_TexCoord [0℄.xy;52 ve
4 ret;53 // Signal 
omputing ex
epts the boundary54 if((
oord .x<((n+1.0)* offsetFa
tor.x))||( 
oord .x>(1.0 - n* offsetFa
tor.x))55 ||( 
oord .y<(n* offsetFa
tor.y))||( 
oord .y>(1.0 - (n+1.0)* offsetFa
tor.y)))56 {57 ret = ve
4 (0.0 ,0.0 ,0.0 ,0.0);58 }59 else60 {61 // Convolution62 Convolution (
oord );63 // Signal 
omputation64 float f_pm = 0.5 *(f_xx -f_yy);65 float f_s = 0.5 * f_p;66 float e = sqrt(pow(f_pm ,2.0)+pow (f_xy ,2.0))/abs (f_s);67 float q = (pow(f_x ,2.0) +pow(f_y ,2.0))* 2.0 /(1.0+ e);6869 float phase = atan(sqrt(q),f_p) / TWOPI + 0.5;70 float orientation ;71 if (phase ==0.5)72 orientation = atan(f_xy ,f_pm) /TWOPI +0.5;73 else74 orientation = atan(f_y ,f_x) /TWOPI +0.5;75 float amplitude = 0.5 * sqrt(pow (f_p ,2.0) +q);76 amplitude = pow (1.0 - 1.0 /(1.0 + amplitude ) ,(1.0/ amplitudeS
ale));77 float apexAngle = (atan(sqrt(pow (f_s ,2.0) -pow(f_xy ,2.0) -pow (f_pm ,2.0)),sqrt(pow(f_xy ,2.0)+pow(f_pm ,2.0) ))) /PI;78 ret = ve
4(phase ,orientation ,amplitude ,apexAngle );79 }80 return ret;81 }82 void Convolution (ve
2 
oord)83 {84 // Coordinates of one element of kernel1SfS
 ,kernel1 und kernel285 // - - - - | - - - -86 // - - - lu1 | ru1 - - -87 // - - - - | - - - -88 // - lu2 - - | - - ru2 -89 // ------------+------------90 // - ld2 - - | - - rd2 -91 // - - - - | - - - -92 // - - - ld1 | rd1 - - -93 // - - - - | - - - -94 // Coordinates of one element of rand1SfS
 ,rand1 und rand2(r,l,d,u) or diag1Sfs
 ,diag1 und diag2 (rd ,ru ,lu ,ld), respe
tively 145



Appendix B. GPU95 // - - - - | - - - -96 // - lu - - u - - ru -97 // - - - - | - - - -98 // - - - - | - - - -99 // ---l--------+-------- r---100 // - - - - | - - - -101 // - - - - | - - - -102 // - ld - - d - - rd -103 // - - - - | - - - -104 // Stored data from array kernels ..( k[Index ℄[x..w℄), Rand ..( r[Index ℄[x..y℄) andDiag..( d[Index ℄[x..w℄)105 // for n=6 in the lower right quadrant106 //+---+-----------------------+107 //|r3x |r0x r0y r1x r1y r2x r2y |108 //|---+-------+---------------|109 //|r0x |d0x d0y |k0x k0z k1x k1z |110 //|r0y |d0z d0w |k0y k0w k1y k1w |111 //| |-------+-------+ |112 //|r1x |k0x k0y |d1x d1y |k2x k2z |113 //|r1y |k0z k0w |d1z d1w |k2y k2w |114 //| | +-------+-------|115 //|r2x |k1x k1y k2x k2y |d2x d2y |116 //|r2y |k1z k1w k2z k2w |d2z d2w |117 //+---+---------------+-------+118 //+---+-----------------------+119 //| M | b o r d e r' |120 //|---+-------+---------------|121 //| | d | |122 //| b | i + k e r n e l' |123 //| o |------+a+------+ |124 //| r | + g | |125 //| d | | o + |126 //| e | +------+n+------|127 //| r | k e r n e l + a |128 //| | | l |129 //+---+---------------+-------+130 // Convolution storage131 ve
4 f_pM = ve
4 (0.0 ,0.0 ,0.0 ,0.0),132 f_xM = ve
4 (0.0 ,0.0 ,0.0 ,0.0),133 f_yM = ve
4 (0.0 ,0.0 ,0.0 ,0.0),134 f_xxM = ve
4 (0.0 ,0.0 ,0.0 ,0.0) ,135 f_yyM = ve
4 (0.0 ,0.0 ,0.0 ,0.0) ,136 f_xyM = ve
4 (0.0 ,0.0 ,0.0 ,0.0);137 // start points of the texture 
oordinates for the diagonale /kernels138 ve
4 startRight ,startLeft ; //x,y = up; z,w = down;139 startRight .xy = 
oord + offsetFa
tor * ve
2 (1.0 ,2.0);140 startRight .zw = 
oord + offsetFa
tor * ve
2 (1.0 , -1.0) ;141 startLeft .xy = 
oord + offsetFa
tor * ve
2 ( -2.0 ,2.0) ;142 startLeft .zw = 
oord + offsetFa
tor * ve
2 (-2.0,-1.0) ;143 //start points of texture 
oordinates for boundary144 ve
4 startHorizontal , //x,y = right; z,w = left;146



B.2. GPU-Code145 startVertikal; //x,y = up; z,w = down;146 startHorizontal.xy = 
oord + offsetFa
tor * ve
2 (1.0 ,0.0);147 startHorizontal.zw = 
oord + offsetFa
tor * ve
2 ( -2.0 ,0.0) ;148 startVertikal.xy = 
oord + offsetFa
tor * ve
2 (0.0 ,2.0);149 startVertikal.zw = 
oord + offsetFa
tor * ve
2 (0.0 , -1.0) ;150 // Change of the texture 
oordinates per loop151 // Kernel152 ve
4 deltaX = ve
4(offsetFa
tor.x,0.0, offsetFa
tor.x ,0.0) * 2.0;153 ve
4 deltaY = ve
4(0.0, offsetFa
tor.y,0.0,- offsetFa
tor.y) * 2.0;154 // ve
4 deltaKY = deltaY155 // Boundaries156 ve
4 deltaHorizontal = ve
4(offsetFa
tor.x,0.0,- offsetFa
tor.x ,0.0) * 2.0;157 // deltaVertikal = deltaY158 // Diagonals159 ve
4 deltaDiagRight = ve
4( offsetFa
tor.x, offsetFa
tor.y, offsetFa
tor.x,-offsetFa
tor.y) * 2.0;160 ve
4 deltaDiagLeft = ve
4(- offsetFa
tor.x, offsetFa
tor.y,- offsetFa
tor.x,-offsetFa
tor.y) * 2.0;161162 
onst ve
4 startXValue = ve
4 (1.0 ,2.0 ,1.0 ,2.0);163 
onst ve
4 deltaValue = ve
4 (2.0) ;164165 ve
4 yValue = ve
4 (1.0 ,1.0 ,2.0 ,2.0);166 ve
4 xValue ;167 int i= 0;168 for(int y=1;y<halfN;y++)169 {170 float yF = float(y);171 ve
4 
oordR1 = startRight + yF * deltaY ;172 ve
4 
oordL1 = startLeft + yF * deltaY ;173 ve
4 
oordR2 = startRight + yF * deltaX ;174 ve
4 
oordL2 = startLeft - yF * deltaX ;175 yValue += deltaValue ;176 xValue = startXValue ;177 for(int x=0;x<y;x++)178 {179 // Read texture180 ve
4 textureRU1 = texture2D (texture ,
oordR1 .xy).zwxy;181 ve
4 textureRD1 = texture2D (texture ,
oordR1 .zw).xyzw;182 ve
4 textureRU2 = texture2D (texture ,
oordR2 .xy).zxwy;183 ve
4 textureRD2 = texture2D (texture ,
oordR2 .zw).xzyw;184185 ve
4 textureLU1 = texture2D (texture ,
oordL1 .xy).wzyx;186 ve
4 textureLD1 = texture2D (texture ,
oordL1 .zw).yxwz;187 ve
4 textureLU2 = texture2D (texture ,
oordL2 .xy).wyzx;188 ve
4 textureLD2 = texture2D (texture ,
oordL2 .zw).ywxz;189190 ve
4 xSquareValue = xValue * xValue ;191 ve
4 ySquareValue = yValue * yValue ;192193 // Convolution 147



Appendix B. GPU194 f_pM += ( textureRD1 + textureLD1 + textureRU1 + textureLU1195 + textureRD2 + textureLD2 + textureRU2 + textureLU2 ) * kernelPoisson[i℄;196 f_xM += (xValue * (textureRD1 - textureLD1 + textureRU1 - textureLU1 )197 + yValue * ( textureRD2 - textureLD2 + textureRU2 - textureLU2 )) * kernel1 [i℄;198 f_yM += (yValue * (textureRD1 + textureLD1 - textureRU1 - textureLU1 )199 + xValue * ( textureRD2 + textureLD2 - textureRU2 - textureLU2 )) * kernel1 [i℄;200 f_xxM += (xSquareValue * (textureRD1 + textureLD1 + textureRU1 + textureLU1 )201 + ySquareValue * ( textureRD2 + textureLD2 + textureRU2 + textureLU2 )) *kernel2 [i℄;202 f_yyM += (ySquareValue * (textureRD1 + textureLD1 + textureRU1 + textureLU1 )203 + xSquareValue * ( textureRD2 + textureLD2 + textureRU2 + textureLU2 )) *kernel2 [i℄;204 f_xyM += (textureRD1 + textureLD1 + textureRU1 + textureLU1205 + textureRD2 + textureLD2 + textureRU2 + textureLU2 )* xValue * yValue *kernel2 [i++℄;206 // a
tualise indi
es207 
oordR1 += deltaX ;208 
oordL1 -= deltaX ;209 
oordR2 += deltaY ;210 
oordL2 += deltaY ;211 xValue += deltaValue ;212 }213 }214 // Convolution of boundary and diagonals215 ve
2 xyValue = ve
2 (1.0 ,2.0);216 xValue = ve
4 (1.0 ,2.0 ,1.0 ,2.0);217 yValue = ve
4 (1.0 ,1.0 ,2.0 ,2.0);218 for(i=0;i<halfN;i++)219 {220 // Read texture221 ve
2 textureR = texture2D (texture , startHorizontal.xy).xy;222 ve
2 textureL = texture2D (texture , startHorizontal.zw).yx;223 ve
2 textureU = texture2D (texture , startVertikal.xy).zx;224 ve
2 textureD = texture2D (texture , startVertikal.zw).xz;225 ve
4 textureRU = texture2D (texture ,startRight .xy).zwxy;226 ve
4 textureRD = texture2D (texture ,startRight .zw).xyzw;227 ve
4 textureLU = texture2D (texture ,startLeft .xy).wzyx;228 ve
4 textureLD = texture2D (texture ,startLeft .zw).yxwz;229 // Convolution230 f_pM.xy += (textureR +textureL +textureU +textureD ) * randPoisson [i℄;231 f_pM += (textureRU + textureRD +textureLU +textureLD ) * diagPoisson [i℄;232 f_xM.xy += xyValue * (textureR -textureL ) * rand1[i℄;233 f_xM += xValue * (textureRU + textureRD - textureLU - textureLD ) * diag1 [i℄;234 f_yM.xy += xyValue * (textureD - textureU ) * rand1[i℄;235 f_yM += yValue * (textureLD + textureRD - textureLU - textureRU ) * diag1[i℄;236 f_xxM.xy+= xyValue * xyValue * (textureR +textureL ) * rand2 [i℄;237 f_xxM += xValue * xValue * ( textureRD + textureRU + textureLD + textureLU ) * diag2[i℄;238 f_yyM.xy+= xyValue * xyValue * (textureU +textureD ) * rand2 [i℄;239 f_yyM += yValue * yValue * ( textureRD + textureRU + textureLD + textureLU ) * diag2[i℄;148



B.2. GPU-Code240 f_xyM += ( textureRD + textureRU + textureLD + textureLU )* xValue * yValue *diag2[i℄;241 xValue += deltaValue ;242 yValue += deltaValue ;243 xyValue += deltaValue .xy;244 startHorizontal += deltaHorizontal;245 startVertikal += deltaY ;246 startRight += deltaDiagRight;247 startLeft += deltaDiagLeft;248 }249 // Convolution with 
entre point250 f_p = texture2D (texture ,
oord).x * middlePoisson;251 // Convolution with 
onvolution storage252 f_p += f_pM.x+f_pM.y+f_pM.z+f_pM.w;253 f_x = f_xM.x+f_xM.y+f_xM.z+f_xM.w;254 f_y = f_yM.x+f_yM.y+f_yM.z+f_yM.w;255 f_xx = f_xxM .x+f_xxM.y+f_xxM.z+f_xxM .w;256 f_yy = f_yyM .x+f_yyM.y+f_yyM.z+f_yyM .w;257 f_xy = f_xyM .x+f_xyM.y+f_xyM.z+f_xyM .w;258 }

149



Appendix B. GPU Listing B.2: placeopt1 // tensorFast .frag - as pla
e_opt2 #version 1203 // CONSTANTS :4 
onst float PI = 3.14159265358979323846;5 
onst float TWOPI = PI * 2.0;6 
onst int HN_MAX = 8; // N_MAX = HN_MAX *27 // VARIABLES :8 uniform sampler2D texture ;9 // Pre
al
ulated Convolution kernels :10 // f_p : | f_x | f_y | f_xx | f_yy | f_xy |11 // | | | | | | | | | | | |12 // a x a | -b 0 b | -
-y-
 | d u d | e z e | f 0-f |13 // x w x | -y 0 y | 0 0 0 | z u z | u u u | 0 0 0 |14 // a x a | -b 0 b | 
 y 
 | d u d | e z e | -f 0 f |15 // | | | | | | | | | | | |16 uniform ve
4 kernelFP [HN_MAX * HN_MAX ℄; //a17 uniform ve
4 kernelFX [HN_MAX * HN_MAX ℄; //b18 uniform ve
4 kernelFY [HN_MAX * HN_MAX ℄; //
1920 uniform ve
4 kernelFXX [HN_MAX * HN_MAX ℄; //d21 uniform ve
4 kernelFYY [HN_MAX * HN_MAX ℄; //e22 uniform ve
4 kernelFXY [HN_MAX * HN_MAX ℄; //f2324 uniform ve
2 kernelFPRand[HN_MAX ℄; //x25 uniform ve
2 kernelFXRand[HN_MAX ℄; //y26 uniform ve
2 kernelFXXRand[HN_MAX ℄; //z2728 uniform float middlePoisson; //w29 uniform float offsetFXX ; //-u3031 uniform bool odd;32 uniform int halfN ;33 uniform float n;34 uniform ve
2 offsetFa
tor;3536 // S
ale of the amplitude :37 uniform float amplitudeS
ale;38 float f_x ,f_y ,f_p ,f_xx ,f_yy ,f_xy;3940 // FUNCTION -DECLARATIONS:41 ve
4 AnalytikSignal();42 void Convolution (ve
2 
oord);4344 // PROGRAMME :45 // ---------------------------------------------------------46 // ----------Main - Fun
tion --------------------------------47 // ---------------------------------------------------------48 void main()49 {150



B.2. GPU-Code50 gl_FragColor = AnalytikSignal();51 }52 // ---------------------------------------------------------53 // ----------Signal - Cal
ulation ---------------------------54 // ---------------------------------------------------------55 ve
4 AnalytikSignal()56 {57 // Texture 
oordinates :58 ve
2 
oord= gl_TexCoord [0℄.xy;59 ve
4 ret;60 // Signal 
omputing ex
epts the boundary61 if((
oord .x<((n+1.0)* offsetFa
tor.x))||( 
oord .x>(1.0 - n* offsetFa
tor.x))62 ||( 
oord .y<(n* offsetFa
tor.y))||( 
oord .y>(1.0 - (n+1.0)* offsetFa
tor.y)))63 {64 float value = texture2D (texture ,
oord).x;65 ret = ve
4(value ,value /2.0, value /2.0, value /2.0) ;66 }67 else68 {69 // Convolution70 Convolution (
oord );71 // signal 
omputing72 float f_pm = 0.5 *(f_xx -f_yy);73 float f_s = 0.5 * f_p;74 float e = sqrt(pow(f_pm ,2.0)+pow (f_xy ,2.0))/abs (f_s);75 float q = (pow(f_x ,2.0) +pow(f_y ,2.0))* 2.0 /(1.0+ e);7677 float phase = atan(sqrt(q),f_p) / TWOPI + 0.5;78 float orientation ;79 if (phase ==0.5)80 orientation = atan(f_xy ,f_pm) /TWOPI +0.5;81 else82 orientation = atan(f_y ,f_x) /TWOPI + 0.5;83 float amplitude = 0.5 * sqrt(pow (f_p ,2.0) +q);84 amplitude = pow (1.0 - 1.0 /(1.0 + amplitude ) ,(1.0/ amplitudeS
ale));85 float apexAngle = (atan(sqrt(pow (f_s ,2.0) -pow(f_xy ,2.0) -pow (f_pm ,2.0)),sqrt(pow(f_xy ,2.0)+pow(f_pm ,2.0) ))) /PI;86 phase -=0.5;87 phase = max(phase ,0.0);88 ret = ve
4(phase ,orientation ,amplitude ,apexAngle );89 float threshold = 1.0;90 if(ret.x>threshold )91 ret.x = 1.0;92 }93 return ret;94 }9596 void Convolution (ve
2 
oord)97 {98 // Texture storage99 ve
4 tRightDown ,tLeftDown ,tRightUp ,tLeftUp ; 151



Appendix B. GPU100 ve
2 tRight ,tLeft ,tUp ,tDown;101 // Convolution storage102 ve
4 f_pM = ve
4 (0.0 ,0.0 ,0.0 ,0.0),103 f_xM = ve
4 (0.0 ,0.0 ,0.0 ,0.0),104 f_yM = ve
4 (0.0 ,0.0 ,0.0 ,0.0),105 f_xxM = ve
4 (0.0 ,0.0 ,0.0 ,0.0) ,106 f_yyM = ve
4 (0.0 ,0.0 ,0.0 ,0.0) ,107 f_xyM = ve
4 (0.0 ,0.0 ,0.0 ,0.0);108 // start points of texture 
oordinates for the inner of the kernels109 ve
4 startRight ,startLeft ; //x,y = up; z,w = down;110 startRight .xy = 
oord + offsetFa
tor * ve
2 (1.0 ,2.0);111 startRight .zw = 
oord + offsetFa
tor * ve
2 (1.0 , -1.0) ;112 startLeft .xy = 
oord + offsetFa
tor * ve
2 ( -2.0 ,2.0) ;113 startLeft .zw = 
oord + offsetFa
tor * ve
2 (-2.0,-1.0) ;114 // Change of texture 
oordinates per loop115 ve
4 deltaOffsetY = ve
4 (0.0, offsetFa
tor.y,0.0,- offsetFa
tor.y) * 2.0;116 ve
4 deltaOffsetX = ve
4(offsetFa
tor.x,0.0, offsetFa
tor.x ,0.0) * 2.0;117 ve
4 
oordRight ,
oordLeft ;118 int i= 0;119 for(int y=0;y<halfN;y++)120 {121 float yF = float (y);122 
oordRight = startRight + yF * deltaOffsetY;123 
oordLeft = startLeft + yF * deltaOffsetY;124 for(int x=0;x<halfN ;x++)125 {126 // Read texture127 tRightUp = texture2D (texture ,
oordRight .xy).zwxy;128 tRightDown = texture2D (texture ,
oordRight .zw).xyzw;129 tLeftUp = texture2D (texture ,
oordLeft .xy).wzyx;130 tLeftDown = texture2D (texture , 
oordLeft .zw).yxwz;131 // Convolution132 f_pM += ( tRightDown + tLeftDown + tRightUp + tLeftUp ) * kernelFP [i℄;133 f_xM += ( tRightDown - tLeftDown + tRightUp - tLeftUp ) * kernelFX [i℄;134 f_yM += ( tRightDown + tLeftDown - tRightUp - tLeftUp ) * kernelFY [i℄;135 f_xxM += (tRightDown + tLeftDown + tRightUp + tLeftUp ) * kernelFXX [i℄;136 f_yyM += (tRightDown + tLeftDown + tRightUp + tLeftUp ) * kernelFYY [i℄;137 f_xyM += (tRightDown - tLeftDown + tRightUp - tLeftUp ) * kernelFXY [i℄;138 // a
tualise indi
es139 i++;140 
oordRight += deltaOffsetX;141 
oordLeft -= deltaOffsetX;142 }143 }144 // Convolution near boundary145 ve
4 
oordRightLeft , // x,y = re
hts ; z,w= links ;146 
oordUpDown ; // x,y = oben; z,w = unten;147 
oordRightLeft.xy = 
oord + offsetFa
tor * ve
2 (1.0 ,0.0);148 
oordRightLeft.zw = 
oord + offsetFa
tor * ve
2 ( -2.0 ,0.0) ;149 
oordUpDown .xy = 
oord + offsetFa
tor * ve
2 (0.0 ,2.0);150 
oordUpDown .zw = 
oord + offsetFa
tor * ve
2 (0.0 , -1.0) ;152



B.2. GPU-Code151 deltaOffsetX *= ve
4 (1.0 ,0.0 , -1.0 ,0.0);152153 ve
2 ve
OffsetFXX = ve
2(offsetFXX );154 for(i=0;i<(halfN -1);i++)155 {156 // Read texture157 tRight = texture2D (texture ,
oordRightLeft.xy).xy;158 tLeft = texture2D (texture , 
oordRightLeft.zw).yx;159 tUp = texture2D (texture ,
oordUpDown .xy).zx;160 tDown = texture2D (texture , 
oordUpDown .zw).xz;161 // Convolution162 f_pM.xy += (tRight +tLeft+tUp+tDown) * kernelFPRand[i℄;163 f_xM.xy += (tRight - tLeft ) * kernelFXRand[i℄;164 f_yM.xy += (tDown - tUp ) * kernelFXRand[i℄;165 f_xxM .xy += (tRight + tLeft) * kernelFXXRand[i℄ + (tUp+tDown) * ve
OffsetFXX;166 f_yyM .xy += (tUp + tDown) * kernelFXXRand[i℄ + (tLeft +tRight ) * ve
OffsetFXX;167 // a
tualise indi
es168 
oordRightLeft += deltaOffsetX;169 
oordUpDown += deltaOffsetY;170 }171 if(odd)172 {173 // read texture174 tRight = texture2D (texture ,
oordRightLeft.xy).xy;175 tLeft = texture2D (texture , 
oordRightLeft.zw).yx;176 tUp = texture2D (texture ,
oordUpDown .xy).zx;177 tDown = texture2D (texture , 
oordUpDown .zw).xz;178 // Convolution179 f_pM.xy += (tRight +tLeft+tUp+tDown) * kernelFPRand[i℄;180 f_xM.xy += (tRight - tLeft ) * kernelFXRand[i℄;181 f_yM.xy += (tDown - tUp ) * kernelFXRand[i℄;182 f_xxM .xy += (tRight + tLeft) * kernelFXXRand[i℄;183 f_yyM .xy += (tUp + tDown) * kernelFXXRand[i℄;184 f_yyM .x += (tLeft +tRight ).x * offsetFXX ;185 f_xxM .x += (tUp+tDown).x * offsetFXX ;186 }187 else188 {189 // read texture190 tRight = texture2D (texture ,
oordRightLeft.xy).xy;191 tLeft = texture2D (texture , 
oordRightLeft.zw).yx;192 tUp = texture2D (texture ,
oordUpDown .xy).zx;193 tDown = texture2D (texture , 
oordUpDown .zw).xz;194 // Convolution195 f_pM.xy += (tRight +tLeft+tUp+tDown) * kernelFPRand[i℄;196 f_xM.xy += (tRight - tLeft ) * kernelFXRand[i℄;197 f_yM.xy += (tDown - tUp ) * kernelFXRand[i℄;198 f_xxM .xy += (tRight + tLeft) * kernelFXXRand[i℄ + (tUp+tDown) * ve
OffsetFXX;199 f_yyM .xy += (tUp + tDown) * kernelFXXRand[i℄ + (tLeft +tRight ) * ve
OffsetFXX;200 }201 // Convolution with 
entre point 153



Appendix B. GPU202 float middle = texture2D (texture ,
oord ).x;203 f_p = middle * middlePoisson;204 f_xx = middle * offsetFXX ;205 f_yy = middle * offsetFXX ;206 // Convolution of 
onvolution storages207 f_p += f_pM.x+f_pM.y+f_pM.z+f_pM.w;208 f_x = f_xM.x+f_xM.y+f_xM.z+f_xM.w;209 f_y = f_yM.x+f_yM.y+f_yM.z+f_yM.w;210 f_xx += f_xxM.x+f_xxM.y+f_xxM .z+f_xxM.w;211 f_yy += f_yyM.x+f_yyM.y+f_yyM .z+f_yyM.w;212 f_xy = f_xyM.x+f_xyM .y+f_xyM.z+f_xyM.w;213 }
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