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Abstract
Designingdebugging tools for lazy functionalprogramminglan-
guagesis a complex taskwhich is oftensolvedby expensive trac-
ing of lazy computations.We presenta new approachin which the
informationcollectedasa traceis reducedconsiderably(kilobytes
insteadof megabytes).The ideais to collect a kind of stepinfor-
mationfor acall-by-valueinterpreter, whichcanthenef�ciently re-
constructthecomputationfor debugging/viewing tools,likedeclar-
ative debugging.We show thecorrectnessof theapproach,discuss
a proof-of-conceptimplementationwith a declarative debuggeras
back end and presentsomebenchmarkscomparingour new ap-
proachwith theHaskell debuggerHat.

Categoriesand SubjectDescriptors D.1.1 [ProgrammingTech-
niques]: Applicative (Functional)Programming; D.2.5 [Software
Engineering]: TestingandDebugging

GeneralTerms Languages,Theory

Keywords Laziness,debuggingtechniques.

1. Intr oduction
Thedemand-drivennatureof lazyevaluationis oneof themostap-
pealingfeaturesof modernfunctionallanguageslikeHaskell (Pey-
ton Jones2003).Unfortunately, it is alsooneof themostcomplex
featuresone shouldfacein order to designa debugging tool for
theselanguages.In particular, printing the step-by-steptraceof a
lazycomputationis generallyuselessfrom aprogrammer'spointof
view, mainly becauseargumentsof functioncallsareoftenshown
unevaluatedandbecausetheorderof evaluationis counterintuitive.

Thereareseveralapproachesthatimprove thissituationby hid-
ing thedetailsof lazyevaluationto theprogrammer. Themainsuch
approachesare:Freja(NilssonandSparud1997)andBuddha(Pope
and Naish 2003), which are basedon the declarative debugging
techniquefrom logic programming(Shapiro1983), Hat (Sparud
andRunciman1997b),which enablestheexplorationof a compu-
tation backwardsstartingat theprogramoutputor error message,
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andHood(Gill 2000),whichallowstheprogrammerto observe the
datastructuresat givenprogrampoints.

Many of theseapproachesarebasedonrecordingatreeor graph
structurerepresentingthe whole computation,like the Evaluation
DependenceTree (EDT) for declarative debugging or the redex
trail in Hat.For �nding bugs,this recordedstructureis represented
in auser-friendly (usuallyinnermost-style)way to theprogrammer
in a separateviewing phase.Unfortunately, this structuredramati-
cally grows for largercomputationsandcancontainseveralmega-,
evengigabytesof information.

In thispaper, weintroduceanalternativeapproachto debugging
lazy functionalprograms.Insteadof storinga completeredex trail
or EDT, we memorizeonly the informationnecessaryto guidea
call-by-valueinterpreterto producethesameresults.To avoid un-
necessaryreductions,similarly to the lazy semantics,the call-by-
valueinterpreteris controlledby alist of stepnumbersdetermining
which redexesshouldnot beevaluated.If every redex is evaluated
even by a lazy strategy, the list of stepnumbersreducesto a sin-
gle number– the total numberof reductionstepsin the complete
computation– which demonstratesthe compactnessof our repre-
sentation.Furthermore,we areableto prove thecorrectnessof our
approach,in contrastto theexisting approachesin which thecom-
pressionof storedinformationis only motivatedasanimplementa-
tion issue.We illustrateourapproachwith a smallexample.

EXAMPLE 1.1. Consider the following simple (but erroneous)
Haskell program (where the concrete codefor fib , which com-
putesthecorrespondingFibonaccinumber, is omitted):

data Nat = Zero | S Nat

take Zero _ = []
take (S x) (y:ys) = y : take x ys

length [] = Zero
length (_:xs) = length xs

fibs x = fib x : fibs (S x)

main = length (take (S (S Zero)) (fibs Zero))

Thelazyevaluationof main doesnotevaluatetheindividual list el-
ements.Thisbehavioris representedby thesteplist [2,1,0,14] .
Thislist is interpretedby a call-by-valueinterpreterto perform(in
innermostorder) two steps,thendiscard thenext innermostredex
(i.e., replaceit by somevaluerepresentingan unevaluatedthunk),
performonestep,discard thenext redex andthefollowingone, and
�nally perform14reductionsteps.Thethreediscardedredexescor-
respondto the partial evaluationof the expression(fibs Zero)
to (_:_ :_) (where _ denotesa discardedredex).

This exampledemonstratesthecompactnessof our representation
thatusuallyonly requiresa fairly limited amountof memory(kilo-
bytesinsteadof megabytes).Thesteplist is usedin thesubsequent
tracing/debugging sessionto control the call-by-value interpreter



Lam � : �y :e +� � : �y :e Con � : C xn +� � : C xn Var
� : e +E � : z

�[ x 7! e] : x +E �[ x 7! z] : z

App
� : x1 +E 1 � : �y :e � : el [x2=y] +E 2 � : z

� : x1 @r x2 +E 1 � r 7! [ j el j ] �E 2
� : z

whereel = l(e)

Let
�[ y 7! e1 [y=x]] : el

2 [y=x] +E � : z
� : letr x = e1 in e2 +r 7! [ j el

2 j ] �E � : z
wherey is a freshvariable
andel

2 = l(e2)

Case
� : x +E 1 � : Ci xk i � : ei

l [xk i =yk i ] +E 2 � : z

� : caser x of f Cn yk n 7! en g +E 1 � r 7! [ j ei
l j ] �E 2

� : z
whereei

l = l(ei )

Figure2. Instrumentedlazysemantics

x 2 Var
z 2 Value ::= �x:e j C xn

e 2 Exp ::= �x:e
j C xn

j x1 @x2

j x
j let x = e1 in e2

j casex of f Cn xk n 7! en g

Figure1. Syntaxof normalizedexpressions

thatshows theoriginal evaluationin a morecomprehensibleorder.
In a nutshell,we tradetime for spacein our approach.

This paperis organizedasfollows.Thenext sectionintroduces
aninstrumentedversionof Launchbury'snaturalsemanticsfor lazy
evaluationso that it producesa simple traceof the computation.
Then, Section3 presentsa lazy call-by-value semanticsthat is
drivenby (a compressedform) of thetraceproducedby theinstru-
mentedlazysemantics.A prototypeimplementationof adebugging
tool for Haskell thatfollows theideaspresentedin thispaperis de-
scribedin Section4. Section5 discussessomerelatedwork before
we concludein Section6. Theproofsof sometechnicalresultsare
omittedbut canbefoundin a technicalreport(Braßelet al. 2007).

2. Instrumented Lazy Semantics
In this section,we considerthe naturalsemanticsof Launchbury
(1993) for lazy evaluation.In this semantics,lazinessis modeled
in two steps.First, the input expressionis normalizedsuchthat
all argumentsof applicationsand caseexpressionsare variables.
This caneasilybeachievedby introducingadditionallet bindings.
Then,a semanticsfor normalizedexpressionsis given,whereone
caneasilyde�ne thesemanticsof sharing,i.e., laziness.

We do not go into detailsof normalizationanddirectly assume
normalizedlambdaexpressionsextendedwith (recursive) lets and
constructors,asshown in Figure1, for the syntaxof our expres-
sions.Hereandin the following thenotationon is usedto denote
a sequenceof objectsof the form o1 ; : : : ; on . In addition to the
normalizationof Launchbury (1993),weassumethatthe�rst argu-
mentof an applicationis a variableandwe restrict to lets which
de�ne only onevariable.With theserestrictions,it will beeasierto
relatethe lazy andthecall-by-valueevaluationorder. The �rst re-
quirementcaneasilybeachievedby introducingadditionallets for
the �rst argumentof @. Thesecondcanbeobtainedby construct-
ing atuplecontainingall mutuallyrecursivede�nitions within a let
andselectingthecorrespondingarguments,cf. (Braßeletal. 2007).

In the examples,we uselets with multiple bindings.Sincethese
examplesdo not containmutually recursive de�nitions, theselets
cansimplybeinterpretedassyntacticsugarfor nestedlets.

The lazy semanticsis shown in Figure 2 (ignore the indices
labelingthearrows andthesuperscriptsl ; r for themoment).Our
rulesobey thefollowing namingconventions:

� ; � ; � ; 
 2 Heap = Var ! Exp z 2 Value

A heap is a partial mappingfrom variablesto expressions(the
emptyheapis denotedby [] ). Thevalueassociatedto variablex in
heap� is denotedby �[ x]. �[ x 7! e] denotesaheapwith �[ x] = e,
i.e., we usethis notationeitherasa conditionon a heap� or asa
modi�cation of � . In the examples,we will alsousethe notation
� n x for aheapwith � n x[y] = �[ y] if y 6= x and�[ x] unde�ned.

We use judgmentsof the form “� : e + � : z” which
are interpretedas “the expressione in the context of the heap�
evaluatesto the value z with the (possibly modi�ed) heap� ”,
accordingto the rules of Figure 2. We brie�y explain the more
complex rulesof oursemantics:

(App) This rule allows us to evaluatefunctionapplicationsof the
form x1@x2 .1 For thispurpose,x1 is �rst evaluatedto alambda
abstractionsothata � -reductioncanbeperformed.

(Var) This rule is usedto look up thebindingsof variablesin the
heap.Whenthevariablex is boundto anexpressione, thise is
evaluatedto a valuez so that the bindingx 7! z replacesthe
originalbindingx 7! e in theheap.This is essentialto achieve
the effect of sharing,sincesubsequentattemptsto evaluatex
will usethe value z insteadof repeatingthe evaluationof e.
Note that e is evaluatedin a heapwhich doesnot includethe
binding x 7! e. This is doneto detectblack holes,i.e., non-
terminatingcomputationsbecausetheevaluationof x requires
againtheevaluationof thesamex.

(Let) In orderto reducealet expression,weaddthebindingsto the
heapandproceedwith theevaluationof thelet expression.Note
that we renamethe variablesintroducedby the let construct
with freshnamesin orderto avoid variablenameclashes.

(Case) This rule is usedto evaluateacaseexpression.For thispur-
pose,thecaseargumentshould�rst bereducedto aconstructor
call. Then,the evaluationcontinuesby selectingthe matching
branchof thecaseexpressionandby applyingthecorrespond-
ing matchingsubstitution.

Theproofof a judgmentis a proof treeusingtherulesof Figure2.

1 The reasonto write the applicationsymbol ª@º explicitly will become
apparentlaterwhenwepresenttheinstrumentationof thesemantics.



Labeling of expressions(function l):

l (�x:e ) = �x:e
l(C xn ) = C xn

l (x) = x
l(x1 @x2) = x1 @r x2

l (let x = e1 in e2) = letr x = l(e1) in e2

l (casex of f Cn yk n 7! en g) = caser x of f Cn yk n 7! en g

wherer is alwaysa freshreference

Extraction of references(function [j j]):

[j�x:e j] = �
[jC xn j] = �

[jxj] = �
[jx1 @r x2 j] = r

[jletr x = e1 in e2 j] = [je1 j] � r
[jcaser x of f Cn yk n 7! en gj] = r

Figure3. Labelingandextractionof references

2.1 Collecting Events

The basic idea of collecting events representinga call-by-value
reductionis to keeptrackof a traceof theevaluatedredexesin the
correctleft-to-right innermostorderby meansof an instrumented
versionof thelazy semantics.

Here, the evaluationof an expressione startswith an empty
heapandthe labeledexpressionl(e) wherethe labelingfunction
l is shown in Figure3. The labelingaddsa referencefrom some
domainRef with ? 2 Ref to every reduciblesymbolof a given
expression– i.e.,applications,letsandcases.Referencesneedto be
identi�able andthe distinguishedreference? is never considered
fresh.In theexampleswe usethenaturalnumbersaugmentedwith
? . However, we do not needany order or arithmeticoperations
on references.As shown in Figure 3, we only label the topmost
evaluablesymbolin every expression.Thus,nothingis labeledin
a valueor a variable.Also casebranchesarenot labeleduntil they
aredemandedby thecomputation.

Duringevaluation,theinstrumentedsemanticswill dynamically
generatenew referencesfor eachnewly introducedexpression.
Thesereferencesarethenusedto extractthehistoryof theevalua-
tion in form of asequenceof events. Theseeventswill laterbecon-
sumedto computeasteplist, cf. Example1.1andDe�nition 3.9.

We collect the referencesby meansof an extraction function
[j j] de�ned in Figure3. Sinceouraimis acall-by-valueevaluation,
this functiontakesa labeledexpressionandextractsa sequenceof
referencesfollowing aleft-to-right innermostorder. As wewill see,
collectingreferencesin this orderwill enableusto replaythelazy
evaluationemploying a sortof call-by-valuestrategy.

Referencesarecollectedin theform of events. Eacheventmaps
a referencer 0 to a (possiblyempty)sequenceof references.Infor-
mally, we collect an event r 0 7! r 1 � : : : � r n whenever the ex-
pressionwhosetopmostreferenceis r 0 reducesto the expression
labeledwith the referencesr 1 � : : : � r n . In thecall-by-valueeval-
uation,thereductioncorrespondingto r 0 will beperformedbefore
thereductioncorrespondingto r 1 , which will beperformedbefore
the reductioncorrespondingto r 2 , andso on. Becauseof the na-
tureof events,therecannotbecyclesnor morethanonereference
mappingto thesamereference.

DEFINITION 2.1 (Sequence,� ; j j; �; �; ff gg). LetM bea set.Then
M � is the setof �nite sequencesover M with the concatenation
operator “ � ”. I.e., M � := f a1 � : : : � an j f a1 ; : : : ; an g � M g.
Furthermore, we denotethe emptysequenceby � and useu; v; w

to denotesequences.For a givensequencev := a1 � : : : � an we
denoteby ff vgg thesetf a1 ; : : : ; an g andby jvj thelengthn of v.

DEFINITION 2.2 (Setof Events,Sequenceof Events).
Let M : 2Ref nf?g7! Ref �

where ? 2 Ref be a �nite partial
mappingof referencesdifferentfrom? to sequencesof references.
We write r 0 7! r 1 � : : : � r n 2 M to denotethat in M , r 0 mapsto
r 1 � : : : � r n . Moreover, wede�ne M̂ asthesmallestsetsatisfying

M̂ (r ) = (
[ n

i =1
M̂ (r i )) [ f r n g

for all r 7! r 1 � : : : � r n 2 M . We saythatM is a setof eventsiff
� there is no referencer with r 2 M̂ (r ) and
� r 1 7! u � r � v; r 2 7! u0 � r � v0 2 M implies

r 1 � u � v = r 2 � u0 � v0 or (r = ? ^ u � v � u0 � v0 = � ).
Furthermore, wedenoteby ref (M ) thesetof all referencesin M ,
formally ref (M ) := [ r 7! r 1 :::r n 2 M f r ; r 1 ; : : : ; r n g .

A sequenceof referencemappingsE is a sequenceof eventsiff
ff E gg is a setof events.

To understandsetsof events it is often useful to view them as
forests,i.e.,setsof treesbecausetheir de�nition requiresthatthere
is no undirectedcycle in thestructureof events.M̂ (r ) denotesall
referencesreachablefrom r by following the structureof events,
similar to a transitiveclosure.

Note thatnot every referenceoccurringin a setof eventsE is
mappedto a sequence.Informally, eventsare generatedonly for
thosereferenceswhich labelexpressionsthatwerereducedduring
the lazy evaluation.The specialreference? will later be usedto
generateaneventr 7! ? for areferencewhichwasnotreduced.In
our framework this is only possiblein the(non-deterministic)call-
by-value semanticsthat we will introducein the next section.In
thecontext of lazy evaluationsuchaneventcanonly beproduced
by a so-called“�nalizer”, a side-effect triggeredby the garbage
collector. We will not considergarbagecollectionin thispaper.

Theinstrumentedsemanticsfor computingsequencesof events
is presentedin Figure2. Whenever theevaluationof a new expres-
sion is startedin the rules performingrelevant steps(rules App,
Let, andCase), we introducea new labelingfor this new expres-
sion.For instance,in rule App, we label the body of the function
(e) with freshreferences(el ). Thisreductionhasto beperformedin
thecall-by-valueevaluationaswell, which will possiblyintroduce
furtherinnermostredexesrepresentedby thereferencesin [jel j].

Following Launchbury (1993),wewrite judgmentssequentially
asfollows: if � : e +E � : z, we write

� : e�
a sub-proof�
anothersub-proof

� : z

wheretheelementsof theproof treearedepictedto theright of the
correspondingstep.As anadditionalabbreviation,weomit copying
the result� : z, if it staysunchanged,like in the rulesApp, Let,
andCase. Furthermore,insteadof writing the whole sequenceof
eventsin eachproofstepweonly annotatethenew eventsaddedto
thesequenceto theright hand-sideof theproofstep.Thefollowing
exampleillustratestheinstrumentedsemanticsusingthisnotation.

EXAMPLE 2.3. Considerthedata typefor natural numbers intro-
ducedin Example1.1andtheexpression

main � let f const = let f w = �a:�b:�c:b g in w @w;
z = Zero;
id = �x:x ;
s = id @z;
f = const @z

g in f @s



[ ] : let0 f const = let1 f w = �a:�b:�c:b g in w @w; z = Zero; id = �x:x ; s = id @z; f = const @zg in f @s2
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� 1 � [const 7! let1 f w = �a:�b:�c:b g in w @w] : let2 f z = Zero; id = �x:x ; s = id @z; f = const @zg in f @s2
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� 2 � � 1 [z 7! Zero] : let3 f id = �x:x ; s = id @z; f = const @zg in f @s2
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� 3 � � 2 [id 7! �x:x ] : let4 f s = id @5 z; f = const @zg in f @s2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 4 � � 3 [s 7! id @5 z] : let6 f f = const @7 zg in f @s2
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� 5 � � 4 [f 7! const @7 z] : f @8 s2
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� 5 : f
2
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� 4 : const @7 z
2
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� 4 : const
2

6
6
6
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6
4

� 6 � � 4 n const : let1 f w = �a:�b:�c:b g in w @w
2

6
6
6
4

� 7 � � 6 [w 7! �a:�b:�c:b ] : w @9 w2

4
� 7 : w�

� 6 : �a:�b:�c:b
� 7 : �a:�b:�c:b�
� 7 : �b:�c:b

� 8 � � 7 [const 7! �b:�c:b ] : �b:�c:b�
� 8 : �c:z

� 9 � � 8 [f 7! �c:z ] : �c:z2

4
� 9 : z�

� 9 n z : Z ero
� 9 : Zero

� 9 : Zero

0 7! 2
2 7! 3
3 7! 5 � 4
4 7! 7 � 6
6 7! 8

1 7! 9

9 7! �

7 7! �

8 7! �

Figure4. Exampleof instrumentedlazyevaluation

The completelazy derivation of evaluating l(main ) is shownin
Figure 4. Theexamplederivationincludesthegeneratedsequence
of eventson theright handsideof the�gure. Consideringthat the
referencesin the initial expressionare 0 and1 (rememberthat no
further referencesare createdsincetheouterlet is anabbreviation
for let const = : : : in let z = : : :), the eventsin this sequence
canbeinterpretedasfollows:everyevaluableexpressionhasbeen
reducedbut theonelabeledwith reference5.

It is easyto seethat thesequencesproducedby thesemanticsare
indeedsequencesof eventsin thesenseof De�nition 2.2.

LEMMA 2.4. Let � : e +E � : z bea lazyderivation.ThenE is a
sequenceof events.

Proof. Cf. (Braßelet al. 2007). �

Now, we prove a basic property of the instrumentedsemantics:
thecomputedeventsarepreserved– up to renamingof references
– if closuresare evaluatedimmediately(in rule Let), as long as
their evaluationwould have beeneventually requiredin the lazy
computation.Thispropertyis statedin two steps.

In thefollowing, we saythat two setsof eventsareequalup to
renamingof references,denotedM 1 b= M 2 , if they have exactly
thesameshapeandonly differ in thenamesof referencesof their
nodes.Formally, M 1 b= M 2 if thereexists a bijective mapping
� : ref (M 1) 7! ref (M 2) such that r 7! r 1 : : : r n 2 M 1 if f
� (r ) 7! � (r 1) : : : � (r n ) 2 M 2 . We alsowrite E1 b= E2 for two
sequencesof eventsif f ff E1gg b= ff E2gg.

Our �rst resultis thefollowing.2

THEOREM 2.5.
If � : e1 +E 1 � : z1 and� : e2 +E 2 � : z2

then � : e1 +E 0
1


 : z1 and� : e2 +E 0
2


 : z2

andE2 � E 0
1 b= E1 � E 0

2

Basicallythis resultstatesthat,givenaheap� andtwo expressions
e1 ande2 , they canbeevaluatedin any order, producingthesame

2 In thefollowing result± andin Corollary2.6 ± we omit thedetailsabout
renamingvariablesin the heap,which areaddressedin the full versionof
this paper(Braûelet al. 2007).

values,heap,andevents.Graphically:
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Oursecondresultstatesa key propertyfor our development:

COROLLARY 2.6.

If �[ y 7! ey ] : e +E e �[ y 7! zy ] : z; ey 6� zy

and� : ey +E ey
� : z0

y

thenzy � z0
y and�[ y 7! zy ] : e +E 0

e
�[ y 7! zy ] : z

andEe b= Eey � E 0
e

Informally speakingit statesthat,givenalet expressionof theform
let y = ey in e, we can evaluate�rst the closureey and then e
in the resultingheapwith the updatedbinding for y, andwe still
producethesamevalue,heapandeventsaswhenthestandardlazy
evaluation order is followed, provided that the evaluation of ey

wasdemandedduring the evaluationof e. The following diagram
depictsthis property:

�[ y 7! ey ]

e

��

ey

��E e ��

ey

&&MMMMMMMMMM

E ey&&MMMMMMMMMM

�[ y 7! zy ]

e
xx E 0

e
xx

�[ y 7! zy ]

Proof. Applying ruleVar, we have:

� : ey +E ey
� : z0

y

�[ y 7! ey ] : y +E ey
�[ y 7! z0

y ] : z0
y



Discard � : e +( r 1 7!? ) � ::: � ( r n 7!? ) � : _ wheree 62Value [ Var andr 1 � : : : � r n = [jej]

Let
� : e1 [y=x] +E 1 � : z �[ y 7! z] : el

2 [y=x] +E 2 � : z0

� : letr x = e1 in e2 +E 1 � ( r 7! [ j el
2 j ]) �E 2

� : z0
wherey freshandel

2 = l(e2)

Figure5. Non-deterministicCall-by-ValueRules

Sincee and y are reduciblewith the sameheap� [y 7! ey ], we
can apply Theorem2.5 which yields the existenceof two dual
derivations.Oneof themis very simple:

� : zy +� � : zy

�[ y 7! zy ] : y +� �[ y 7! zy ] : z0
y

This alreadyallows us to deducethat zy � z0
y andsimpli�es the

conclusionof theotherderivationasintended:

�[ y 7! zy ] : e +E 0
e

�[ y 7! zy ] : z

Finally, we have Ee � � b= Eey � E 0
e. �

Corollary 2.6 implies that, for any lazy computation,we can
constructanequivalentcomputationthat follows thecall-by-value
evaluationorderwith theexceptionthatexpressionsareonly eval-
uatedasmuchasneededin theoriginal lazycomputation(i.e., it is
basicallya reorderingof thelazycomputation).

In thenext section,we will introducea call-by-valuesemantics
thatis drivenby theeventsof anassociatedlazycomputation.

3. Lazy Call-By-Value Evaluation
In this section,we introducea lazy call-by-value semantics.It is
call-by-value becausethe argumentsof a function are evaluated
beforethefunctionis called.It is still lazybecauseevery argument
is only evaluatedas much as neededin the correspondinglazy
evaluation.Our �rst steptowardsthisgoalis to presentasemantics
whichdiscardsunevaluatedexpressionsnon-deterministically.

3.1 Non-deterministic Call-By-ValueEvaluation

Assumethat we replacerule Let from Figure2 with the rulesof
Figure 5. A derivation obtainedby this new set of rules will be
calleda non-deterministiccall-by-valuederivation in the follow-
ing. This is becausethenew versionof rule Let implementsa call-
by-value semanticswhereclosuresareevaluatedassoonas they
areintroduced.On theotherhand,rule Discard allows us to non-
deterministicallydiscardtheevaluationof a closurewhenits value
is notneededin theconsideredcomputation.In thiscase,we intro-
ducea freshvaluedenotedby _, i.e.,_ is a constructorwhich does
notappearin theinitial expression.

The rule Discard is only applicableto reducibleexpressions
whosetopmostsymbolis a let, acaseor anapplication@, i.e., it is
only applicablewherethe call-by-value reductionwould perform
super�uousstepsfrom theperspective of thelazycomputation.

EXAMPLE 3.1. Consideragain the program of Example2.3.The
uniquenon-deterministiccall-by-valuecomputationthat produces
anequivalentsequenceof eventsis shownin Figure 6. In thiscase,
theassociatedsequenceis:

(1 7! 2) � (2 7! � ) � (0 7! 3) � (3 7! 4) � (4 7! 6 � 5) � (6 7! ? )
�(5 7! 8 � 7) � (8 7! � ) � (7 7! 9) � (9 7! � )

Apart from event (6 7! ? ), it is equivalentto the sequenceof
Example2.3.

The following result statesthe equivalencebetweenthe original
lazy semanticsandthenon-deterministiccall-by-valueversion.In

thefollowing, givena heap� , we denoteby � _ any heapthatcan
be obtainedfrom � by replacingunevaluatedclosuresx 7! e by
x 7! _. Likewisewe denoteby E ? a sequenceof eventsthatcan
beobtainedfrom E by replacingall eventsr 7! ? by � .

THEOREM 3.2.
If � : e +E � : z is a lazyderivation
then there is oneand only onenon-deterministiccall-by-value

derivation� : e +E 0 � _ : z such thatE b= E 0? .

Proof. By repeatedlyapplyingCorollary2.6 to the initial deriva-
tion � : e +E � : z, we know that thereexists a derivation
� : e +E 2 � : z suchthatE b= E2 andfor every let expression
let x = e in e0, the closuree was evaluatedbeforee0 if needed.
Fromthis derivationwe canconstructa non-deterministiccall-by-
valuederivation� : e +E 0 � : z. We only needto applyrule Dis-
card for everyclosurewhich is notevaluatedin � . Becauseneither
rule Var nor rule Discard produceany eventsaddingto E 0? , we
have E2 = E 0? . Also, by de�nition of Discard, � and � only
differ in thevalue_ whichyields� _ = � .

Now, we shouldprove that thereis no othernon-deterministic
call-by-valuederivation� : e +E 00 � _ : z suchthatE b= E 00.

Theonly sourceof non-determinismintroducedby therulesof
Figure5 is theoverlappingof ruleDiscard with therulesLet, App
andCase. All threerulesproduceaneventaddingto E 0? whereas
ruleDiscard doesnot.As thelabelingfunctionl alwaysintroduces
freshlabels,every referenceoccurringin � only occursonce.As
theruleDiscard eliminatesa labeledexpressionfrom theheap,the
remainingderivation cannotgeneratean event for the discarded
references.This meansthatapplyingany of thethreerulesinstead
of Discard necessarilyproducesadifferentsequenceof events. �

A direct consequenceof this theoremis that we can usethe
eventsproducedby a lazy evaluationandconstruct,usingthis in-
formation,theuniquecorrespondingcall-by-valuederivation.The
order in which the eventswereproduceddoesnot matterfor this
theorem.However, this orderwill becomeimportantfor the con-
siderationsin thenext subsections.

Concludingthe section,we make a simplebut usefulobserva-
tion aboutthe heapsoccurringin non-deterministiccall-by-value
derivations,

DEFINITION 3.3 (Call-by-ValueHeap).A call-by-valueheapis a
partial mappingfromvariablesto valuesrather thanexpressions.
Thenotationfor heapscarriesover to call-by-valueheaps.

PROPOSITION 3.4. Let [] : e +E � : z be a non-deterministic
call-by-valuederivation.Theneach heapoccurringin that deriva-
tion is a call-by-valueheap.

Proof. The only rules manipulatingthe heapare the rule Let
of Figure 5 and rule Var of Figure 2. Both rules introduceonly
bindingsto values. �

3.2 From Eventsto StepList

In theintroductionanexampleof usinga steplist wasgiven.This
sectiondescribeshow to obtainasteplist from asequenceof events
andhow to usethissteplist to drivea lazycall-by-valuesemantics.
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� 6 � � 5 [f 7! �c:z ] : f @9 s2
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� 6 : f�

� 6 n f : �c:z
� 6 : �c:z2
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� 6 : z�

� 6 n z : Z ero
� 6 : Z ero

� 6 : Z ero

1 7! 2

2 7! �
0 7! 3

3 7! 4

4 7! 6 � 5

6 7! ?
5 7! 8 � 7

8 7! �
7 7! 9

9 7! �

Figure6. Exampleof non-deterministiccall-by-valuecomputation

Themainideais that,by consideringonly agivensetof events,
onecanseein whichsequencereferenceswould bemappedby the
lazycall-by-valuesemanticsandwherein thisorderreferencesare
discarded.A sequenceof reducedreferencesmeansthat ordinary
rules,i.e.,not Discard, wereapplied.Simply countingthereduced
referencesbetweenthediscardedonestells ushow many ordinary
rulescanbeappliedin thecall-by-valuederivation.

According to this main idea, we �rst de�ne an ordering on
referencesfor a given setof events.The additionalcondition on
thesetof eventsE is equivalentto requiringthat themappingsin
E form a tree(ratherthana forest).Thede�ned orderingis thena
standardpre�x ordering.

DEFINITION 3.5 (Root,Rooted,ReferenceOrdering< M ). LetM
be a setof eventscontaininga referencer such that ref (M ) =
f r g [ M̂ (r ). Thenwe call M rootedand r the root of M and
de�ne thereferenceordering< M as:

p < M q :, (q 2 M̂ (p) _
(9s; u; sp ; v; sq ; w : s 7! u � sp � v � sq � w 2 M
^ p 2 M̂ (sp) [ f spg ^ q 2 M̂ (sq) [ f sqg))

LEMMA 3.6. For a rootedsetof eventsM , ordering< M is linear.

Proof. < M is irre�exive andantisymmetricbecauseM contains
nocycles.< M is transitiveasM̂ is atransitiveclosure.< M is total
becausethereexistsa referencer 2 M suchthatref (M ) = f r g [
M̂ (r ), yieldingthatany two referencesp, q mustbecomparableby
choosingr for theexistentialproposition. �

We will show thatthis “pre�x order” on thereferencesin (special)
setsof eventsis exactly theorderin which eventsaregeneratedin
thenon-deterministiccall-by-valuederivation,i.e., if thegenerated
sequenceis of the form u � (r 7! : : :) � v � (q 7! : : :) � w then
r < ff E gg q. Beforeshowing this, we needto extendthegenerated

events by a root, accordingto De�nition 3.5. This is done by
bringingtogetherthereferenceslabelingtheinitial expression.

LEMMA 3.7. Let � : e +E � : z and r 62ref (ff E gg) a fresh
reference. Thenfor M 0 := ff (r 7! [jej]) � Egg holds ref (M 0) =
f r g [ M̂ 0(r ).

Proof. Since all referencesr 1 � : : : � r n createddynamically
during the derivation � : e +E � : z are immediatelymapped
to other referencesby an event r 7! r 1 � : : : � r n uponcreation,
we have ref (ff E gg) =

S
q2 [j ej ]

^ff E gg(q) [ f qg. Thus,addingthe
eventr 7! [jej] yieldsthedesiredproperty. �

Lemma3.7 essentiallymeansthatwe canusetheordering< ff E gg
on the eventsgeneratedby our instrumentedsemantics.This en-
ablesus to formulateour theoremthat the non-deterministiccall-
by-valuederivationgeneratestheeventsin exactly thatorder.

THEOREM 3.8. Let � : e +E � : z be a non-deterministiccall-
by-valuederivation,� a referencewith � 62ref (ff E gg) andM 0 =
ff (� 7! [jej]) � E gg. Thenr < M 0 q holdsfor all u; r ; u0; v; q; v0; w
with E = u � (r 7! u0) � v � (q 7! v0) � w.

Proof. By inductionon thestructureof thederivation:
Thebasecases,rulesLamandVal, areimmediateas[jej] = E = � .
Thebasecasefor ruleDiscard holds,sincethegeneratedsequence
(r 1 7! ? ) � : : : � (r n 7! ? ) is constructedin correspondenceto
[jej] = r 1 � : : : � r n .
Inductive cases:
Var: Theclaim directly stemsfrom theinductionhypothesis,since
thesequenceof eventsis unchangedin this rule.
App: By Proposition3.4,theeventsequenceof theleft antecedence
for applicationsof this rule is always� . By theinductionhypothe-
sis,theclaimholdsfor theevaluationof thebody� : el [x2=y] +E 2

� : z. Sincethis expressionis freshly labeled,addingthe event



Discard 0 : ns; � : e # � : _; ns wheree 62Value [ Var ande 6= let x = e1 in e2

Lam ns; � : �y :e # � : �y :e; ns

Con ns; � : C xn # � : C xn ; ns

App
n : ns; �[ x1 7! �y :e] : e[x2=y] # � : z; ms

n + 1 : ns; �[ x1 7! �y :e] : x1 @x2 # � : z; ms

Var ns; � : x # � : �[ x]; ns

Let1
ns; � : e1 [y=x] # � : z; m + 1 : ms m : ms; �[ y 7! z] : e2 [y=x] # � : z0; ks

ns; � : let x = e1 in e2 # � : z0; ks
wherey fresh

Let2
ns; � : e1 [y=x] # � : z; 0 : ms

ns; � : let x = e1 in e2 # �[ y 7! z] : _; ms
wherey fresh

Case
n : ns; �[ x 7! Ci xk i ] : ei [xk i =yk i ] # � : z; ms

n + 1 : ns; �[ x 7! Ci xk i ] : casex of f Cn yk n 7! en g # � : z; ms

Figure7. Lazy call-by-valuesemantics

r 7! [jel [x2=y]j] meansthat r < M 0 r 0 for all r 0 2 ref (ff E2gg).
Sincer is reducedin thisapplication.i.e.,beforethebodyel [x1=y],
this is thedesiredproperty.
Case: As Proposition3.4alsoholdsfor caseexpressions,this case
is analogousto thepreviouscaseApp.
Let: An applicationof this rule is of thefollowing form:

� [y 7! e1 [y=x]] : y +E 1 � : z �[ y 7! z] : el
2 [y=x] +E 2 � : z0

� : letr x = e1 in e2 +E 1 � ( r 7! [ j el
2 j ]) �E 2

� : z0

wherey freshandel
2 = l(e2). Analogousto the previous cases,

addingtheeventr 7! [jel
2 j] yieldsthedesiredpropertywith respect

to the evaluationof thebody el
2 . Moreover, by de�nition of func-

tion [j j] theevent� 7! [jletr x = e1 in e2 j] is equalto � 7! [je1 j]�r
which meansthat r 0 < M 0 r for all r 0 2 ref (ff E1gg). As the ex-
pressione1 is indeedevaluatedbeforereducingletr x = e1 in e2 ,
this concludestheproof. �

Theorem3.8directly justi�es how to de�ne thesteplist. Following
the linear sequenceprovided by < M 0, we count the length of
referencesequenceswhich do not containa discardedreference,
i.e.,onethatis mappedto ? .

DEFINITION 3.9 (StepList). LetE bea sequenceof events.Then
thesteplist st(E ) is de�nedas

st(v � (r 7! ? ) � w) = jvj : st(w) if v = v?

st(v) = jvj : [ ] if v = v?

EXAMPLE 3.10. ConsidertheeventsfromExample3.1.With

E1 = (1 7! 2) � (2 7! � ) � (0 7! 3) � (3 7! 4) � (4 7! 6 � 5)
E2 = (5 7! 8 � 7) � (8 7! � ) � (7 7! 9) � (9 7! � )

weproducethefollowingsteplist:

st(E ) = st(E1 � (6 7! ? ) � E2) = 5 : st(E2) = [5; 4]

Thesteplist can be interpretedas follows: apply the rules of the
call-by-valuesemanticsso that the �r st �ve pre-redexesshouldbe
evaluated,the next one shouldbe discarded, and the remaining
ones(four) shouldbeevaluated.

3.3 Step-drivenCall-by-ValueEvaluation

A simpleobservationwill beusefulin thefollowing.

PROPOSITION 3.11. Let r be a reference, v 6= ? a sequenceof
referencesandE a sequenceof events.Thenthere exist a natural
numbern anda list of numbers ns such that st(E ) = n : ns and
st(( r 7! v) � E ) = n + 1 : ns.

Proof. Immediateconsequenceof De�nition 3.9. �

We now introduceour lazy call-by-valuesemanticsthat is driven
by thecomputedsteplist. Therulesof thesemanticsareshown in
Figure7. Thejudgmentsareextendedwith steplistsdenotedasns.
Webrie�y explain themostrelevantrules:

� RuleDiscard canonly beappliedwhenthesteplist beginswith
0. Thismeansthatanumberin thelist hasbeenconsumedand,
thus,no innermostreductionshouldbeperformed.

� In therulesApp, Var andCaseobserve thatweassumethatthe
variablesarealreadyboundin thecurrentheapto a value.This
is justi�ed by Proposition3.4.

� Rule Let is split into rules Let1 and Let2. This is motivated
by the fact that an expressionmay containnestedlet bindings
labeledwith differentreferences.Then,if the outermostlet is
to bediscarded,oneshould�rst alsodiscardtheinnerlets,and
this is preciselythereasonto introducethenew rule Let2. The
choicebetweenthetwo rulesis determinedby theoutgoingstep
list of the�rst premise.

Thereis onemain differencebetweenthe non-deterministiccall-
by-valuesemanticsandthelazy call-by-valuesemantics.Thenon-
deterministicdiscardrule can replacea complex expression,i.e.,
onewith morethanonelabel,by _, whereasthelazy call-by-value
semanticsneedsto discardevery labeledsub-expressionseparately.
In thefollowing lemmawe show thatwe canconstructa lazy call-
by-valuederivationconsistingof applicationsof Let2 andDiscard
to discardcomplex expressions.

LEMMA 3.12 (Discardingcomplex expressions).Let n > 0 bea
natural number, e an expressionwith j[jl (e)j]j = n, � a call-by-
valueheapandns anarbitrary sequenceof natural numbers.Then



there existsa lazycall-by-valuederivation

0 : : : : : 0| {z }
n

: ns; � : e # � : _; ns such that � � � :

Proof. Cf. (Braßelet al. 2007) �

Now wecanprovethecorrespondencebetweenthenon-determinis-
tic andthelazycall-by-valuesemantics.To compareheapsbetween
thedifferentderivationswedenoteby � l theheap� without labels.

THEOREM 3.13. Let e be an expression,el := l(e), � a call-by-
valueheapand� : el +E � : z a non-deterministiccall-by-value
derivation.Thenfor all sequencesof eventsE 0 there existsa step-
drivenderivationst(E � E 0); � l : e # � 0 : z; st(E 0) with � l � � 0.

Proof. We inductively constructthe step-driven derivation from
thenon-deterministicderivation.
Basecases:
Lam: Thederivationis � : �x:e 0 +� � : �x:e 0.
Since for all E 0, st(� � E 0) = st(E 0), we can constructthe
derivationst(E 0); � l : �x:e 0 # � l : �x:e 0; st(E 0).
Con: Thiscaseis analogousto thepreviouscase.
Discard: An applicationof theruleDiscard looksasfollows:

� : el +( r 1 7!? ) � ::: � ( r n 7!? ) � : _

wherer 1 � : : : � r n = [jel j]. Now we have

st(( r 1 7! ? ) � : : : � (r n 7! ? ) � E 0) = 0 : : : : : 0| {z }
n

: st(E 0)

Therefore,anapplicationof Lemma3.12yieldstheexistenceof

0 : : : : : 0| {z }
n

: st(E 0); � l : e # � 0 : _; st(E 0) where� l � � 0:

Inductive cases:
Var: Both variantsof this rule obviously neitherchangethesetof
eventsnor thesteplists.Dueto Proposition3.4theheapalsostays
unchanged.Therefore,we canomit evaluatingthebindingof x in
� andtheclaim directly stemsfrom theinductive hypothesis.
App: By Proposition3.4thederivationhastheform

� : �x:e 0 +� � : �x:e 0

� 0 : x1 +� � 0 : �x:e 0 � 0 : el +E � : z
� 0 : x1 @x2 +( r 7! [ j el j ]) �E � : z

where� 0 = �[ x1 7! �x:e 0] andel = l(e0[x2=x]).
By inductionhypothesiswe canconstructaderivationfor all E 0:

st(E � E 0); � 0l : e0[x2=x] # � 0 : z; st(E 0)

where� l � � 0. By Proposition3.11,st(( r 7! [jel j]) � E � E 0) is
of theform n + 1 : ns. Hencewe canconstructthederivation

n : ns; � 0l : e0[x2=x] # � 0 : z; st(E 0)

n + 1 : ns; � 0l : x1 @x2 # � 0 : z; st(E 0)

Case: As Proposition3.4alsoholdsfor caseexpressions,this case
is analogousto thepreviouscaseApp.
Let: Thenon-deterministicderivationhastheform

� : el
1 [y=x] +E 1 � : z �[ y 7! z] : el

2 [y=x] +E 2 � : z0

� : letr x = el
1 in e2 +E 1 � ( r 7! [ j el

2 j ]) �E 2
� : z0

wherey is a freshvariableandel
2 = l(e2).

Wehave [jel
1 [y=x]j] � r = [jel

1 j] � r = [jletr x = el
1 in e2 j]. Further-

more,by inductionhypothesiswe canconstructthederivationsfor

all E 0; E 00

st(E1 � E 00); � l : e1 [y=x] # � 0 : z; st(E 00) and

st(E2 � E 0); � 0[y 7! z] : e2 [y=x] # � 0 : z; st(E 0)

where� l � � 0 and� l � � 0. WechooseE 00= (r 7! [jel
2 j]) � E2 �

E 0 andconcludethat by Proposition3.11 st(E 00) is of the form
m + 1 : ms. Therefore,we canconstructthederivation

st(E1 � E 00); � l : e1 [y=x] # � 0 : z; m + 1 : ms
m : ms; � 0[y 7! z] : e2 [y=x] # � 0 : z; st(E 0)

st(E1 � E 00); � : let x = e1 in e2 # � 0 : z; st(E 0)

Thiscompletestheproof. �

EXAMPLE 3.14. Consideragain the expressionof Example2.3
andthesteplist computedin Example3.10: [5; 4]. Theassociated
lazy call-by-valuecomputationaccording to the rules of Figure 7
is shownin Figure 8.

3.4 ConsumingEventsin Arbitrary Top-Down Order

Thealgorithmto computethesteplist givenin De�nition 3.9con-
sumeseventsgeneratedby a call-by-valuederivation.We already
know that the sameset of events is also computedby the lazy
derivation.Furthermore,we know how to ordertheseeventsto ob-
tain the call-by-value sequence,cf. Lemma3.6. A naive way to
implementtheapproachwould thereforecollectall eventsE gen-
eratedby the lazy semanticsthenorderthemaccordingto < ff E gg
and �nally computethe steplist. However, we cando betterand
processeachevent assoonasits exact structureis known but be-
forewe know its exactpositionin thecompletesequence.This last
stepsubstantiallyincreasestheef�ciency with which thesteplist is
generatedin our approach.This algorithmis alsostraightforward
to implementasdescribedin thenext section.

In this section,we �rst give analternative de�nition of how to
computethe steplist that is lessdependenton the order in which
the eventsaregenerated.After thatwe show that the sequenceof
eventsgeneratedby the lazy semanticsmeetsthe requirementsof
thisalternative de�nition.

Theeventsgeneratedby bothour semanticshave an important
property. Each referenceoccurring during the evaluation of an
expressione waseithercontainedin e or is introducedon theright
handsideof aneventbefore beingreducedon theleft handsideof
an event. We denotethis propertyof “introduction beforeusage”
as“top-down” becausein theview of eventsastreesit meansthat
parentsalwayscomebeforeall of their children.Formally, thetop-
down propertyis de�ned asfollows.

DEFINITION 3.15 (Top-Down Sequence).LetE bea sequenceof
events.We call E top-down iff for all sequencesu; v; w and all
referencesr holds If E = u � (r 7! v) � w and u 6= � then
there exist a referenceq and sequencesu1 ; u2 ; v1 ; v2 such that
u = u1 � (q 7! v1 � r � v2) � u2 .

Thechallengenow is to computetheuniquecall-by-valuesteplist
from a differentsequenceof eventsandin thepresenceof missing
information of the form r 7! ? . The algorithm that meetsthis
challengeis de�ned asfollows.

DEFINITION 3.16. Let E = (r 7! v) � w bea top-downsequence
of eventsand� 62ref ff E gg a freshreference. Then,theassociated
steplist is computedfrom

as(E ) := l ist (count (E ? ; (0; r ) � (0; � ))) ;



[5; 4]; [ ] : let f const = let f w = �a:�b:�c:b g in w @w; z = Zero; id = �x:x ; s = id @z; f = const @zg in f @s2
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[2; 4]; � 2 � � 1 [const 7! �b:�c:b ] : let f z = Zero; id = �x:x ; s = id @z; f = const @zg in f @s�
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[1; 4]; � 3 � � 2 [z 7! Z ero] : let f id = �x:x ; s = id @z; f = const @zg in f @s�
[1; 4]; � 3 : �x:x
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[0; 4]; � 4 � � 3 [id 7! �x:x ] : let f s = id @z; f = const @zg in f @s�
[0; 4]; � 4 : id @z

[4]; � 4 :
2
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[3]; � 5 � � 4 [s 7! ] : let f f = const @zg in f @s�
[3]; � 5 : const @z�

[2]; � 5 : �c:z2

4
[1]; � 6 � � 5 [f 7! �c:z ] : f @s�

[0]; � 6 : z
[0]; � 6 : Z ero

[0]; � 6 : Z ero

Figure8. Exampleof lazycall-by-valuecomputationwith thesteplist [5,4]

where thefunctionscount andl ist are de�nedasfollows:

count (( r 7! � ) � E ; v � (n; r ) � (o;s) � w) =
count (E ; v � (n + 1 + o;s) � w)

count (( r 7! r 0 � r 1 � : : : � r n ) � E ; v � (n; r ) � w) =
count (E ; v � (n + 1; r 0) � (0; r 1) � : : : � (0; r n ) � w)

count (�; w) = w

l ist (( n; r ) � w) = n : l ist (w)
l ist (� ) = []

LEMMA 3.17 (Soundnessof count ). Let E = (r 7! v) � w bea
top-downsequenceof eventsandE 0 thesequencewhere theevents
in E are sortedaccording to < ff E gg . Thenst(E 0) = as(E ).

Proof. First, observe that E 0 is indeedunique as < ff E gg is a
linearorderingby Lemma3.6.Furthermore,sinceE is a top-down
sequenceandsincecount processesthissequenceleft to right,each
r i in agiveneventr 7! r 1 � : : : � r n cannotyethavebeenprocessed.
As neithertheroot r nor the fresh� appearon theright handside
of anevent,this propertyalsoholdsfor theinitial argument.

We extend< ff E gg suchthat � is the largestreferenceandob-
serve that in the initial argumentthe referencesin the secondse-
quenceareorderedw.r.t. < ff E gg . Thisorderingis maintainedby the
algorithm.In the�rst ruleof count this is obviousasnonew refer-
encesareintroducedto thesecondsequence.In thesecondrule the
introducedreferencesaregreaterthanthosein v asr is greaterthan
thereferencesin v andsmallerthaneachr i . Theintroducedrefer-
encesr i arealsosmallerthanthereferencesin w becausethoseare
notcontainedin Ê (r ) becauseE is a top-down sequence.

Furthermore,eachnumbern in (m; q) � (n; r ) within the sec-
ondsequenceexactlycountsall referencess whichhavebeenelim-
inatedandfor whichq < ff E gg s < ff E gg r holds.This is immediate,
sincethesecondsequenceis orderedandtheeliminationof a ref-
erencex is addedto thecounterdirectlybehindx in thatsequence.

Finally, by de�nition of E ? , count eliminatesandcountsall
referencesexceptthoser for which E containedaneventr 7! ? .
All in all, count computesthenumberof eventsbetweenr 7! ?
events,asst() does. �

Theonly thing left to show is thatthesequenceof eventsgenerated
by thelazy semanticsis indeedtop-down.

LEMMA 3.18. Let [] : e +E � : z bea lazyderivationandr be
a referencenot occuringin ref (ff E gg). Then(r 7! [jej]) � E is a
sequenceof eventswhich is topdown.

Proof. Cf. (Braßelet al. 2007). �

Wearereadyto prove ourmaintheorem.

THEOREM 3.19. Let e bean expressionel := l(e) and[] : el +E

� : z bea lazyderivation,and1 + m : ms = as(E ). Thenthere
existsa lazycall-by-valuederivationm : ms; [] : e # � 0 : z; [0].

Proof. By Theorem3.2 thereexists a non-deterministiccall by
valuederivation [] : el +E 0 � � : z with E b= E 0. Sincest(� ) =
[0], by Theorem3.13 thereexists a lazy call by value derivation
st(E 0); [] : e # � 0 : z; [0]. Let r be a referencenot occuring
in ref (ff E gg). Thenby Lemma3.18,E 00 := (r 7! [jej]) � E 0 is
top-down and thereforeLemma3.17 yields st(E 00) = as(E 00).
Finally, by Proposition3.11 st(E 00) is of the form 1 + m : ms
with m : ms = st(E 0). �

4. Implementation
Wehave implementedadebuggingtool for akernellazyfunctional
language(basically, Haskell without the IO monad)3. The tool
consistsof two maincomponents:

1. A programtransformation(cf. Section4.1) that associatesto
eachsourceprogramaninstrumentedprogramthatbehavesas
thesourceprogrambut additionallystoresthesteplist from the
sequenceof eventsduringits execution.

2. A combinedtracer/declarativedebuggerthatexecutesthesource
programin acall-by-valuemannerw.r.t. thesteplist. To ensure
an ef�cient executionof the programduring debugging time,
thesourceprogramis compiledinto astrict languagewherethe
functionshave additionalargumentsto passthesteplist.

4.1 Trace Generation

In thissection,wedescribethegenerationof thesteplist represent-
ing theinformationaboutlaziness.We call this generationtracing
becausethesteplist isproducedby sideeffectsduringtheexecution
of aprogram.In thissense,thesteplist is asigni�cantly condensed

3 At themoment,wealsodonotprovideclasses.However, in contrastto the
IO monad,supportingclasseswill not demandaconceptualextension.



versionof the informationretrievedby debuggingapproacheslike
theART of Hat (SparudandRunciman1997b)or theEDT of Freja
(Nilsson and Sparud1997) and Buddha(Popeand Naish 2003).
Tracinga givenprogramis implementedby transformingthepro-
graminto aninstrumentedversion.Executingthisnew versionwill
generatea �le containingthelist of steps.

Oneof themaingoalsof thepresentedapproachis theef�cient
generationof the trace.To achieve this, we will not generatethe
whole sequenceof eventsproducedby the instrumentedlazy se-
mantics.Rather, we collapsetherecordeddataasmuchaspossible
duringtheexecutionof theprogram.Thestructurewe keepat run
timeis atall timesonly thelist of numbers which is built according
to theoperationcount (De�nition 3.16)and,therefore,atany time
reducedasmuchaspossible.Werepresentthesteplist asadoubly-
linkedlist wherepointersaremodeledasIORefs in orderto allow
ef�cient destructive updatesof thelist structure.Thedatatypesfor
list nodesandreferencesto themarede�ned asfollows:

type Ref = IORef Node
data Node = Empty | Node Ref StepCnt Ref
type StepCnt = Int

Emptyis a specialconstructorusedto mark thebeginningandthe
endof a linkedlist.

We provide an interfacethat re�ects thestructureof theevents
that are releasedduring the computation.In order to modify the
original programaslittle aspossible,we usea projectionfunction
with sideeffectsto releaseevents.Thefunction

event :: Ref -> [Ref] -> a -> a

canbe usedto releasean event of the form r 7! r 1 � r 2 : : : � r n

beforetheevaluationof someexpressione usingthecall

event r [ r 1 , r 2 ,..., r n ] e

Correspondingto the de�nition of the operationcount (De�ni-
tion 3.16),we canconsumeeacheventdirectly whenit is released
anddonothaveto consideraspeci�c orderin whichthey aregener-
ated.The�rst two rulesof De�nition 3.16canbedirectlytranslated
into Haskell code.The�rst de�ning ruleof thefunctionevent cor-
respondsto theeventr 7! � soit removesr from thelinkedlist and
addsits increasedstepcountto its successor.

event r [] x = unsafePerformIO (do
Node v n w <- readIORef r
updSucc v w
Node _ o s <- readIORef w
writeIORef w (Node v (n+1+o) s)
return x)

We employ theimpurefunctionunsafePerformIO to modify the
list structureas a side effect. The secondrule releasesan event
r 7! s � r n with a non-emptylist of references:

event r (s:rs) x = unsafePerformIO (do
Node v n w <- readIORef r
updSucc v s
link v (n+1) (s:rs) w
return x)

Here,weemploy theaction

link :: Ref -> StepCnt -> [Ref] -> Ref -> IO Ref

to replacethe referencegiven as �rst argumentto event by the
given list of references.link is only de�ned for non-emptylists
andthegivenstepcountis addedto theheadof this list.

link v n [r] w = do
writeIORef r (Node v n w)
updPred w r

link v n (r:s:rs) w = do
writeIORef r (Node v n s)
link r 0 (s:rs) w

The auxiliary functionsupdPred andupdSuccupdatethe prede-
cessoror thesuccessorof a referencein a linkedlist respectively:

updPred, updSucc :: Ref -> Ref -> IO ()
updPred r p = do

Node _ n s <- readIORef r
writeIORef r (Node p n s)

updSucc r s = do
Node p n _ <- readIORef r
writeIORef r (Node p n s)

To computea list of stepnumbersfrom a linkedlist representedby
pointers,we de�ne anactionlist , which is thedirect translation
of l ist in De�nition 3.16:

list :: Ref -> IO [Int]
list r = do node <- readIORef r

case node of
Empty -> return []
Node _ n s -> do ns <- list s

return (n:ns)

Thefunction list is calledafter theexecutionof thetransformed
programandtheresultinglist of stepnumbersis thenwritten into a
�le. During theexecution,thelinkedlist representedby references
is held in main memory. This list is small comparedto traces
generatedby otherdebuggingapproaches,becauseit is compressed
on the�y whenever a subcomputationis executedcompletely. The
computationis startedwith a referencethatpointsto distinguished
start andendnodes(cf. Theorem3.19).TheconstantinitialRef
returnsthe never collapsedstart reference.Its successoris later
suppliedto theinstrumentedprogram:

initialRef :: Ref
initialRef = unsafePerformIO (do

[start,hd,end,empty]
<- sequenceM(replicate 4 (newIORef Empty))

writeIORef start (Node empty 0 hd)
writeIORef hd (Node start 0 end)
writeIORef end (Node hd 0 empty)
return start)

Our de�nition of the function event canbe improved.Whenever
a referenceis replacedby a non-emptylist of references,theorig-
inal referenceis deletedfrom the list by updatingthe successor
of its predecessor. Wecanmodify ourapproachto reusereferences
wheneversuchaneventoccurs:theoriginalreferencecanbereused
for the�rst referencein thelist of replacements.As aconsequence,
thepredecessorof thisreferencecanbeleft unchangedandwegen-
eratelessfreshreferencesduringtheexecutionof theinstrumented
program.In ourimplementation,weusethreespecializedfunctions
insteadof thesinglefunctionevent to releaseevents:

collapse :: Ref -> a -> a
onlyInc :: Ref -> a -> a
extend :: Ref -> [Ref] -> a -> a

Thesefunctionsbehave asfollows:

� collapse deletesthegiven referencefrom the linked list and
adds its incrementedstep count to its successor. It releases
eventsof theform r 7! � .

� onlyInc only incrementsthe stepcount storedin the given
reference.It releaseseventsof the form r 7! r 0 in order to
reusetheIORef of r for r 0.



� extend incrementsthe step count in the �rst referenceand
insertsthe list of referencesafter this reference.It implements
eventsr 7! r n wheren > 1 andreusestheIORef of r for r 1 .

Notethatthecall onlyInc r needsto modify only asingleIORef,
while event r [r'] accessesfour.

The speci�c function to be appliedis staticallyknown during
theprogramtransformation.Thus,thereis no additionaloverhead
for dispatchingto oneof thesefunctionsat run time. Thereuseof
referenceshelpsto save both memoryand run time becauseless
referencesneedto be createdand lessreferencesareaccessedin
orderto processtheevents.

4.2 Program Debugging

In this section,we show a concreteexamplefor a debuggingses-
sionby consideringtheprogramof Example1.1.Whenwerunour
debuggingtool with this example,the programis transformedso
thatthesteplist [2,1,0,14] is generatedduringtheevaluationof
the initial expressionmain. As alreadydiscussedin Example1.1,
this steplist pointsout that therearethreeexpressionsthatshould
bediscardedduringtheevaluationof main dueto thepartialeval-
uationof theexpression(fibs Zero) to (_:_:_ ) .

The tracer/debugger usesthe step list to control the call-by-
valueevaluation.It startswith theresultof theinitial expression:

main --> Zero

Theresultis computedduringdebuggingtimeaccordingto ourlazy
call-by-valueevaluation.Althoughwetradeherecomputationtime
duringthedebuggingsessionagainstmemoryfor storingthetrace,
theevaluationtime requiredduringdebuggingis acceptabledueto
theef�cient innermostexecutionandthetime requiredby theuser
to decidethenext interaction.

After printing anexpressionandits value,theuserhastheop-
tion toproceedlikea(call-by-value)tracer, i.e.,atypicalprocedural
debugger, or like a declarative debugger. For the latter, he hasthe
optionsc (statingthattheresultis correctw.r.t. his intendedmean-
ing)or w (indicatingawrongresult).For tracing,theusercanmove
to the next reductionstepor skip the entirecomputation.Tracing
is usefulwhentheuseris undecidedabouta computationw.r.t. the
intendedsemantics.A debuggingsessionis �nished whenthebug
hasbeenlocated,i.e.,whenthereis anapplicationof a rule where
theevaluationsof all functionsoccurringin theright-handsideare
correct.If the endof a computationis reachedwithout locatinga
bug (e.g.,whentheuserhasskippedover somepotentiallywrong
subcomputation),thesessionis restartedfrom thebeginning.

In ourexample,theentirecomputationis buggysothatwe type
w. Sincethe expression(fibs Zero) is innermostin the right-
handsideof therulefor main, its (partial)evaluationis shown next:

fibs Zero --> _:_:_

Herewe types in orderto skip over this computation(which has
notenoughinformationfor ade�niti vedecisionatthispoint).Thus,
we seethenext subexpressionin innermostorder:

take (S (S Zero)) (_:_:_ ) --> [_ ,_]

Althoughthis looks�ne, we types to seethenext subexpression:

length [_,_ ] --> Zero

Sincethis is de�nitely a wronglength,we typew andobtain:

length [_] --> Zero

Wetypew againandobtain

length [] --> Zero

which is intendedsothatwe typec. Immediately, wegetthereport
that the bug is in the rule that reducesthe redex length [_ ] .

Looking at the sourcecodefor this rule, we cannow seethat an
applicationof theconstructorSis missingin theright-handside.

Similar to otherdebuggingtools,our tool is alsoequippedwith
a sourcecodeviewer that always shows the currentrule applied
to the outermostfunction of the expressionunderconsideration.
Thealgorithmfor buglocationis similar to thatin otherdeclarative
debugging tools (Shapiro1983).However, note that the call-by-
valueview is importantto obtainthequestionsandtraceorderin a
comprehensiblemanner.

Althoughtheexamplewassimpledueto lack of space,thede-
buggingtool alsocovershigher-orderfeatures(asalreadyshown in
the semantics)andprimitive functionslike arithmeticoperations.
Currently, thetool doesnothandleI/O actions.However, this is not
aprinciplelimitation: I/O actionscanbetreatedby storingtheir re-
sult in the steplist that is thenusedduring thedebuggingsession
(insteadof executingthem again).The detailsabouttheir repre-
sentationarenon-trivial (e.g.,theeffect of getChar andputChar
shouldbevisualizedin someconsolewindow) sothatweleavethis
partof theimplementationfor futurework.

4.3 Practical Experience

In this sectionwe compareour debuggerwith the Haskell Tracer
Hat (Wallaceet al. 2001).The time that is neededto generateour
trace is comparableto the time neededto generateHat's ART.
Obviously, our trace�le is muchsmallerthanthe ART. The call-
by-valueevaluationstepsareperformedreasonablyfast.

We achieve this performancewith a modestimplementationef-
fort. We neitherusehighly optimizedexternal functions4 to gen-
eratethe trace,nor do we needsophisticatedrandomaccess�le
operationsin order to navigateour trace�le. Although our trace
generationis alreadyacceptablyef�cient, we plan to optimize it
usingHaskell's foreignfunctioninterfaceto accessa C implemen-
tation.First experimentsshow thatsuchanimplementationwill be
about� ve timesfasterthanthecurrentimplementation.

As we only prototypically implementedour approach,we can
not make signi�cant comparisonswith Hat. We expect that the
mainperformanceoverheadof our approachis there-computation
in call-by-valueorder. Wechooseanexamplewith a lot of compu-
tationstepsin orderto comparethetime spentin re-computingthe
resultswith thetime necessaryto look themup in a trace�le.

EXAMPLE 4.1. The following exampleprogram would print the
16thprimenumberif wewouldnothaveintroduceda bug:

main = print (primes !! 15)

primes :: [Int]
primes = sieve [2..]

sieve :: [Int] -> [Int]
sieve (x:xs) =

x : sieve (filter ((==0) . (`mod`x)) xs)

If werun thisprogram,it printsthesurprisinglybig number65536
which is de�nitely not a prime number. We useHat andour de-
bugger in order to debug the evaluation of the main expression
(primes !! 15) . Wemeasurethetimethatis usedfor generating
thetracesandalsocomparetheirsize.Ourbenchmarkswererunon
anAppleTM PowerBookwith an1.33GHz PowerPCG4 processor
and768MB DDR SDRAM mainmemory. Hat'sART is generated
within 7 secondsandis 4.7 MB big. Our traceis generatedwithin
about5 secondsand is about100 bytesbig. So, our tracegener-
ation is asef�cient asthe generationof Hat's ART althoughit is
completelyimplementedin Haskell. Hat's trace�le is about50000
timesbiggerthanourswhichcanbeprintedona few lines:

4 Weonly useunboxedInt s to representthestepcount.



[327673,0,1179615,589791,29 4879,147423,
73695,36831,18399,9183,4575,227 1,11 19,
543,255,111,39,2,0,0,184]

Wecanseethatupto amillion stepscanbeperformedin innermost
orderandonly 20 suspensionsareneededduringthecomputation.

Weusedthedeclarativedebuggerhat-detectandourstepdebug-
ger andcomparedtheir responsetimes.Unfortunately, debugging
theprogramin Example4.1wasnot feasiblein bothdebuggers,so
we replacedthenumber15 by 10 for this test.

Hat-detectposesthefollowing questionalmostimmediately:

primes = 2:4:8:16:32:64:128:256:512: 1024:2048:_

Wecanseethatwecomputepowersof 2 insteadof primes.Stating
thatthis is wrong,it takesmorethan10 secuntil thenext question
appears.Subsequentquestionsaregeneratedwithin a few seconds.
Our tool shows every computationstepin lessthana second.The
timeto show eachstepdependsonhow longit takesto computethe
argumentsandtheresultof thedisplayedcall. Recomputingthese
valuesseemsto beasfeasibleaslooking themup in a redex trail.

5. RelatedWork
As alreadymentionedin theintroduction,many of theapproaches
to debug lazy functionalprogramsarebasedonrecordingthecom-
putationin a redex trail (SparudandRunciman1997b)or anEDT
(NilssonandSparud1997).The sizeof thesestructurescrucially
grows with thelengthof thecomputationto bedebugged.As a so-
lution to this problem,somedifferentapproacheswereproposed.

Sparudand Runciman(1997a) presentone of the �rst ap-
proachesto reducethesizeof redex trails.It is basedonnotrecord-
ing trustedcomputations(e.g.,theevaluationof Preludefunctions)
andon pruningtrails.Unfortunately, consideringtrustedfunctions
doesnot reducememoryconsumptionas expected,sincetrusted
functionsareappliedto expressionsfor which debug information
hasto be recorded,cf. PopeandNaish(2003).Pruningtrails was
notconsideredfurthersincetheresultingtrail is incompleteandthe
buggycomputationcanbecut from therecordedinformation.

In the further developmentof Hat (Wallaceet al. 2001), the
problemof recordinglargeredex trails wasnot really tackled.All
informationis written to a large �le which resultsin a slowdown
whengeneratingthis �le andanalyzingit in viewer components.

The piecemealtracing approachof Nilsson (1999,2001) and
PopeandNaish(2003)wasde�ned for declarative debuggingby
meansof an Evaluation DependenceTree (EDT) usedin Freja
(Nilsson and Sparud1997) or Buddha(Pope2005). In this ap-
proach,only a pieceof the entireEDT is initially generated,and
new piecesarecomputedonly if they areneededby re-executing
theentireprogram.Hence,thesaving of spaceis purchasedby ad-
ditional run-time during debugging. In contrast,our approachis
directly spaceef�cient andonly storesa minimal amountof infor-
mationat executiontime. Furthermore,their approachis basically
orientedto declarative debuggingin contrastto steplists.

PopeandNaish (2003)proposean optimizationof the piece-
mealEDT constructionin which it is not necessaryto restartthe
whole computationto computenew piecesof the EDT. Instead
computationsare storedwhich allow the generationof the miss-
ing partsof theEDT. However, thereexists no evaluationon how
muchmemoryis neededfor storingthesecomputationsyet (Pope
andNaish2003).Furthermore,theimplementationhighly depends
on the internal structureof the Glasgow Haskell Compiler (ghc)
and the underlyingC heapin which structuresarestoredto pre-
vent themfrom garbagecollection.This makesit non-portableto
otherHaskell systems.Thewholeapproachis motivatedfrom the
implementationperspective,withoutany correctnessproofs.

6. Conclusions
We have presenteda novel approachto debug lazy functionalpro-
gramsby re-executingthemin thecontext of call-by-valueevalu-
ation.To avoid unnecessarycomputationsteps,we have designed
aninstrumentedlazy semanticsthatproducestheinformationnec-
essaryto drive thecall-by-valueevaluatorso that it discardsthose
expressionswhoseevaluationis not needed.Furthermore,we have
shown that this informationcanbe obtainedby programtransfor-
mation.We have formally de�ned the resultinglazy call-by-value
semanticsandhave proved its correctness.Our �rst experiments
with aprototypicalimplementationof adebuggerareencouraging.

The approachis a completelynew techniqueof relating lazy
andcall-by-value computations.Although we developedit in the
context of debuggingit shouldbeapplicableto arbitraryanalyzesof
therun-timebehavior of lazy functionallanguage.As futurework,
we expectmany fruitful applicationsof this techniqueandwant to
improve theimplementationaswell astheavailablebackends.
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