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Abstract. The paper addresses the organization of an orderly train traffic
over a single track railway line subdivided into three sections and with sidings
in between. This problem is modelled by means of two Petri nets, of which
one ignores the existence of the sidings, the others includes them. Both net
models guarantee essential safety and liveness properties: the track sections
are by trains used in a mutually exclusive manner, deadlocks between trains
moving in opposite directions are prevented, both directions are served fairly,
and trains that must not compete with other trains trying to use the track
(or a section of it) in the same or in the opposite direction can proceed
immediately.

1 Introduction

This paper is to discuss solutions to an organizational problem which, in a nutshell,
exposes both the phenomena that typically occur in the context of concurrent ac-
tivities and the measures that must be taken to coordinate these activities in some
orderly form. The problem at hand - moving under some loose timing constraints
several trains in both directions over a single track railway line - is of decidedly
more practical relevance than, say, the famous dining philosophers problem.

This train scheduling problem has several times been used to introduce under-
graduate students to basic concepts of concurrency and to system modelling with
Petri nets. With little more than a very elementary notion of nets (the meaning of
transitions and places, of the arcs that connect them, of the conditions under which
transitions are enabled to fire, and of markings (tokens) in places) the issues that
need to be dealt with can be explained in a much more comprehensible way and
made more explicit than is possible with program notations and with the interleav-
ing of program threads, as they can be found in almost all traditional textbooks on
concurrency, e.g. [An91, BA90]. Not only does this textual notation require some
fairly thorough understanding of state transition semantics, but it also makes some
assumptions about hidden scheduling mechanisms which cannot be easily conveyed
to undergraduate students who are usually not (yet) familiar with the subject.

In the sequel we will first outline the problem and then present net models for
two solutions which differ from each other with respect to the assumptions that are
being made about the particularities of the system configuration.

2 Problem Identification

The organizational problem to be studied here concerns the orderly coordination of
trains moving in both directions over a single track railway line. This train movement
must follow first principles of an orderly system behavior and also meet some loose
timing constraints which render it necessary to have, at least occassionally, more
than one train move along on the track. As a model for this study we choose a section
of the Canadian Pacific Railway main line over the Kicking Horse pass between the



station at Field in B.C. and a point called Stephen some five miles west of Lake
Louise in Alberta.

This single track section, in the following referred to as the track, is sketched
out in fig. 1. It is about 15 miles long, with switchyards (or sidings) at both ends to
accommodate several trains waiting to move eastbound or westbound over the track.
There are also two sidings along the track at points called Patridge and Cathedral.
An interesting construction feature are the two spiral tunnels about halfway up
the pass, in Yoho National Park, between these two points. They are to keep the
gradient of the track between Stephen (at 5200 feet altitude) and Field (at 4200 feet
altitude) down to about 2.2%, which is still rather considerable. Due to this steep
ascent (or descent), in conjunction with the difficult passage through the tunnels
(the track radius there is only about 500 feet), the maximum speed for freight trains
(of up to 110 cars headed by up to 6 diesel engines) is only 20 miles / hour along
the entire track, i.e., it takes about one hour for a train to go either way between

Field and Stephen [Po95, CP90].
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Fig. 1. Sketch of the Kicking Horse Pass section of the CP Rail main line
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Current traffic load being up to 30 trains per day (15 in each direction) and
increasing, some scheduling scheme must take control to handle all trains without
undue delay in either direction and within the 24 hour time frame. As it must
obviously be possible to have more than one train move at the same time along the
track, there is a potential for deadlocks between trains going in opposite directions
and, if deadlocks are ruled out by appropriate controls, for the monopolization of
the track by trains going in one direction while trains trying to go in the other
direction are held back for unreasonably long periods of time (or are starving) at
the respective switchyards (either Field or Stephen) and beyond, possibly causing
more such problems further east or west of the line !.

In the sequel we will present two Petri net models which address this scheduling
problem in different settings with respect to the availability of sidings. The first
model is based on the assumption that the sidings at Patridge and Cathedral cannot
be used (or are not available), whereas the second model includes these sidings to
allow trains moving in opposite directions to get by each other.

3 The No-Sidings Track Model

The Petri-net models to be developed here are based on the assumptions that the
track between Field and Stephen is partitioned into three sections S_1 (between

! Presently, train movement over the pass (and along the entire line) is mainly coordinated
by radio communication with some Rail Traffic Control Center at Calgary and also
among the train crews.



Field and Cathedral), S_2 (between Cathedral and Patridge) and S_3 (between
Patridge and Stephen), and that at most one train is allowed to be in any of these
sections at a time. A section may be entered by a train in either direction if and
only if no other train is in it (it is empty).

Fig. 2 shows the basic Petri-net which just models the movement of trains, in
compliance with these rules, in both directions along the track. The model for
each section comprises three places, of which the one in the middle, annotated
as s_t, represents the empty section, and the ones at the top and at the bottom,
when marked by tokens, represent trains moving along the section eastbound and
westbound, respectively. Two pairs of transitions, one for each direction, model
entrance into and exit from the section. The places denoted as fd_yard and st_yard
at the upper left and lower right of the net represent the switchyards at Field and
Stephen, respectively. Tokens in these places represent trains waiting for entry into
the track, and the single tokens in the places s_1...5_3 indicate that all sections of
the track are empty.
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Fig. 2. Basic net model of the Kicking Horse Pass Problem

With nothing else to control their movement, a train each may enter the track
from Field and from Stephen, as the respective entrance transitions tyg and tg
both have concession to fire. The trains may proceed along the track independently
of each other until eventually a deadlock as shown in fig. 3 occurs: the westbound
train in section S_3 and the eastbound train in section S_2 mutually block each
others entry into their next sections. This structural deadlock is characterized by
the absence of tokens in the cyclic subnet formed by the two places s_2 and s_3 and
by the transitions that interconnect them, with no way of ever getting tokens back
into these places.

The obvious remedy to this problem is to prevent trains from entering the track
in one direction while there is a train anywhere in the track going in the other
direction. However, to meet the afore-mentioned timing constraints, a train moving
along the track in a particular direction may be followed by more trains in the same
direction as there are three sections that can accommodate them.

The necessary controls may be included in the basic track model by adding two
more places dpe and dpw (for deadlock prevention east and west) which basically
connect to the entrance and exit transitions at Field (t;4 and #;,) and Stephen
(tst and t,;), as depicted in fig. 4. Both places are initialized with three tokens
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Fig. 3. Basic net model with east- and westbound trains in a deadlock situation

each. Tokens from dpe may be claimed by up to three trains moving eastbound,
and tokens from dpw may be claimed by up to three trains moving westbound.
However, as a train entering the track from, say, Stephen to go west must also be
able to withdraw three tokens from place dpe (which are returned upon the train
moving across the section boundary at Patridge), this direction is blocked as long
as there are trains in the track moving east (the same holds equivalently for the
opposite direction).
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Fig. 4. The net model with deadlock prevention

Fig. 5 shows the situation of one westbound train having entered section S_3,
with all tokens momentarily withdrawn from the place dpe and with one token miss-
ing from place dpw, which stalls all eastbound trains waiting at the Field switchyard
fd_yard.

Fig. 6 shows two westbound trains in sections S_1 and S_2 of the track, with all
three tokens returned to the place dpe. Nevertheless, all eastbound trains remain
blocked as there are not enough tokens in the place dpw to enable the entrance
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Fig. 5. Net model with deadlock prevention - one westbound train in section S_3

transition of section S_1. For this to be the case again, all trains must have cleared
the track and thereby fired the westbound exit transition ¢;, which returns tokens
to the place dpw. If it should happen that all three tokens have returned to the
places dpe and dpw, i.e., no trains are in the track, but trains are waiting at both
ends, there is still no guarantee that a change of directions is taking place. In such
a situation, we have a conflict between the entrance transitions at Field (t;4) and
at Stephen (#,;) which both are enabled. Since conflicts, by their very nature, are
conceptually resolved by arbitration as long as there is no other mechanism involved
which renders a determinate decision, it may very well happen that further trains
be granted permission to enter the track in the same direction in which the last
train has left.
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Fig. 6. Net model with deadlock prevention - two westbound trains in sections S_1
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Moreover, the added control mechanism, while successfully preventing dead-
locks, potentially creates another problem. Once a train travels along the track in a
particular direction, say westbound, and more westbound trains are arriving at the
Stephen switchyard at intervals slightly shorter than the time it takes for one train
to get from there to Field, then the track tends to get monopolized by trains going
in this direction, while eastbound trains may accummulate at the Field switchyard
and kept waiting for unreasonably long times. If this switchyard is getting filled to
capacity by trains arriving from the west, this monopolization may even lead to
deadlocks further down the single track line west of Field unless appropriate mea-
sures are taken to prevent them as well. Similar problems may, of course, occur at
the opposite end of the track if it is being monopolized by eastbound trains.

This so-called starvation problem may be dealt with by a fairness regulation
mechanism which, loosely speaking, puts an upper limit on the difference between
the number of trains going in one direction versus the number of trains going in the
other direction. As long as the train movement in both directions remains within
this limit, the resolution of a conflict between an eastbound and a westbound train
trying to enter the track when it is empty may be left to arbitration. However, if
this limit is exhausted in favor of one direction, say eastbound, the right of way
must be granted to a westbound train.
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Fig. 7. Deadlock-free net model extended by fairness regulation

This fairness regulation may be added to the net model by means of another
two places fre and frw which cyclically connect the entrance transitions at both
ends of the track, as shown in fig. 7. An eastbound train trying to enter the track
from the Field switchyard must be able to withdraw a token from place fre, and
a westbound train trying to enter the track from the Stephen switchyard must be
able to withdraw a token from place frw in order to succeed. A token consumed
from one of these places is added to the respective other place, i.e., the number



of tokens circulating about the two places remains invariant (4 in the particular
case shown). With two tokens allocated to each of these places initially, a train

may enter the empty track from either side (which immediately causes the deadlock
prevention part to block entrance from the other side) as both entrance transitions

are 1n conflict.
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Fig. 8. Deadlock-free and fair net model - with two westbound trains in sections

S_1 and S22

If the conflict 1s resolved in favor of westbound trains and two trains are moving
along the track in this direction, the fairness regulation prevents further westbound
trains from entering the track as the tokens in frw are then exhausted (see fig. 8).
As soon as these two westbound trains have arrived at Field, the fairness regulation
leaves no other choice but to have an eastbound train enter the track from Field.
This train may be followed by up to three more trains, before all tokens are being
moved from fre to frw, forcing another change of directions. In between these two
extremes, conflicts between eastbound and westbound trains asking for permission
to enter the track when it is empty may again be resolved by arbitration. The so-
called synchronic distance thus established between trains moving in both directions
becomes larger with increasing numbers of tokens circulating about fre and frw. On
the one hand, this increases the freedom to choose between both directions; on the
other hand, provides for better utilization of the track in situations of heavy traffic:
in a best case scenario, i.e., with all tokens accumulated in one of the two places,
say fre, as many eastbound trains may move in succession before this direction
must change. With a synchronic distance of three or (more), which allows each
section of the track to be occupied by a train, and assuming that it takes about
20 minutes for a train to pass through each section (which are no more than rough
approximations of real travel times), the throughput in one direction could be as
high as three trains per hour. Changing directions causes a break of about one hour
before the first train arrives at the other end of the track. Nevertheless, the number
of trains that can be handled by this scheduling scheme may be as high as 18 trains



per day and direction, based on a synchronic distance of three between eastbound
and westbound trains.

Unfortunately, there is still one more problem left which, though obviously triv-
ial, turns out to be rather difficult to include in this model. It comes about due to
the fairness regulation and occurs in the extreme cases where there is no train in
the track, only trains moving in one direction ask for permission to enter the track
(no train is competing for entrance from the other end), but the other direction has
been determined to be the one in which the next train ought to go (all tokens have
accumulated in either of the places frw or fre). Unless the track is left unused
until this concession is eventually taken by a train moving in the selected direction,
which would waste a precious resource (the track) for no reason at all, something
must be done to disable (or overrule) the fairness regulation in such situations, at
least for one train.

What needs to be accomplished is to guarantee immediate entry into an empty
track for a train trying to move in one direction, with no train competing for entry
in the other direction. The extreme cases just described are in the net model of
figs. 7 or 8 characterized, say for westbound trains, by four tokens in place fre, no
tokens in frw, at least one token in st_yard, no tokens in fd_yard, and with tokens
depicting the empty track in all other places.

Since Petri nets have no notion of a transition firing on the condition that one
or more of its input places carry no tokens at all, we have to complement in our
track model the places fd_yard and st_yard (in which tokens represent trains wait-
ing in the switchyards at both ends of the track) by places ffd_yard and fst_yard,
respectively, in which tokens represent empty sidings. Both places need to be cycli-
cally connected with the respective entrance transitions ty4 and 5 to the track
on the one hand, and with additional transitions #;4. and ¢,;. that model entry of
trains into the switchyards from the tracks further west of Field and further east of
Stephen, respectively. Now the situation in which, say, no train is waiting in Field
for an eastbound passage to Stephen can be represented by as many tokens in place
ffd_yard as there are sidings in the switchyard. Every train arriving from the west
claims one of the sidings by removing a token from ffd_yard and putting it into
fd_yard.

Fig. 9 shows just those parts at both ends of the full track model of figs. 7 and
8 where these extensions, together with the mechanism that overrules the fairness
regulation, are being included. The crucial part in this net is played by the two
transitions #,, and ¢, connected to the places fre, frw on the one hand, and to the
places that represent the switchyards on the other hand. In the situation shown in
fig. 9 we have an empty switchyard at Field (assuming a total of ¢y = 4 sidings) as
all tokens are in place f fd_yuard. The fairness regulation has all tokens accumulated
in place fre, trying to enforce access to the track for an eastbound train which is
not there, while two trains are waiting at the Stephen switchyard to go west.

Now, the transition #,, enters the game: it is connected to the place ffd_yuard
by two arcs of weights cyq pointing in opposite direction and to place st_yard by
another two arcs of weights 1, again, pointing in opposite directions. Two more arcs
connect t,, to the place fre, the one pointing towards #,, has weight f, the one
pointing towards fre has weight f — 1, with f denoting the total number of tokens
that is circulating about fre and frw. Yet another arc of weight 1 leads from ¢,, to
the place frw.

Thus, the transition ¢,, is enabled to fire if there are f (all) tokens in fre, c¢q (all)
tokens in ffd_yuard, and at least one token is in st_yard, i.e., it tests for exactly the
conditions under which the fairness regulation must be overruled. The firing of this
transition moves one token from fre to frw but leaves intact the number of tokens
in the other two places to which it is connected bidirectionally (i.e., the conditions
represented by these places are, in fact, side conditions). As a result, the entrance
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Fig. 9. Net fragment which enables immediate entry into an empty track for a train
moving in one direction (westbound in the situation shown) while no train competes
for entry from the other direction

transition ¢,; for westbound trains in now enabled for the passage of exactly one
train. Further trains may follow in this direction by repeatedly enacting the same
mechanism as long as no eastbound trains arrive at the Field switchyard. As soon
as this becomes the case, the fairness regulation takes over again, i.e., the next train
is going east after all westbound trains have left the track.

The full Petri-net model which we have arrived at now guarantees that

— the three sections of the track may be used by trains only in a mutually exclusive
manner, i.e., by at most one train at a time;

— no two trains get into a deadlock situation: if they demand entry into the tarck
from opposite directions, only one of them can proceed;

— trains are not unduly delayed: entry into the track is by a fairness regulation
mechanism granted within some finite synchronic distance to all trains that
apply (compete) for it;

— atrain requesting entry into the track which has no competitor demanding entry
from the other side gets permission to proceed immediately;

i.e., the net models first principles of an orderly system beavior in that it meets
essential safety and liveness properties.
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