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Abstract

We proposea new computation model which combines
the operational principles of functional languages(re-

duction), logic languages(non-deterministic seard for

solutions), and integrated functional logic languages
(residuation and narrowing). This computation mod-

el combines excient evaluation principles of functional

languageswith the problem-solving capabilities of log-
ic programming. Since the model allows the delay of
function calls which are not suzciently instantiated, it

also supports a concurrert style of programming. We
provide soundnessand completenessresults and show

that known evaluation principles of functional logic lan-

guagesare particular instancesof this model. Thus, our

model is a suitable basisfor future declarative program-
ming languages.

1 Intro duction

Declarative programming languagessupport the dewel-
opmert of reliable software by providing abstraction
facilities supported by closely underlying formal cal-
culi. This simpli es the dewelopmert and use of pro-
gram transformation, analysis, and veri cation tools.
Unfortunately, the "eld of declarative programming is
split into two main "elds, namely functional and log-
ic programming. Although the objectives are similar,
the methods are often di®erent due to the di®ereri un-
derlying computation models. In order to combine the
advantages of both models into one language, there is
a growing interest in integrating functional and logic
languages(see[16] for a survey). Integrated functional
logic languageso®erfeatures from functional program-
ming (reduction of nested expressionsJazy evaluation,
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higher-order functions) and logic programming (logi-
cal variables, partial data structures, built-in seard).
Compared to purely functional languages,they have
more expressie power due to the use of logical vari-
ables and built-in seardy medanisms. Compared to
purely logic languages,they have more excient evalua-
tion mecanismsdue to the (deterministic!) reduction
of functional expressions(see [14, 18] for discussions
about the exciency improvemens of functional logic
languagesin comparisonto Prolog). Howewer, the re-
seart on integrating functional and logic programming
hasled to di®erert computation models, sincethere are
di®erent ways to combine the seart facilities of log-
ic programming with excient evaluation principles of
functional programming. The most promising opera-
tional principles are residuation and narrowing.

Residuation is basedon the idea to delay function
calls until they are ready for deterministic ewaluation.
The residuation principle is used, for instance, in the
languagesEsder [21, 22], Le Fun [2], Life [1], NUE-
Prolog [27], and Oz [29]. Since the residuation prin-
ciple evaluates function calls by deterministic reduc-
tion steps, non-deterministic seardqr must be encaled
by predicates[1, 2, 27] or disjunctions [21].

Example 1.1 Considerthe following rewrite rules and
clausesde ning the natural numbersand their addition:

0+ X! X nat(0)
s(X)+Y! s(X+Y) nat(s(X)) ( nat(X)

A function call like Z + 0 is delayed sincethe rst argu-
mert is not suxciently instantiated. Thus, the following
goal, consisting of an equation and a predicate call, is
evaluated by delaying and awakening the function call
(the function or predicate evaluated in the next stepis
underlined):

Z + 0= s(0)” nat(Z) ,
Ttz7s(x)g S(X)*+ 0= s(0) " nat(X)
T fg S(X + 0) = s(0) * nat(X)
X 710g s(0+0) = s(0)
g s(0) = s(0)



Thus, the solution computed by residuation is fZ 7!
s(0)g. 2

The residuation principle presenes the deterministic
nature of functions and provides concurrert computa-
tions with syndhronization on logical variables. Unfor-
tunately, it is incomplete, i.e., it is unable to compute
solutions if argumernts of functions are not suzciently

instantiated during the computation. Therefore, func-
tional logic languageswith a complete operational se-
mantics, e.g.,ALF [13], Babel[26], K-Leaf [11], LPG [7],
or SLOG [10Q], are basedon narrowing, a combination

of the reduction principle of functional languageswith

uni cation for parameter passing. A narrowing step in-

stantiates goal variables so that function calls become
reducible.

Example 1.2 Consider the rules for addition of the
previous example. To solve the equation Z + 0 = s(0),
Z isinstantiated to s(X ) and the secondrule is applied.
In a further step, X is instantiated to 0 and the rst
rule is applied:

Z+0=s(0) ; fz7s(x)g S(X 0) = 5(0)
v £X710g s(0) = s(0)

Thus, fZ 7! s(0)g is the computed solution. Note that
residuation cannot compute this solution but °ounders
on this goal. 2

Narrowing provides completenessin the senseof func-
tional programming (normal forms are computedif they
exist) aswell aslogic programming (solutions are com-
puted if they exist). In order to restrict the seard
space,to avoid unnecessarycomputations, and to sup-
port typical functional programming techniques, most
recert work hasconcerrated on lazy narrowing strate-
gies[4, 5, 11, 15, 20, 23, 25, 26, 28]. Among these,there
is one strategy, called needed narrowing [4], which is op-
timal w.r.t. the length of derivations and the number of
computed solutions (for a restricted classof programs,
called inductiv ely sequettial systems,seeSection5.1).
Since ead of these computation models have their
own advantages,our aim is to combine them into a sin-
gle framework. The ditcult y in this combination is
the fact that residuation rewrites functional expressions
in a deterministic way and puts all non-determinism
into the level of predicates, whereasnarrowing allows
non-deterministic steps also at the level of functions.
Moreover, recert residuation-basedlanguages,like Es-
cher [21] or Oz [29], represen non-deterministic (don't
know) choicesby explicit disjunctions, whereasnarrow-
ing is usually de ned with implicit disjunctions as in
classicallogic programming. A disadvantage of coding
all non-determinism by predicatesin residuation-based
approadiesis the loss of information about functional

dependencies(which is, on the other hand, the well-
known advantage of adding functions to logic program-
ming). Therefore, our computation model represerts
non-deterministic choicesby explicit disjunctions, and
narrowing stepsare applied to subterms but may gen-
erate new disjunctions. We show that narrowing and
residuation are special casesof this framework. Hence,
residuation can be viewed as a restriction of the po-
tential non-determinism in the evaluation of partially
instantiated function calls.

In the next section, we recall basicnotions from func-
tional logic programming. In Section 3, we specify our
computation model. Soundnessand completenessre-
sults are preseried in Section 4. Section 5 compares
this strategy with well-known strategies for functional
logic programs. The compilation of a concreteprogram-
ming languageinto our computation model is shown in
Section 6. Finally, Section 7 discussespossible exten-
sions of the basic model.

2 Preliminaries

We assumefamiliarit y with basicnotions of term rewrit-
ing [9] and functional logic programming [16]. We con-
sider a many-sorted signature partitioned into a set C
of constructors and a set F of (de ned) functions or
operations. We write c=n2 Cand f=n 2 F for n-ary
constructor and operation symbols, respectively. There
is at least one sort B ool containing the 0-ary Boolean
constructors tr ue and f alse. The set of terms and con-
structor terms with variables(e.g., X;Y;Z) from X are
denoted by T(C[ F;X) and T(C, X). Var(t) denotes
the set of variables occurring in a term t. A term t is
ground if Var(t) = ;. A pattern is a term of the form

A term is operation-rooted if it hasan operation symbol

at the root, otherwise it is called a head normal form.

root(t) denotesthe symbol at the root of the term t.

A position p in a term t is represened by a sequence
of natural numbers, tj, denotesthe subtermof t at po-

sition p, and t[s], denotesthe result of replacing the

subtermtj, by the term s (see[9] for details).

for all other variables. id denotesthe identit y substitu-
tion. Substitutions are extendedto morphismsonterms

substitution ¥ with t°= 3(t). A uni'er of two term s
and t is a substitution ¥with ¥(s) = 34t).

A functional logic program is a term rewriting sys-
tem R consisting of a set of rewrite rules| ! r where



| is a linear! pattern and Var(r) u Var(l). | andr are
called left-hand side and right-hand side, respectively.?
A rewrite rule is called a variant of another rule if it is
obtained by a unique replacemen of variables by other
variables. In order to ensure well-de nednessof func-
tions (i.e., to ensurethe con®uence of the rewrite sys-
tem), we require that R cortains only trivial overlaps,
i.e.,if 4! rpandl, ! ry arevariants of rewrite rules
and 3sis a uni er for Iy andl,, then 34r,) = 3{r,) (weak
orthogonality).

A rewrite stepis an application of a rewrite rule to
aterm, i.e,,t! g sif there exist a position pin t, a
rewrite rule I ! r and a substitution Ywith tj, = ¥I)
and s = t[¥r)],. A term t is called irr educible or in
normal form if there is no term swith t! g s.

Sincewe do not require terminating rewrite systems,
normal forms may not exist. Therefore, the predicate
= usedin someexamplesis de ned, like in functional
languages,asthe strict equality on terms, i.e., the equa-
tion t1 = t, is satis ed if t; and t, are reducible to the
sameground constructor term. Sincethe strict equali-
ty can be de ned asa binary Boolean function by a set
of orthogonal rewrite rules, we do not considerit in a
special way (see[4, 11, 26] for more details about strict
equality).

Due to the presenceof free variablesin expressions,
an expressionmay be reduced to di®erent values by
binding the free variables to di®erert terms. In func-
tional programming, one is interested in the computed
value whereaslogic programming emphasizesthe dif-
ferent bindings (answerg. Thus, we de ne for our inte-
grated framework an answer expressionas a pair ¥ e
consisting of a substitution ¥4 (the answer computed so
far) and an expressione. An answer expression¥.[| e
is solvel if e is a constructor term. We sometimesomit
the identit y substitution in answer expressionsj.e., we
write e instead of id [ e if it is clear from the context.

Since more than one answer may exist for expres-
sionscontaining freevariables,in general,initial expres-
sionsare reducedto disjunctions of answer expressions.
Thus, a disjunctive expressionis a (multi-)set of answer

(%a [ e)_::i_ (% [ e).- The set of all disjunctive
expressionss denoted by D.

3 A Unied Computation Mo del

A single computation step performs a reduction in ex-
actly one unsolved expressionof a disjunction (e.g., in

1A term is called line ar if it does not contain multiple occurrences
of one variable.

2we consider only unconditional rewrite rules in the main part
of this paper. An extension to conditional rules is describ ed in Sec-
tion 7.2.

the leftmost unsolved answer expressionin Prolog-like
implementations). If the computation step is determin-
istic, the expressionis reducedto a new one. If the
computation step is non-deterministic, the expressionis
replaced by a disjunction of new expressions.The pre-
cise behavior depends on the function calls occurring
in the expression. For instance, consider the following
rules de ning a simple predicate:

p(a) ! true
p(b) ! true

The result of evaluating the goalp(a) (gaals are Boolean
expressions)is tr ue, whereasthe goal p(X) is evaluated
to the disjunctive expression

(X = afjtrue) _ (X = b[jtrue) :

In order to avoid super°uous computation steps and
to apply programming techniques of modern functional

languages,nested expressionsare evaluated lazily, i.e.,
the leftmost outermost function call could be selected
in a computation step. Howewer, there are functions
which should only be evaluated if the argumerts are suf-
“ciently instantiated for deterministic reduction (e.g.,
test predicates). Thus, someinsutciently instantiated

outermost function calls must be delayed. To provide
a precise de nition of the computational behavior of
di®erert functions, we usede nitional trees® A de ni-

tional tree is a hierarchical structure containing all rules
of a de ned function. T is a de nitional tree with pat-

tern “i®the depth of T is nite and one of the following
casesholds:

T =rule(l! r); wherel! r isavariant of arule such
that | = ¥4

T = branch(%0;r;Ty;:::;Tx); where o is an occur-
rence of a variable in ¥ r 2 frigid;flexg,
c1;:::;¢cc are di®erent constructors of the sort of
%o, for somek > 0, and, for all i = 1;:::;k, Tj is
ade nitional tree with pattern ¥4c; (X 1;:::; Xn)lo,
wheren is the arity of ¢, and X 1;:::; X, are new
variables.

T = or(Ty; T2); where T; and T, are de nitional trees
with pattern Y

T = and(Ty; T2); whereT; and T, are de nitional trees
with pattern ¥4*

A de nitional tree of an n-ary function f is a de nition-

30ur notion is in°uenced by Antoy's work [3], but here we use an
extended form of denitional trees.

4For the sake of simplicit y, we consider only binary or and and
nodes. The extension to such nodes with more than two subtrees is
straigh tforw ard.



are distinct variables,such that for eadhrule | ! r with
r% in T with
| variant of 1°5 In the following, we write pattern(T)
for the pattern of a de nitional tree T, and DT for the
set of all de nitional trees.

Intuitiv ely, a de nitional tree of a function speci es
the strategy to evaluate a call to this function. If the
tree is a rule node, we apply the rule. If it is a branch
node, it is necessaryto evaluate the subterm at the
speci ed position to head normal form in order to com-
mit to one of the branches. If the actual value at this
position is a logical variable, there are two possibilities.
If the branch node is rigid, we delay the evaluation of
this function call until the variable hasbeenbound and
proceedby ewaluating some other function call. This
corresponds to residuation [2, 21, 22]. If the branch
node is of type f lex, we instantiate the variable to the
di®erert constructors in the patterns of the subtrees,
i.e., we have a non-deterministic step resulting in a dis-
junction. This correspondsto needednarrowing [4].

An or node in a de nitional tree characterizesthe
situation where there is no unique argumert to per-
form a branch. In this casewe have a disjunction with
two possibilities to proceed. An and node in a de ni-
tional tree speci es the necessiy to evaluate more than
one argumert position. The corresponding operational
behavior is an attempt to evaluate one of these argu-
ments. If this is not possible since the function calls
in this argumert are delayed, we proceedby trying to
evaluate the other argumert. This is the generalization
of concurrert computation models for residuating logic
programs[1, 2, 29] to functional logic programs.

It is always possibleto construct a de nitional tree
without and nodes for ead function (concrete algo-
rithms are described in [3, 23] and in Section 6). The
and nodesare included only if concurrert computations
should be allowed. To clarify the notion of de nitional
trees, we provide someexamplesin the following.

Example 3.1 The predicate\less than or equalto” for
natural numberscan be speci ed by the following rules:
0- X ! true
s(X)- 0! false
s(X)- s(yY) ! X-Y
The de nitional tree
branch(X, - Xj;1;flex;

rule(0 - X, ! true);
branch(s(X) - Xg;2;f lex;
rule(s(X) - 0! false);

rule(s(X) - s(Y)! X - Y))

5To ensure completeness, we have to require that the sets of rules
in the di®erent subtrees of an and node are identical. Since we use
and nodes only in conjunction with rigid branc hes in our examples,
we can omit this requiremen t to simplify our examples.

speci es needednarrowing [4] asthe evaluation strategy
for this function, i.e., to evaluate a call t; - t,, we
always evaluate t; to somehead normal form sincethe
“rst branch is performed on the rst argumert. If t;
gets the value 0, we can apply the “rst rule, otherwise
(if the valueis s(¢¢@) t, must alsobe evaluated in order
to apply somerule. 2

Evaluation with de nitional trees has somesimilarities
to pattern matching in lazy functional languageslike
Haskell or Miranda [30]. Note, howewer, that de ni-
tional treesprovide more powerful evaluation strategies
than the simpler left-to-right pattern matching in cur-
rent functional languages.

Example 3.2 Considerthe rules

f(:0) ! O
f(X;s(N)) ! O

and a non-terminating function ?. Then the function
call f (?;s(0)) is reducedto 0 usingthe de nitional tree

branch(f (X 1;X32); 2; f lex;
branch(f (X 1;0); 1;f lex; rule(f (0;0) ! 0));
rule(f (X1;8(N)) ! 0));

whereasMiranda or Haskell do not terminate. In gen-
eral, evaluation with de nitional trees containing only
branch and rule nodesalways computesa normal form
if it exists[3]. 2

If there is no unique casedistinction on someargumert
in the left-hand sidesof the rewrite rules, it is necessary
to include or nodes:

Example 3.3 Considerthe rules

OaX ! O
Xa0! O

de ning multiplication with 0. Then

or(branch(X, e X5; 1;rigid; rule(0a X, ! 0));
branch(X, = X,; 2;rigid; rule(X, 20! 0)))

is a de nitional tree for this function. It speci es that
t; oty is reducible to 0O if one of the argumerts is (re-
ducible to) 0. Due to the rigid branches,the evaluation
of the term X oY suspends. 2

To provide concurrert computations, functions must be
speci ed by de nitional trees containing and nodes. In
functional logic languagesbased on residuation (e.g.,
Escdher [21], Le Fun [2], or LIFE [1]), functions are
always deterministically evaluated or suspended, and
non-determinism is covered by predicates. This be-
havior can easily be speci ed by rigid declarations for
all non-Boolean functions and flex declarations for
Boolean functions. If all function calls are suspended



in the leftmost subgoal, the computation proceedsby
evaluating the next subgoal. This strategy can be sim-
ply speci ed by de ning the conjunction as a Boolean
function with a particular de nitional tree:

Example 3.4 The conjunction is de ned by

true™ X I X
X Mtrue ! X
and the de nitional tree

and(branch(X 1 ™ X; 1;rigid; rule(true”™ X, !
branch(X 1 ” X3; 2;rigid; rule(X 1 ™ true'!

X2));
X1))

Due to the and node in this tree, a goal of the form
t; A ty is evaluated by an attempt to evaluate t;. If the
evaluation of t; suspends,an evaluation step is applied
to t,. If a variable responsible to the suspension of t;
was bound during the last step, the left expressionwill
be evaluated in the subsequeh step. A concurrert com-
putation basedon this de nition of ~ has beenshawn
in Example 1.1. 2

After this informal preseration of our computation
model, we provide a precise de nition using the func-
tions

cs:T(C[ F;X)! D] fsuspendy

and

cst: T(C[ F;X)EDT! DJ fsuspendy:

The function cs performs a single computation step on
aterm t. It computesa disjunction of answer expres-
sions or the special constart suspend indicating that

no reduction is possiblein t. As shawn in Figure 1, cs
attempts to apply a reduction step to the leftmost out-
ermost function symbol in t by the use of cst which is
called with the appropriate subterm and the de nition-

al tree for the leftmost outermost function symbol. cst
is de ned by a casedistinction on the de nitional tree.
If it isarulenode, we apply this rule. If the de nitional

tree is an and node, we try to evaluate the rst branch
and, if this is not possibledue to the suspension of all
function calls, the secondbranch.® An or node pro-
ducesa disjunction. To ensurecompleteness,we have
to suspend the ertire disjunction if one disjunct sus-
pends (see Example 3.5 below). For a similar reason,
we cannot commit to a disjunct which does not bind
variables but we have to considerboth alternatives(see
[5] for a counter-example). The most interesting caseis
a branch node. Here we have to branch on the value
of the top-level symbol at the selectedposition. If the

8For the sake of simplicit y, we choose a simple sequential strategy
for concurren t computations. However, it is also possible to provide
a more sophisticated strategy with a fair selection of threads, e.g., as
in Oz [29].

symbol is a constructor, we proceedwith the appropri-
ate de nitional subtree, if possible. If it is a function
symbol, we proceedby evaluating this subterm. If it
is a variable, we either suspend (if the branch is rigid)
or instantiate the variable to the di®eren constructors.
The auxiliary function composecomposeshe result of a
computation step with a substitution, and replace puts
a possibly disjunctive expressioninto a subterm:

gompos€t; T;%) =

< f¥%]tg if cst(t; T) = suspend

The overall computation strategy is a transformation

iR!N on disjunctive expressions. It takes a disjunct
%[ e not in solved form and computes cs(e). If
cs(e) = suspend then the computation of this expres-
sion °ounders and we cannot proceed(i.e., this expres-
sionis not solvable). If cs(e) is a disjunctiv e expression,
we substitute it for %] e composedwith the old answer
substitution.

The following example shaws that it is necessaryto
suspend a computation if onealternative in an or node
suspends.

Example 3.5 Considerthe predicate p de ned by

p(a;X) ! true
p(X;b) ! true

Let

Tp = or(Ty; To)
with

T =

branch(p(X 1; X2); 1;rigid; rule(p(a; X2) ! true))

and
Tz =
branch(p(X1; X2); 2;f lex;rule(p(X 1;b) ! true))

be the de nitional tree of p. Then cst(p(X;X);Tp) =
suspend since cst(p(X;X);T1) = suspend and
cst(p(X;X); T2) = (X = b[ true). Now considerthe
conjunction p(X;X)~ X = a (" is de ned in Exam-
ple 3.4). Since p(X;X) suspends, the conjunction is
evaluated by reducing the subgoal X = a to the an-
swer expressionX = a[true. Thus, the conjunction is
solved as follows:

RN

p(X;X)"X=:a it X =alp(aa)” true
X = afjtrue” true
iR! X = a|true



Computation step for a single (unsolv ed)

Deriv ation step for a disjunctiv

e _D [ (a+%e)_ i (% %]

cs(X) = suspend for all variables X
cs(f (tg;:::5tn)) = cst(f (ty;:::;tn); T) if T is ade nitional tree for f
cs(ctyi 55 tn)
replace(c(ty;:::;tn); k;cs(t)) if cs(ti) = suspend i = 1;:::;k i 1, and cs(tx) 6 suspend
suspend if cs(tj) = suspend i = 1;:::;n
Computation step for an operation-ro oted term t:
cst(t;rule(l'! r)) = fid [ %r)g if %ais a substitution with 1) = t
]/2
. . _cst(t; Ty) if cst(t; T,) 6 suspend
cst(t; and(Ty; T2)) = cst(t; Ta) otherwise
ost(t; or(Ty; o) = cst(t; Ty) [ cst(t; To) if cst(t,_ T,) 6 suspend6 cst(t; T,)
suspend otherwise
cst(t,branch(¥40;r; Ty;:: 15 Tk))
cst(t; T;) if tjo = c(t1;:::;ty) and pattern(T;)jo = ¢(X1;:::;Xy)
% ; if tjo = c(t1;:::;ty) and pattern(T;)jo 6 c(¢¢d;i = 1;:::;k
= 1§uspend if tjo = X andr = rigid
:‘:1 composé€¥(t); Ti; %) iftjp= X, r = flex, and % = fX 7! pattern(T;)jog
replacg(t; o;cs(tjo)) if tjo = f(ty;:::;t0)

e expression:

expression t:

e,)_D

Figure 1. Operational semartics of concurrert functional logic programming

However, if we ignore a suspensionin one alternative
of an or node and commit to the other alternative, we
could evaluate p(X; X ) but loosethe only answer:

p(X;X)’\X::a ) X:b|]true"b::a
Ff X =b[b=a
fx = b[f alse

This explains our de nition of a computation step in
caseof or nodes. 2

4 Soundness and Completeness

Werelate the results computed by our operational mod-
el to a rewriting semartics w.r.t. functional logic pro-
grams. This is suzcient sincethe equivalenceof rewrit-
ing and (model-theoretic) validity is known for a rather
generalclassof functional logic programs[12]. ! r de-
notesthe standard rewrite relation w.r.t. the givenfunc-
tional logic program R (as de ned in Section 2). The

next theorem shows the soundnessof our computation
model w.r.t. ! g (we denoteby ! ” the transitive and
re°exive closure of a binary relation ! ).

Theorem 4.1 (Soundness) If thereisaderivation se-

guence
id[e iR!N % [len ;% [ e
then %(e) ! § & fori=1;:::;

For the completenesswe cannot expect a result simi-
larly to logic programming (i.e., every correct answer
is subsumedby a computed one) since expressionsmay
be suspendeddue to the insutcient instantiation of ar-
gumerts. Moreover, we cannot prove something like

. . . . RN
the inversion of the previous theorem since j!" evalu-
ates only in a lazy manner so that somerewrite steps
w.rt. I g donot correspond to stepscomputed by iR!N .
However, we can shav that somepart of a solution is



computed by iR!N , where a solution is a substitution
that enablesthe reduction of an expressione to some
constructor c (to seethat this notion of solution covers
the standard notion, take an equationt; = t, for e and
tr ue for the "nal constructor c).

Theorem 4.2 (Completeness) Let ¥.be a substitu-
tion and c a constructor such that %e) ! 3 ¢, and

a

id]e iR!N f¥% [len::; % [ eng
be a derivation sequence. Then there exists a substi-
tution ' with 3= "' %%, for somei 2 f1;:::;ng, and
"(e)! g C

To show that the suspension of function calls is the
only reasonwhy solutions cannot be fully computed, we
considerthe subclassof functional logic programswhere
rigid branchesdo not occur. This result corresponds
to completenessof lazy narrowing and requires a fair
selectionof unsolved disjuncts %4 e in the computation

steps of iR!N (i.e., every evaluable disjunct is evaluated
at sometime).

Theorem 4.3 (Completeness w.r.t. °exible func-
tions) Let R be a functional logic program where all
branch nodesin the de nitional treesare f lexible, ¥%a

substitution and c a constructor sud that ¥{e) ! ; c.
Then there exists a derivation sequence

ol

idfle

substitution

5 Related Operational Mo dels

The operational sematrtics presened in Section3 should
combine execution principles from functional program-
ming and (concurrent) logic programming in a coher-
ernt way. In this section we show that well-known op-
erational models can be derived from our model using
particular restrictions expressedoy de nitional trees.

5.1 Narro wing

Narrowing combinesreduction of functional expressions
with uni cation for parameter passing. In order to re-
strict the seard spaceand to avoid unnecessaryevalua-
tions, lazy narrowing strategieshave beenproposed. To
specify the exact evaluation strategy, de nitional trees
have beenused[4, 5, 18, 20, 23]. An optimal strategy
can be obtained for a particular subclass of function-
al logic programs. A function is inductively sequential
if it has a de nitional tree without or and and nodes.

A program is inductiv ely sequetiial if all de ned func-
tions are inductively sequetial. Needed narrowing [4]
is an optimal lazy narrowing strategy for inductively
sequettial programs.

Prop osition 5.1 If the de nitional tree for ead func-
tion contains only rule and branch nodes and eat

branch node is °exible, then the strategy F s equiv-
alent to needednarrowing.’

For instance, the goal X - X + X is reducedasfollows
(- isde ned in Example 3.1):

X - X+x [N

(X = 0Jtrue) _ (X = s(X9[s(X9 - s(X%+ s(X9))

Thus, iR!N producesonly two alternatives and avoids
unnecessaryevaluations in contrast to simpler lazy nar-
rowing strategies[26)].

Since needednarrowing is optimal in the length of
derivations and the number of computed solutions [4],

iR!N is a consenativ e extensionof an optimal evaluation
strategy for functional logic programs. If the de nition-

al trees also corntain or nodes, 1R!N is not optimal but
similar to weakly needednarrowing strategies [5, 23].
The improvemert of the latter strategiesby incorporat-
ing deterministic simpli cation steps[15] or parallel re-
duction steps[5] is outside the scope of this paper. Note,
howewer, that such improvemens can also be speci ed
and implemented using de nitional trees[18§].

5.2 Residuation

In functional logic languageshasedon residuation, func-
tions are always evaluated in a deterministic way and
all non-deterministic evaluations are covered by predi-
cates. If a function call cannot be deterministically re-
duced due to insuzciently instantiated argumerts, the
call is suspended. This behavior can easily be speci-
“ed by declaring all (non-Boolean) functions with rigid

branchesin their de nitional trees. By de nition of iR!N ,
this has the e®ectthat a function call is suspended if
the value of a variable argument is needed. Thus, we
obtain the operational semartics of Le Fun [2] or Life
[1] (seealso Section 6). Similarly, Escher's evaluation
strategy [22] is also subsumed. Moreover, de nitional
treesprovide more °exible reduction strategiesthan the
°at NONVA&eclarations of Esdher.

Since needed narro wing consists of non-deterministic  steps in-
stead of generating disjunctions, equivalence means that the disjunc-

tions pro duced by iR!N steps are identical to all possible needed nar-
rowing steps.



5.3 Functional Logic Programming VS.
(Concurren t) Logic Programming

It is well known that functional logic programs can be
mapped into pure logic programs by °attening nest-
ed function calls [8]. Flattening has also been used
to extend (logic) languageswith a functional syntax
[27, 29]. Moreover, in residuation-basedfunctional logic
languages,it is necessaryto °atten functional expres-
sionsif argumerts of functions should be instantiated by
uni cation with rewrite rules. Unfortunately, °attening
hasthe risk to loosefunctional dependencieswhich are
necessanto provide excient evaluation strategies.

Example 5.2 The following rules de ne an in nite list
of natural numbers and a function f ir st to selectthe
“rst elemerts of a list:

from(N) ' [Njfrom(s(N))]
first(O;L) ' ]
first(s(N);[EjL]) ! [Ejfirst(N;L)]

In order to solve the goal f ir st(X ;f rom(X)) = [, 1Rf\'
instantiates X to 0 (we ignore the secondalternative
X = s(N) sinceit fails after two further steps):

first(X:from(xX)) = []
M ox=ogn=m_ (X =sN)[:)
1Rf\' (X = 0[Jtrue)

On the other hand, we obtain an in nite derivation se-
guenceif we °atten the functions into predicates, since
the predicate de nitions

from(N;[NjL]) ( from(s(N);L)
first(O;L; )
first(s(N); [EJLL [EJR]D ( first(N;L; R)

causethe following in"nite resolution sequence:

first(X;L; [1);from(X;L)
from(0;L)
f rom(s(0);L1)
f rom(s(s(0));L2)
¢ee 2

This example shavs the advantages of functional logic
programming compared to logic programming. Func-
tional languagesprovide excient and in somecasesop-
timal ewaluation strategies. Suc strategiescan also be
usedin a more generalframework if functional and logic
languagesare integrated.

5.4 Narro wing vs. Residuation

In the "eld of integrating functional and logic lan-
guages,there is a long debate about the \righ t* opera-
tional mechanism. Most proposalscan be classi ed as
residuation-basedor narrowing-based. Both techniques
have its own advantages and disadvantages. Residua-
tion combines deterministic reduction of functions with
partial data structures, provides concurrert computa-
tions with syndironization on logical variables, and al-
lows a simple connectionto external functions. Unfor-
tunately, residuation is unable to compute a solution if
argumerts of functions are not suzciently instantiat-
ed during the computation. Moreover, it is not clear
whether this strategy is better than Prolog's resolution
strategy sincethere are exampleswhereresiduation has
an in nite seard spacewhereasthe equivalent (°at-
tened) Prolog program has a nite seard space[l17].
On the other hand, narrowing is complete and optimal-
ity results for particular strategiesare known.

The existing presenations of narrowing and resid-
uation calculi are very di®erert. Hence, one gets the
impression that it is not possibleto combine the ad-
vantages of these two worlds. However, we have shown

by the de nition of iR!N that this neednot be the case.
In fact, the di®erencebetween narrowing and residua-

tion in the deition of {1 is just one bit: if a branch
node is °exible, narrowing stepsare computed, and if a
branch nodeis rigid, afunction call may residuate. This
provides alsoa technique to avoid the incompletenessof
residuation: if an expressionis completely evaluable by
residuation (a suxcient criteria for this property can
be found in [17]), we can evaluate it with rigid decla-
rations, otherwise we apply narrowing to compute all
solutions.

6 Generating De nitional Trees

Our computation model is basedon the speci cation of
a de nitional tree for ead operation. Although de ni-
tional treesare a high-level formalism to specify evalua-
tion strategies, it is tedious to annotate eat operation
which its de nitional tree in a concrete programming
language. We discussin this sectionthe automatic gen-
eration of de nitional treesfrom the left-hand sidesof
rewrite rules.

We assumethat R is a functional logic program, i.e.,
a constructor-based weakly orthogonal term rewriting
system. The generation of de nitional trees for eat
function de ned by R is not straightforward, sincethere
may exist many non-isomorphic de nitional trees for a
single function represerting di®erert evaluation strate-
gies. Thus, a concrete programming language where
de nitional treescan be omitted demandsfor a default



strategy to generatede nitional trees. This is similar
to other programming languageswith pattern match-
ing. For instance, lazy functional languagesdlik e Haskell
or Miranda perform pattern matching from left to right
[30]. Antoy [3] describesthe generationof \bushy" def-
initional treeswith a high number of or nodes,whereas
the demand driven computation strategy of the func-
tional logic language SFL [23] is based on generating
or nodesonly if it is unavoidable, which may result in
a non-left-to-right pattern matching. In the following,
we describe an algorithm to generatede nitional trees
basedon the following default strategy:

1. Pattern-matching is performed from left to right.

2. or nodesare generatedin caseof a con®ict between
constructors and variables, i.e., if two rules have a
variable and a constructor at the sameposition on
the left-hand side.

This default strategy is reasonablesinceit doesnot gen-
erate any or node for most typical functional programs
and is also used in current functional languages[30].
Howewer, there are programs where this default does
not generatethe best possibleresults (seebelow).

To specify the algorithm, we de ne by

DP(¥R) = f o position of a variable in ¥4j

root(lj,) 2 Cfor somel! r 2 Rg

the set of demande positions of a pattern Yaw.r.t. a
set of rules R. For instance, the demandedpositions of
the pattern X - Y w.r.t. the rules of Example 3.1 are
f 1, 2g referring to the pattern variables X and Y. The
generation of a de nitional tree for a pattern Yaand a
set of rules R (where | is an instance of Yfor ead | !

r 2 R) is described by the function gt(¥4m;R) (m 2
fflex;rigidg determines the mode annotation in the
generatedbranch nodes). We distinguish the following
casesfor gt:

1. If the position o is leftmost in DP(%R),

froot(lip) j 1! r 2 Rg = fcp;:::;cQg where
ci;:::;¢ are di®erent constructors with arities
Ny ng,and Ry = fIY r2 Rjroot(ljo) = ¢g,

where Xj; are freshvariables. l.e., if all rules have
a constructor at the leftmost demandedposition,
we generatea branch node.

2. If the position o is leftmost in DP (¥%R) and R°=
fl! r2Rjroot(lj;) 2 Cg6 R, then

gt(%im; R) = or(gt(%im; RY;gt(¥sm; R i RY)

l.e., we generate an or node if the leftmost de-
manded position of the pattern is not demanded
by the left-hand side of all rules.

3.IfDP(¥%R)=; and !
R with | = ¥ then

r variant of somerule in

gt(¥sm;R) = rule(l! 1)

Note that all rulesin R are variants of eat oth-
er if there is no demanded position (this follows
from the weak orthogonality of the rewrite sys-
tem). For non-weakly orthogonal rewrite systems,
which may occur if non-deterministic functions are
allowed [12] or conditional rules are transformed
into unconditional rules (seeSection7.2), the rules
in R may not be variants. In this casewe simply
connectthe di®eren rules by or nodes.

If R is the setof all rules de ning the n-ary function f,
then a de nitional tree for f is generatedby computing

rithm computesa de nitional tree (without and nodes)
for ead function sincethe number of rules is reduced
in ead recursive call and it keepsthe invariant that
the left-hand sidesof the current set of rules are always
instancesof the current pattern.

The algorithm gt generatesthe de nitional trees
showvn in Examples 3.1, 3.3, and 3.5 (up to the dif-
ferernt f lex=rigid annotations). It is conform with the
evaluation strategy of functional languageslike Haskell
or Miranda, sinceit generatesthe de nitional tree

or(branch(f (X 1; X2); 1, rigid;
branch(f (0; X,); 2; rigid; rule(f (0;0) !  0)));
branch(f (X 1; X32); 2; rigid;
rule(f (X1;s(N)) I 0)))

for the rules in Example 3.2. This tree is not opti-
mal since it has a non-deterministic or node and al-
ways requires the ewaluation of the “rst argumert (in
the “rst alternative) in corntrast to the tree shawn in
Example 3.2.

We can avoid the generation of or nodesfor induc-
tively sequetiial functions if we relax the strict left-
to-right evaluation strategy and selectin casel of the
de nition of gt the leftmost position among all those
demandedpositions where all rules have a constructor
in the left-hand side at this position. This algorithm,
called gt%in the following, generatesthe de nitional tree
shown in Example 3.2.

In general, the algorithm gt° generatesmore power-
ful evaluation strategiesthan gt sinceit is ensuredthat,
for ground terms, normal forms are always computed (if
they exists) provided that the de nitional treescontain
only branch and rule nodes[3]. If the function de n-
itions are uniform in the senseof [30], then gt and gt°



generateidentical de nitional trees. Since non-uniform
de nitions might occur in programs, it is reasonableto
stick to a default strategy (like gt, i.e., left-to-right eval-
uation) but allow the programmer to explicitly specify
the de nitional tree for a function (in some nice syn-
tactic notation). This approad is taken in Curry [19],
a new declarative languageintended to combine di®er-
ent computation modelsin the area of functional logic
programming.

In a concreteprogramming language,it is alsoneces-
sary to specify the modesoccurring in the branch nodes
(argument m in gt(¥% m; R)), i.e., a default how to eval-
uate function calls with free variables asargumerns. In
functional logic languagesbasedon narrowing, suc ar-
gumerts are instantiated to the di®eren constructors
occurring in the left-hand sides of rewrite rules, i.e.,
narrowing-based languageslike Babel [26] or SFL [23]
requires the default value m = flex. Functional logic
languagesbasedon residuation, like Escher [22], Le Fun
[2], Life [1], or NUE-Prolog [27], do not allow any non-
determinismin function callsbut only in predicate calls.
Thus, theselanguageshave a strict distinction between
functions and predicates. We can obtain a similar op-
erational behavior by generating de nitional treeswith
m = rigid for all functions and m = f lex for all predi-
catesand adding the de nition of conjunction asshawn
in Example 3.4. For instance, the function gt would gen-
erate the following de nitional trees for the function +
and the predicate nat de ned in Example 1.1:

branch(X + Y;1; rigid;

rule@+ Y ! Y);

rule(s(X1) + Y I s(X1+Y))
branch(nat(X); 1;f lex;

rule(nat(0) ! true);

rule(nat(s(X1)) ! nat(X1)))

These trees specify the computational behavior as
shawn in Example 1.1.

Although the delay of insutciently instantiated
function calls seemgo be a reasonableevaluation strat-
egy, it doesnot always lead to the expectedresults. For
instance, considerthe following rules de ning the func-
tion appendto concatenatetwo lists:

append[];L) ! L
append[EjR];L) ! [EjappendR;L)]

If the branch in the corresponding de nitional tree is
rigid, we can use this function to concatenate known
lists, e.g., append]a;b];[c;d]) is reduced to [a;b;c;d],
but we cannot usethis function to split a list: the goal
appendL; [b]) = [a;b] is not reducible and the computa-
tion stops. One solution is to provide an additional de-
“nition of a split predicate (as proposedin Esder [22])
which is super°uous from a declarative point of view.
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Another solution is the use of a single de nition by
de ning append as a predicate rather than a function.

Howewer, the necessaryat structure of predicatesleads
to a worseoperational behavior. For instance, it is easy
to verify that the goal appendappendX;Y);Z) = |[]
has a nite searh spacew.r.t. iR!N if the de nition-

al tree contains a °exible branch node. On the other
hand, the corresponding °attened relational goal

appendX;Y;L) "~ appendL; Z;[])

has an in nite seard spacew.r.t. the standard rela-
tional de nition of list concatenation. Thus, it is often
better to de ne functions rather than predicates even
if the functions are computed in an inverted way using
non-deterministic stepscausedby °exible branch nodes.

7 Extensions to the Basic Mo del

We brie°y discussvarious extensionsto our basic com-
putation model.

7.1 Higher-Order Functions

One of the most important features of functional lan-
guagesare higher-orderfunctions. Our languageof rst-

order rewrite systemscan be easily extended to cov-
er the higher-order features of existing functional lan-
guages. For this purposeit is sutcient to provide an
application function apply(F;X) ! F(X) where the
“rst argumert is required to berigid, i.e., afunction can
be applied only if it is a known function, otherwise the
application is delayed. Lambda abstractions in right-
hand sidesof rewrite rules can be handled in a similar
way [31]. For applications beyond current higher-order
functional languages,one can provide , -abstractions as
objects (i.e., alsoin left-hand sidesof rules) and higher-
order uni cation. It has beenshown that de nitional

trees can also be usedto control the evaluation in this
case[2Q].

7.2 Conditional Rules

Logic programs are basedon Horn clauses
P ™o

which can be consideredas conditional rewrite rules [6]
of the form

p! true ( ™Moy

Operationally, a conditional rule is applicableif the con-
dition can be reduced to true (i.e., these conditional

rules belongto the classlll, in the terminology of [6]).
Although conditional rules rarely occur in functional



logic programs (since the °attening of nested function
calls into conjunctions of literals is not necessaryin
contrast to pure logic languages),conditional rules are
sometimesuseful to support a relational programming
style asin the following example [23)]:

loves(john;mary) ! true )
loves(mary;Y) ! true ( likeg(Y;wine) = f alse
loveg(X;mary) ! true ( lovesg(mary;X) = true

As in the unconditional case, we have to ensure the
well-de nedness of functions speci ed by conditional
rewrite rules. For this purpose,we require for ead con-
ditional rule | ' r ( cthat | is a linear pattern and
Var(r) g Var(l) (note that we allow extra variables
occurring in the condition ¢ but not in the left-hand
side ). Howewer, we can relax the weak orthogonality
requiremert and replaceit by the weaker nonambigui-
ty requiremert of Babel [26]. A term rewriting system
R is nonambiguousif, for all rulesl; ! r; ( ¢ and
lo! r, ( c from R and unier %for I; and I,, ei-
ther ¥(r,) = ¥{r,) (weak orthogonality) or ¥{c; ™ )
is unsatis able (incompatibility of guards, see[26] for a
decidable approximation of this condition).

Following the approac taken in Babel [26], we can
easily extend our operational semartics to conditional
rules by considering a conditional rule I'! r ( cas
syntactic sugar for the rule I ' (c ) r), where the
right-hand sideis a guarded expression The operational
meaning of a guarded expression\c) r" is de ned by
the prede ned rule

(true) X) ! X:

Thus, a guarded expressionis evaluated by an attempt
to reduce the condition to true. If the condition c is
evaluable to tr ue, the guarded expressionc) r is re-
placed by r, i.e., by the right-hand side of the condi-
tional rule. If the condition is not evaluable to tr ue and
doesnot suspend, the disjunct containing this guarded

expressionwill be deleted by de nition of iR!N , i.e., the
application of the conditional rule fails and does not
cortribute to the nal result.

The useof extra variablesin conditions requiresthe
seart facilities of logic programming to compute appro-
priate valuesfor the extra variablesin order to solve the
condition. For instance, the predicate member(E;L),
which is satis ed if E occursin the list L, can be de-
“ned by the single conditional rule

member(E;L) ! appendL1; [EjL2]) =L
if the list concatenation function appendis de ned as

in Section 6. If the de nitional tree for append has a
°exible branch node, a goal like member(X;[a;b;c]) is

evaluated by (M to the nal disjunctiv e expression
(X = afjtrue) _ (X = b[jtrue) _ (X = c[Jtrue) :

true (
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Therefore, logic programming can be simply embedded
into our framework. Note, howeer, that the useof func-
tions instead of predicates may lead to more excient
evaluation strategiesthan SLD-resolution (see[14, 18]
and Sections5.3 and 6 for discussionsabout these ad-
vantages of functional logic languages).

7.3 Optimizing Disjunctiv e Computations

Most functions occurring in application programs are
inductively sequetial, i.e., they are de ned by de n-
itional trees containing only branch and rule nodes.
Sud functions have the nice property that ground func-

tion calls are evaluated by 1R!N in a fully determin-
istic way, i.e., no disjunction occurs during the com-
putation. The situation is quite di®erern if functions
are de ned by rules with overlapping left-hand sides
so that the corresponding de nitional trees cortain or
nodes (e.g., as in Example 3.3). If sud a function is

evaluated, iR!N computes a disjunction whenewer the
computation does not suspend. Thus, the computa-
tion is non-deterministic even for ground terms. Al-
though this behavior is conform with logic program-
ming, from a functional programmer's point of view
non-deterministic computation steps should not occur
during ground term evaluation. However, current func-
tional languagesavoid this non-determinism with the
risk of possiblenon-terminating computations. For in-
stance, considerthe rules for o in Example 3.3. Func-
tional languageswith left-to-right pattern matching [30]
compute the result O for the term 0e? (where? is a
non-terminating function) but do not compute a result
for the symmetric expression? @ 0.

It is possible to improve our evaluation strategy
without loosing completenesseven in the presenceof
or nodes. For this purposeit is necessaryto keeptrack
of the positions where reduction steps are applied in
the di®erent alternativ esof or nodes. Consider a node
or(Ty1; T2) where % is the computed substitution and
pi is the position in the term where the rule is applied
wrt. T (i = 1;2).8

1. If 3% = id and py isapre x of p,, i.e., p, isidentical
to or below p;, then we de ne

cst(t; or(Ty; T2)) = cst(t; Ty)

(i.e., we ignore the second alternative, which is
calleddynamic cut in [24] if p; is the root position).
This optimization is justied by the weak orthog-
onality property of the rewrite rules and can be
exciently implemented by cheding the bindings

8For the sake of simplicit y, we consider only the case that exactly
one disjunct is computed in each alternativ e.



Strategy

Restrictions on de nitional trees

Needednarrowing [4]

Weakly needednarrowing [5, 23]

Simple lazy narrowing [26, 28]
and resolution

Lazy functional languages[30]

Residuation [1, 2, 21, 29

Section 6)

only rule and °exible branch nodes; optimal strategy w.r.t. length of deriva-
tions and number of computed solutions

only rule, °exible branch, and or nodes

particular de nitional trees with °exible branch nodes (one branch=rule tree
for ead left-hand side, all rules connectedby or nodes)

de nitional trees with left-to-right pattern matching (generated by algorithm
gt of Section 6); initial expressionhas no free variable

rigid branches for non-Boolean functions; °exible branchesfor predicates (cf.

Figure 2: Speci cation of di®erert operational models by de nitional trees

of the variablesin the term after an application of
a rewrite rule (see[24] for more details).

. If 3% = ¥ and the positions p; and p, are inde-
penden, we can perform both reduction stepsin
parallel in the independent subtermsoft (instead
of generating a disjunction for both alternativ es).
This optimization is justi ed by the completeness
results for parallel narrowing [5] whereit is showvn
that identical substitutions computed by di®eren
alternativ es of or nodescan be merged.

Both optimizations together leads to an ewaluation
strategy with a purely deterministic behavior on ground
terms (see[5] for more details).

8 Conclusion

We have preseried a new computation model for func-
tional logic programs which combines the most impor-
tant execution principles of functional, logic, and func-
tional logic languages. It is basedon lazy reduction of
expressionscombined with the necessaryinstantiation
of logical variables. In cortrast to previous approaces
for integrating functional and logic programming, our
model is more °exible by combining the ideas of resid-
uation and narrowing into a single coherert framework.
Thus, it is the rst approac to integrate a possibly
non-deterministic evaluation of functions (narrowing)
with a concurrent-oriented ewvaluation style (residua-
tion). Other approadiesto combine concurrert com-
putation models and functional programming features,
like Oz [29], often translate functions into predicates
and, thus, loose functional dependenciesand nested
term structures which are often useful to provide ef-
“cient (optimal) ewaluation strategies. Moreover, it is
the “rst framework in this direction which provides for
clear soundnessand completenessesults.
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We have shown that the combination of narrowing-
and residuation-based computation models is possible
in a coherent way sothat the individual principles can
be obtained by simple restrictions of our semartics. To
specify our computation model, we have used de ni-
tional trees, a hierarchical data structure corntaining the
rules of a de ned function. A de nitional tree speci-
“es the ewaluation behavior for a single function. Al-
though there are similarities to pattern matching in
modern functional languages, de nitional trees allow
the speci cation of more powerful evaluation strategies.
Moreover, we have extended them to describe the pos-
sibly concurrent computation of di®erent argumerts of
a function. In a concreteimplementation, it is not nec-
essaryto explicitly specify the de nitional tree for eact
function. Sincede nitional treeswithout and nodescan
be automatically generatedusing somedefault strategy
(e.g., asdescribed in Section 6), it is only necessaryto
explicitly specify the treesif onewants to changethe de-
fault strategy or to include annotations for concurrert
computations.

In order to emphasizethe °exibilit y of our computa-
tional model, we shaw in Figure 2 the implementation
of di®erert evaluation strategies by putting particular
restrictions on de nitional trees.

Due to the °exibilit y of our computation model to-
gether with its simplicity (note that Figure 1 contains
the ertire speci cation of the strategy), this model is
a suitable basis for languageswhich combine features
from functional, logic, and concurrert® programming.
Thus, this computation model is the basisof Curry [19],
a new declarative languageintended to combine recert
dewelopmerns in the area of functional logic program-
ming.

The implementation of our computation model is

INote that true concurrency requires an additional choice con-
struct whic h we have not included since it destroys the completeness
prop erty of our model.



outside the scope of this paper. Note, howewer, that
ewvaluation strategiesbasedon de nitional treescan be
easily implemented in Prolog [18]. Disjunctions can be
treated explicitly as in Esder [21] or Oz [29], or im-
plicitly by backtracking asin Prolog. A “rst prototype
implemertation has beendeweloped in Prolog.
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