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Typical head form of a λ-expression
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Taking cuts out of lefthand corners

?

�
�

�
�

�
�

�
�

�

�

�

�

�

� �
�

�
�

r

r

@ @ @ @

Λ Λ

@ @

@ @ @ @

Λ Λ Λ Λ

Λ Λ Λ Λ

Λ Λ

#1 #0

η-extension

cut

cut

(+2) (+2)(+2)

(a) apps longer than lambs

(b) lambs longer than apps



Distributing cuts over the branches of the spine
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The head form after having completed all β-distributions

and expanded all cuts along the spine
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Continuing with substitutions in the head
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A fully head-normalizing secd-machine

Substituting deBruijn indices in head positions

(2a) ( S, v : E, #(j + 1) : C, D, u ) → ( S, E, #j : C, D, u )

(2b) ( S, [ E ′ e ] : E, #0 : C, D, u )

→ ( S, E ′, e : nil, ( E, C, D, u ), u )

(2c) ( S, u′ : E, #0 : C, D, u ) → ( #(u− u′) : S, E, C, D, u )

Rearranging applications on C

(3) (S, E, @ ef ea : C, D, u) → ([ E ea ] : S, E, ef : @ : C, D, u)

Entering naive β-reductions

(5a) (ea : S, E, Λ eb : @ : C, D, u)

→ (S, ea : E, eb : nil, (E, C, D, u), u)

Dealing with unapplied abstractions in C

(4) ( S, E, Λeb : C, D, u)

→ ( S, (u + 1) : E, eb : Λ : nil, ( E, C, D, u ), (u + 1) )

Reducing closures on S

(5b) ([ E ′ e′ ] : S, E, C, D, u) → (S, E ′, e′ : nil, (E, C, D, u), u)

Dealing with abstractions on S and apply nodes on C

(7) (Λ eb : S, E, @ : C, D, u) → (S, E, Λ eb : @ : C, D, u)

Reconstructing abstractions in S

(8) (eb : S, E, Λ : nil, (E ′, C ′, D′, u′), u)

→ (Λ eb : S, E ′, C ′, D′, u′)

Reconstructing irreducible applications in S

(6) ( eb : ea : S, E, @ : C, D, u) → (@ eb ea : S, E, C, D, u)

Returning from β-reductions

(1) (S, E, nil, (E ′, C ′, D′, u′ ) u ) → (S, E ′, C ′, D′, u′ )



Rules that effect reducing tail closures

(9) (eb : ea : S, E, @ : C, D, u) | ea = [ E ′ e′a ]

→ ([ E ′ e′a ] : eb : S, E, @↔ : C, D, u)

(10) (ea : eb : S, E, @↔ : C, D, u) | ea 6= [ E ′ e′a ]

→ (@ eb ea : S, E, C, D, u)

(these rules must be squeezed in between rules (7) and

(8) )
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Another fully normalizing head-order reducer

τhor : (S, E, T, u, dir) → (S ′, E ′, T ′, u, dir)

(1) (S, E, @ e0 e1, u, ↓) → ([ E e1 ] : S, E, e0, u, ↓)

(2) ([ E ′ e′ ] : S, E, Λe, u, ↓) → (S, [ E ′ e′ ] : E, e, u, ↓)

(3) (S, E, Λe, u, ↓) → (Λ : S, (u + 1) : E, e, u + 1, ↓)

(4) (S, v : E, #(i + 1), u, ↓) → (S, E, #i, u, ↓)

(5) (S, [ E ′ e ] : E, #0, u, ↓) → (S, E ′, e, u, ↓)

(6) (S, u′ : E, #0, u, ↓) → (S, −, #(u− u′), u, ↑)

(7) (Λ : S, −, e, u, ↑) → (S, −, Λe, u− 1, ↑)

(8) (@ : e0 : S, −, e1, u, ↑) → (S, −, @ e0 e1, u, ↑)

(9) ([ E ′ e1 ] : S, −, e0, u, ↑) → (@ : e0 : S, E ′, e1, u, ↓)

(10) (nil, −, e, u, ↑) → (−, −, e, −, done)


