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Abstract

Refinement and abstraction are common concepts for the specification, analysis
and verification of programs and dual to each other. Modal transition systems
are an appropriate model for the abstraction of transition systems, since they
explicitly specify necessary and possible behaviour by using two different kinds
of transitions. A generalisation of modal transition systems, called disjunctive
modal transition systems (DMTS), allows hypertransitions, which are transitions
having a set of targets instead of a single target. These hypertransitions are in-
terpreted such that an implementation must match at least one element of the
target set. In this thesis, another generalisation, so-called 1-selecting modal tran-
sition systems (1IMTS), is introduced, in which hypertransitions are interpreted
such that exactly one element of the target set has to be matched.

In order to determine the relative expressive power of DMTSs and 1IMTSs, a spe-
cialised concept of order embeddings is developed that demands the preservation
of implementations. Although DMTSs and 1MTSs can describe the same sets of
implementations, such an implementation-preserving order embedding can only
be found in one direction, from DMTSs to 1IMTSs. Thus regarding the refinement
ordering structure, IMTSs are found to be more expressive.

Keywords: underspecification, abstraction, refinement, transition systems, dis-
7 7 Y Y
junctive modal transition systems, expressiveness
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Chapter 1

Introduction

This chapter gives an introduction into the considered field of research. We
describe the contribution of this thesis and point out, how the following chapters
are organised.

1.1 Semantics of Concrete Processes

This work deals with the specification and underspecification of possibly concur-
rent systems. More exactly, we describe the observable behaviour of a system
rather than the system itself. The behaviour of a system is called process. We
consider processes that perform some kind of actions, i.e., steps of observable
behaviour. It remains unspecified what kind of system we describe by defining a
process and what kind of actions this system performs. For example, the system
might be a program with actions being variable assignments or it might be an
agent in a reactive system with actions being communications between agents.

It is a common approach to describe processes using so called labelled transition
systems [24]. We will henceforth simply call them transition systems and abbre-
viate them by TS. A transition system is a directed graph with a designated root
node and labelled edges. The nodes are identified with the states of the process.
We typically use the variables s, t, u, ... for states. Edges are labelled by a, b,
¢, ... and stand for transitions of the system: An edge from state s to state s’
having label a, shortly written s —— s, means that if a process is in state s and
an action a occurs, it will evolve into state s’. Non-determinism is allowed, i.e.,
there may be states s, s}, s, and a label a such that s —— s} and s —— s}. In this
case, an action a can lead to state s} or s. We do not specify how this decision
is made.

Figure 1.1 shows a simple example of a transition system. The root state of the
transition system, in this case s, is marked by a small arrow pointing to it. From
the root state, three transitions are possible; an action a leads to state t, an action
b leads to u and an action ¢ leads to state v. We call t, u, v successor states of
u. To denote successor states, we often use primed variables, i.e., v/, v/, w', ...
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Figure 1.1: Transition System 7°

In illustrations, we will sometimes omit state names, because the names have no
effect on the observable behaviour of a transition system.

Usually there exist many transition systems that describe the same process.
Thus in order to specify processes using transition systems, there is the need
for an equivalence relation that defines which transition systems are to be iden-
tified. Then processes can be seen as equivalence classes of transition systems
with regard to some chosen equivalence relation. As presented in [24], various
equivalences have been established. The most common relations include trace
equivalence and bisimulation equivalence.

Trace equivalence [9, 24] is defined as follows: The trace set of a transition system
is the set of possible sequences of labels that are passed when starting in the root
state and repeatedly following possible transitions. Then two transition systems
are called trace equivalent, if they have equal trace sets.

Trace equivalence is not sufficient if the branching structure is of importance.
Thus in most cases one prefers “finer” relations, e.g. the widely-used bisimulation
equivalence [18, 24]: A bisimulation between two transition systems 7; and 75 is
a relation between the two state sets such that the root states are related and the
following property holds: For every transition s; — s} in 7; and every s, related
to s, there exists some s, related to s| such that s, —— s}, and vice verca, for
every transition sy, — s, in 75 and every s; related to sy, there exists some s
related to s, such that s; — s}. Two transition systems are called bisimilar (or
bisimulation equivalent) if there exists a bisimulation.

1.2 Underspecified Semantics

We have seen how a process can be specified using a transition system and an
equivalence relation. However, in many applications it is useful to underspecify,
i.e., not to specify the system in every detail, but instead leave parts of the system
open to allow different implementations. For example, when developing a system
in top-down manner, one starts with a general, underspecified framework of the
system, leaving many parts open that are left to be implemented later. The
term refinement describes the process of turning an underspecified system into
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a more concrete one. Stepwise refinement is a common technique in program
development [25].

Another reason for having holes in the specification might be that the left out
parts are simply not of interest for the task one wants to achieve. For example,
in model checking, it is checked whether a formula in some modal logic holds for
a given system. It might be possible to detect the validity of a formula without
considering every detail of the given system. The given, fully specified system
can be turned into an abstract, underspecified system with less states (possibly
even turning an infinite state set into a finite one), which can be model checked
more efficiently. This technique is called abstraction.

As a further application, underspecification can be useful if processes are used
as a language to define semantics. For example, modeling languages, like UML
20, 21], are themselves underspecified, as they do not specify every detail of a
program. Thus underspecification may be suitable for defining the semantics of
such modeling languages.

1.2.1 Established Underspecification Techniques

If we want to underspecify, we need to find formalisms that do not describe a
single process, but rather a set of processes, namely those that are supposed
to be implementations of the underspecification. Furthermore, we need an ef-
ficient method to do abstraction/refinement checks: Is one system an abstrac-
tion/refinement of another? Which modifications of a given system yield systems
that are refinements of the original?

One possible approach is to use a formula in some modal logic as specification and
regard the class of transition systems satisfying the formula as implementations.
Although this is useful in some applications, others demand more operational
based approaches. These use transition systems and non-symmetric relations
similar to trace and bisimulation equivalence, which have already been introduced
in Section 1.1 as formalisms for (full) specification. In the following, we summarise
some techniques used for underspecification in branching sensitive views:

Underspecification via Simulation

A common approach makes use of simulations [17]. A transition system 7;
(safety-)simulates another transition system 75, if there exists a relation between
the state sets of 7; and 75 such that the root states are related and the following
property holds: For every transition s; — s} in 7; and every sy related to sy,
there exists some s}, related to s} such that sy —— s,. In this case, T, reverse-
simulates (or liveness-simulates) 7T;. Now underspecification can be introduced
using one of these two notions: One can define some (concrete) transition sys-
tem 7; to be an implementation of an (abstract) transition system 73, if 74
simulates (respectively reverse-simulates) 7. However, we have the problem of
not being able to define combinations of safety properties (“something bad will
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Figure 1.2: Transition System with Must And May Transitions

not happen”) and liveness properties liveness properties (“eventually something
good happens”), i.e., all behaviour can be neglected when the safety-simulation
approach is used, respectively arbitrary behaviour can be added if the liveness-
simulation approach is used. For example, it is not possible to express the class of
all transition systems, where at the beginning actions a and b have to be possible,
action c is allowed but no further actions are allowed at the beginning.

Underspecification via Must and May Transitions

In order to address this problem, one can use a modification of transition sys-
tems that features two kinds of transitions, one transition relation to denote the
steps that are mandatory for the implementation, called must transitions, and
the other to indicate those steps which may occur, but are not necessary for the
implementation, called may transitions. This approach was followed by Larsen
and Thomsen, who introduced modal transition systems [15], and Dams, who
called his model mized transition systems [4, 5. We can solve the problem men-
tioned at the end of the previous section by turning the transition labelled with
¢ into a may transition (Figure 1.2). Graphically, we represent must transitions
as solid arrows, whereas may transitions are drawn as dashed arrows.

Underspecification via Disjunctive Modal Transition Systems

However, the approach with must and may transitions is still not sufficient to
model all behaviours that appear in practice. Reconsider transition system 7°
from Figure 1.1. Three transitions were possible in the initial state. One might
like to express that two different implementations allow two different successor
states after performing an action a. However, an action a shall be possible in every
implementation. Thus we cannot use two may transitions to the two states, be-
cause this would also allow an implementation with no action a at all. Two must
transitions would not serve either, because they would mean that both must be
possible in every implementation. A solution to this problem is a further exten-
sion of transition systems. These are called disjunctive modal transition systems
(DMTS) [16]. They allow hypertransitions, i.e., transitions starting in a single
state, but ending in sets of states. Graphically, we represent hypertransitions by
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Figure 1.3: Disjunctive Modal Transition System U

dividing the head of an arrow such that it points to all target states. For differ-
ent targets of a single hypertransition we also allow different labels, thus we draw
them behind the division. Figure 1.3 shows an example of a DMTS, named Y. It
expresses that every implementation has to provide an action b, may provide an

action ¢, and must provide one of the actions a or a'.!

The class of implementations of a DMTS is defined via a simulation relation that
relates abstract DMTSs and concrete transition systems. The commonly used
relation is called disjunctive simulation. For every hypertransition it demands
that at least one of the targets can be reached in every implementation. Thus
it also allows that an implementation can contain transitions to more than one
target of the hypertransition.

1.2.2 A New Underspecification Technique

In this thesis, we introduce and examine a new technique for underspecification
that takes an approach similar to DMTSs. We also use transition systems with
must- and may-hypertransitions, but interpret hypertransitions differently, i.e.,
we use a modified simulation relation. This simulation relation is called I-selecting
simulation and the corresponding transition systems are called 1-selecting modal
transition systems (IMTS). In contrast to the disjunctive approach, 1-selecting
simulation demands, roughly spoken, that for every hypertransition exactly one
of its targets corresponds to a transition in the implementation. Thus, if we
understand example I/ in Figure 1.3 as an 1IMTS, it does not allow an implemen-

tation in which both actions a and o' can be performed. If ¢/ is understood as
DMTS, this is allowed.

The existing refinement notion on DMTSs is adapted for 1IMTSs, yielding an
abstraction/refinement framework based on IMTSs. The aim of this work is

'In fact, this could have also been expressed with the must and may transition approach
presented in the previous section, if we allow more than one root state. One could use a
transition system with two components that both look like the one in Figure 1.2, where in one
of them action a is replaced by a’. However, such a reduction is no longer possible without
getting an infinite system, if, for example, we add to U in Figure 1.3 a transition from state ¢’
to state s.
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to compare the expressive power of the established DMTS and the new 1MTS
approach. Both formalisms can express the same sets of implementations. How-
ever, because the refinement ordering structure should be taken into account,
we specialise the concept of order embeddings to a notion for the comparison of
abstraction/refinement frameworks that demands the preservation of implemen-
tations. We prove that, using this concept, the class of DMTSs can be embedded
in the class of IMTSs, but the class of IMTSs cannot be embedded in the class of
DMTSs. Thus, in this sense, we find 1IMTSs to be more expressive than DMTSs.

1.3 Outline

In Chapter 2 of this thesis, we give a formal introduction into common, concrete
transition systems and the two underspecified variants DMTS and 1IMTS. We
define a simulation relation between TSs and DMTSs and a simulation relation
between TSs and IMTSs. These relations define, whether a TS is an implemen-
tation of a DMTS, respectively IMTS. In the last section of Chapter 2, fully
determined DMTSs and 1MTSs, which correspond to TSs, are introduced. It is
shown that the simulation notions on fully determined modal transition systems
harmonise with the bisimulation notion on TSs and in this sense, the simulation
relations are extensions of bisimulation.

Chapter 3 is dedicated to refinement in both DMTSs and 1MTSs. The intro-
duced refinement notions are relations between DMTSs and DMTSs, respectively
1MTSs and 1MTSs, and define, whether one modal transition system U is a re-
finement of another modal transition system (or equivalently, whether U is an
abstraction of U). A special case is that the more concrete system has “maximal
concreteness” and can be identified with exactly one TS. We call such systems
fully determined. It is shown that in cases, in which the more concrete system is
fully determined, refinement (on DMTSs, respectively 1IMTSs) harmonises with
the simulation notion (on DMTSs;, respectively IMTSs) and in this sense, refine-
ment is an extension of simulation. Equivalences on DMTSs and 1MTSs, that are
induced by the corresponding refinement notions, are introduced and afterwards

used in order to characterise all refinements of both a simple DMTS and a simple
1IMTS.

Chapter 4 deals with the expressiveness of DMTSs and 1MTSs. First, the con-
cept of order embeddings is specialised to so-called -preserving order embeddings
that provide a general notion for the comparison of abstraction/refinement frame-
works. This notion is then used in order to compare DMTSs and IMTSs. It is
shown that such a specialised order embedding exists from DMTSs to IMTSs,
but not from 1IMTSs to DMTSs. This is the case, although DMTSs and 1MTSs

can express the same sets of implementations.

Finally, Chapter 5 subsumes the main results of this work, gives an overview over
related work and discusses future work.



Chapter 2

Transition System Variants and
Modal Simulation

In this chapter, we give formal definitions of (labelled) transition systems (TSs),
disjunctive modal transition systems (DMTSs), and 1-selecting modal transition
systems (IMTSs), together with their corresponding simulation relations. The
connection between TSs and fully determined DMTSs, respectively 1MTSs, is
characterised.

2.1 Labelled Transition Systems

Labelled transition systems, which will in this work shortly be called transition
systems, are directed graphs, where edges are labelled and we have a designated
root state. Formally:

Definition 2.1 (TS). A transition system (TS) is a tuple (S,L,—,s°),
where S is a set of states, L is a set of labels, —C S x L x S is the tran-
sition relation and s° € S is the root state. We denote the set' of all TSs by TS.

Transitions are elements of the transition relation. For a state s € S, we call
{(a,s") € LxS | (s,a,s") €—} the transition set of u. Elements of the transition
set (that are pairs of label and successor state) are called targets.

We give a formal definition of the most common equivalence relation used with
TSs, bisimulation. Before that, we declare some conventions: For a binary relation
R C Ax Band a € A, b € B, we often write aRb instead of (a,b) € R.
Furthermore, we define:

Definition 2.2. Let A and B be sets and — C A X B. Let a € A. Then define

def

(a —)={be€ B|a— b}

'Strictly speaking, this is a class, but a skeletal set may be chosen. This remark also applies
to DMTSs and 1IMTSs, that are defined later.
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Now we can define the widely-used bisimulation notion as follows:
Definition 2.3 (Bisimulation). Let 7; = (S1, L, —1, 8Y), To = (Sa, L, —9, 89) €

TS$. A bisimulation between 7; and 7Ty is a relation R C S; x Sy such that the
following properties hold:

(i) s{Rs;
(it) For all (s1,$2) € R and a € L we have
(a) Y(ai,s)) € (s1 —1) : Iag, $5) € (s2 —2) 1 a1 = az A §| Rs),

(b) Y(ag, sh) € (s2 —9) : (aq, s})) € (s1 —1) : a1 = az A s{ RS},

T, and T3 are called bisimilar if there exists a bisimulation between them. In that
case, we write Ty ~ Ts.

In the definition of bisimulation, we need to check the property a; = as A s} Rs)
twice, where ay, ay are labels and s, s, are states of the first and the second TS,
respectively. Checks of this kind will often occur throughout this work. Thus in
the following, we simplify the notation by extending any relation between state
sets (say R C S7 x S3) to (L x S1) x (L x Ss) as follows: For targets v = (a1, §})
and Uy = (ag, s5), let

191R192 gzeﬁ a; = Q9 VAN 8,1R8,2.

Then property (ii)(a) of bisimulation can be reformulated as
V191 S (81 —>1) . 3192 S (82 —>2) . 191R192
and property (ii)(b) becomes

Vi, € (82 —>2> do € (81 —>1) :  Ris.

Bisimilarity, i.e., the relation ~ C T$ x TS, is obviously an equivalence relation.
Consequently we can consider its equivalence classes:

Definition 2.4. Define
[T].E{TeTS|T~T}
to be the equivalence class that T is a representative of. Furthermore, define
TS “ (7], | T € T$)

to be the set of equivalence classes of TSs.



10 Chapter 2. Transition System Variants and Modal Simulation

2.2 Disjunctive Modal Transition Systems

Disjunctive modal transition systems extend TSs. Instead of a single root state,
they allow a set of root states. They feature two types of transitions: must and
may transitions. In contrast to the transitions in TSs, a transition in a DMTS has
a set of targets instead of a single target. We require this set to be non-empty,
and, in the case of may transitions, the set has to have exactly one element.
Every target in the target set of a must transition is required to appear also as
the target of a may transition. This requirement seems reasonable, transitions
required (“must”) need to be allowed (“may”). The formal definition is as follows:

Definition 2.5 (DMTS). A disjunctive modal transition system (DMTS) is a
tuple (Up, L,—p,-+p, UY), where Up is a set of states, L is a set of labels,
——pC Up X (P(L x Up)\ D) is the must transition relation, ~-+pC Up x (P(L x
Up)\ @) is the may transition relation, and () # U3 C Up is the set of root states,
satisfying for all uw € Up the conditions YOp € (u r-+p) : |Op| =1 and

VOp € (ur——p), ¥ € Op : {¥} € (ur-+p). (2.1)

We denote the set of all DMTSs by DMT$.

A transition, i.e., an element of the must or may transition relation, is called
hypertransition, if and only if its target set contains more than one element. In
graphical representations, hypertransitions are drawn as arrows having several
heads, with every head having its own label. Must transitions are represented
by solid arrows, whereas may transitions are drawn as dashed arrows. We do
not draw a may transition from a state w, if there is a must (hyper-)transition
starting in v that has a target set including the target of the may transition. Due
to condition (2.1), such a may transition always exists implicitly.

Next, we define disjunctive simulation, the common simulation relation used with
DMTSs. Similar to the bisimulation notion on TSs, a disjunctive simulation is
a relation relating states in the TS with states in the DMTS, such that several
properties are satisfied: The DMTS needs to have a root state corresponding
to the root state of the TS. Furthermore, every state s’ in the TS that can be
reached by an action a needs to have an equivalent counterpart ' in the DMTS
that is not forbidden to be reached with an action a. On the other hand, for
every must transition to a set of targets Op in the DMTS, there must be at least
one target in ©p that has a corresponding step in the TS.

A TS disjunctively simulates a given DMTS, if there exists a disjunctive simulation
between them. We define some TS 7 to be an implementation of an DMTS Up,
if and only if 7 disjunctively simulates Up. The formal definition is as follows:

Definition 2.6 (Disjunctive simulation). Let 7 = (S, L, —,s") be a TS and
U = (Up, L,—p,r-+p,UY) be a DMTS over the same set of labels. A disjunctive
simulation between 7 and Up is a relation R C S x Up such that the following
properties hold:
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(i) Fu e UY : s"Ru
(ii) For all (s,u) € R we have

(a) VO € (s —) : D} € (ur-»p) : VR
(b) ¥Op € (u —p) : I € (s —),0 € Op : YR

7T disjunctively simulates Up if and only if there exists a disjunctive simulation
between them. In that case, we write T <p Up and call T an implementation of

Up.

We conclude this section by taking a closer look at the requirement for DMTSs
that may transitions are not allowed to be hypertransitions, i.e., that for all
VOp € (u +-»+p), we require |Op| = 1. In detail, we consider the following two
questions: (a) What is the reason for making this restriction? And (b), why are
singleton sets used instead of simple elements, i.e., why +-+pC Up x (P(LxUp)\0)
instead of v-+pC Up x L x Up?

To answer the first question, allowing may hypertransitions would simply not lead
to additional expressiveness. After defining a generalised simulation notion for
DMTSs with may hypertransitions, one can show that the set of implementations
of a DMTS with may hypertransitions equals the set of implementations of the
DMTS without may hypertransitions, in which each hypertransition was turned
into a set of singleton may transitions [22]. This is quite intuitive: The disjunction
of a set of possibilities (may hypertransition) coincides with the conjunction of
a set of possibilities (set of singleton may transitions). In both cases, arbitrarily
many possibilities can be taken.

The answer to the second question, why singleton sets are used in the may tran-
sition relation instead of simple elements, results from the fact that for IMTSs,
introduced in the following section, may hypertransitions make sense, since by
means of them, expressiveness is gained. To keep the “signatures” of DMTSs and
1MTSs equal, we decided to use sets also in DMTSs.

2.3 1-Selecting Modal Transition Systems

Having defined the well-known DMTSs together with their simulation notion, we
now continue with the definition of the new IMTSs. The approach is similar, since
the two notions essentially only differ in the interpretation of hypertransitions.
As a result of this difference, may hypertransitions, that were not featured in
DMTSs, make sense here and for this reason are allowed. As a consequence, the
requirement that must transitions have to appear as may transitions (condition
(2.1) in the case of DMTSs) then simplifies to ——1Cr-+; for IMTSs. We adopt
the following formal definition:
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Definition 2.7 (IMTS). A 1-selecting modal transition system (IMTS) is a tuple
(Uy, Ly —1,+-+1,UY), where Uy is a set of states, L is a set of labels, —C
Uy x (P(Lx Uy)\ () is the must transition relation, +-+;C Uy x (P(L x Uy)\0) is
the may transition relation, and () # UY C U, is the set of root states, satisfying
the condition —1Cr-+1. We denote the set of all IMTSs by IMTS$.

For the definition of 1-selecting simulation, we use choice functions. Those are
functions from a set of sets into a set of elements such that every set is mapped
to an element of itself. Formally:

Definition 2.8 (Choice function). Let A be a set, BC P(A) andv: B — A. v
is called choice function, if and only if VB € B : ~(B) € B. We denote the set of
all choice functions on B by choice(B).

The concept of 1-selecting simulation is similar to the one of disjunctive simu-
lation. Again, we have a simulation relation that is required to satisfy several
properties: As for the disjunctive approach, the IMTS needs to have a root state
corresponding to the root state of the TS. The interpretation of hypertransitions
differs from disjunctive simulation: One needs to choose choice functions v that
pick for each hypertransition one of its targets. Then every state ¢’ in the TS
that can be reached by an action a needs to have an equivalent counterpart u’
that has been chosen by v and is not forbidden to be reached with an action a.
On the other hand, for every chosen must transition target reachable with action
a, there must be a corresponding state in the TS reachable with a.

A TS I-selecting simulates a given DMTS;, if there exists a 1-selecting simulation
between them. We define some TS 7 to be an implementation of an IMTS U, if
and only if 7 1-selecting simulates U;. The formal definition is as follows:

Definition 2.9 (l-selecting simulation). Let 7 = (S,L,—,s") be a TS and
Uy, = (Uy, L, —1,+--+1,U) be a IMTS over the same set of labels. An 1-selecting
simulation between T and U, is a relation R C S x Uy such that the following
properties hold:

(i) Ju € U} : s"Ru

(ii) For all (s,u) € R there exists v € choice(u +=+1) such that

(a) VO € (s —) : 30 € y(u r-»1) : YRD

~

(b) Vi € y(ur—) : I € (s —) : VRV

T 1-selecting simulates U; if and only if there exists a I-selecting simulation
between them. In that case, we write T <1 Uy and call T an implementation of
U.

Note that in parts (ii)(a) and (b) of the definition, the choice function = is applied
to a set of target sets and yields a set of (chosen) targets. Thus y(u +-+1) =
{7(©) 16 € (ur-»1)} and y(u —1) ={¥(©) | © € (u —1)}.
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2.4 Fully Determined Modal Transition Systems

Fully determined DMTSs and 1MTSs are those systems that are completely de-
scribed in the sense that they directly correspond to a TS. The correspondence
to a TS is obviously established, if (i) there is only one root state, (ii) there are
no hypertransitions and (iii) every may transition also appears as must transi-
tion. This holds for both DMTSs and 1MTSs, thus it is possible to define fully
determined DMTSs and fully determined 1MTSs at once:

Definition 2.10 (Fully determined modal transition system). Let U = (U, L,
—,+-+,U% € DMTS U 1IMTS. We call U fully determined, if and only if

(i) [U°] =1,
(i1) YVu e U,© € (u—) : |©| =1, and
(11i) r-+ C —.

We denote the set of all fully determined DMTSs by DMTS$" and the set of all
fully determined IMTSs by TIMT 3.

Any fully determined modal transition system satisfies -+ = ——: 1MTSs always
have the property — C +-+, which together with condition (iii) in the definition
above implies +-» = ——. DMTSs satisfy condition (2.1), i.e.,

VO € (ur), 0 € ©: {V} € (ur-»),

which by condition (ii) in the definition above yields — C -+, resulting together
with condition (iii) in +-» = .

DMTS$Y and IMT3$" are the same mathematical objects, i.c., DMT$ =
IMTSY*. DMTS (= IMT$") corresponds to T$ via the function

7:T$ — DMTS, (S, L, —, 80) — (S, L, —, —, {SO}),

where —= {(s,{(a,s")}) | s = s'}. The function 7 is obviously bijective. For

better readability, we define the following functions:
Definition 2.11. Define:

DMTS: TS — DMTS$Y; 7T — n(7),

IMTS: T$ — IMTS™:; 7T+ n(7),
TSp: DMTS® — TS; Up — 7 *(Up),
TS, : IMTS™ - TS, U — o Y Uy).
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Having established the tight connection between TSs and fully determined DMTSs
(respectively IMTSs), it is possible to compare the bisimulation notion with dis-
junctive (respectively 1-selecting) simulation on fully determined systems. In
fact, the two notions coincide, as stated by the following proposition:

Proposition 2.12. Let 7;,7, € TS. Then:

Ti~7T, <& T, <p DMTS(Ty)
& T <1 IMTS(Ty).

Proof. Consider the definition of disjunctive (respectively 1-selecting) simulation
in the special case that the DMTS (respectively IMTS) is a fully determined
system and compare it with the definition of bisimulation. Then the proposition
is obvious. O

Furthermore, disjunctive simulation and 1-selecting simulation are closed under
bisimilarity:

Proposition 2.13. Let 7,7, € TS. Then
(i) for allUp € DMTS, we have

T ~To,NT, <pUp = T <p Up,

(i1) for allUy € IMTS, we have
T~ N < U = T < U

Proof. Let R be a bisimulation between 7; and 75 and R be a disjunctive simula-
tion (respectively 1-selecting simulation) between 73 and Up (respectively 75 and
U,). Then it is straightforwardly checked that Ro R = {(sy,u) | 3sy : (s1,82) €
R A (s9,u) € R} is a disjunctive simulation (respectively 1-selecting simulation)
between 77 and Up (respectively 7; and U ). O



Chapter 3

Abstraction and Refinement

This chapter begins with a motivation for a formal refinement notion, as it is
introduced afterwards for DMTSs and 1MTSs. After that, we give a characterisa-
tion of the connection between disjunctive, respectively 1-selecting, simulation on
the one hand, and disjunctive, respectively 1-selecting, refinement on the other
hand. We introduce equivalence relations that are induced by disjunctive, respec-
tively 1-selecting, refinement and finally use these to completely characterise all
refinements of a simple DMTS and a simple IMTS.

3.1 Refinement Approaches

In Section 1.2, we have pointed out the need for refinement and abstraction
formalisms in program development and verification. Refinement and abstraction
can be regarded as being complementary notions: Whenever a system U refines a
system U, the latter system U is an abstraction of &. For this reason it is enough,
if we restrict ourselves to talking only about refinement (and thus making implicit
statements about abstraction) in the following.

An important special case is that U is a concrete, fully determined system. Fully
determined systems can be identified with TSs and, making use of this identifica-
tion, we require a proper refinement notion to harmonise with the corresponding
(disjunctive or 1-selecting) simulation notion, i.e., the corresponding fully deter-
mined system of any implementation of a system should be a refinement of that
system, and vice versa, the corresponding TS of any fully determined refinement
should be an implementation of the system.

This requirement is satisfied by a straightforward approach to define a refinement
notion: One can define U to be a refinement of U, if and only if the set of
implementations of U is a subset of the set of implementations of U. This type
of refinement, which we will call implementation-based refinement, is considered
n [22]. However, it has the disadvantage that refinement checks are inefficient.
Consequently, there is a need for a direct refinement notion that approximates
the straightforward refinement approach, but does not require considering all

15
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implementations. For DMTSs, such a refinement definition, based on simulation
techniques, is presented in [16]. We call it disjunctive refinement in order to
distinguish it from the refinement notion we introduce for IMTSs, which will be
called 1-selecting refinement.

Note that the direct refinement notions do not coincide with the implementation-
based approaches. Corollary 3.9 in Section 3.4 states that refinement in the
direct sense implies implementation-based refinement. However, the opposite
implication does not hold. After Corollary 3.9, a counter-example is presented.

3.2 Disjunctive Refinement

We define the refinement notion for DMTSs. A disjunctive refinement is a relation
relating states of one DMTS, say Up, with states of another DMTS, say Up, that
satisfies several properties: For every root state of Up there exists a root state
of Up such that the two are related. Furthermore, for every target of a may
transition in Up, we must find a corresponding target of a may transition in
Up. On the other hand, for every must (hyper-)transition in Up, we must find a
must (hyper- )tran81t10n in Up such that for each target in the latter transition a
corresponding target in the former transition can be found.

A DMTS Up disjunctively refines another DMTS Up, if and only if there is a
disjunctive refinement between them. We will sometimes shortly say that Up
refines L{D, if it is clear that Up and Up are DMTSs. Furthermore, Up is called
a refinement of L{D and L{D is called an abstraction of Up. We write Up <Ip L{D
The formal definition of disjunctive refinement is as follows:

Definition 3.1 (Disjunctive refinement). Let Up = (Up, L,——p,-+p, UD),
Up = (Up, L, %D,F%D,UB) € DMTS$. A disjunctive refinement between Up
and Up is a relation Q C Up x Up such that the following properties hold:

(i) Yu e U : 3i e US : uQi
(ii) For all (u,u) € Q we have
(a) {0} € (ur->p) : H{D} € (@ ~2p) : VQV
(b) VO € (G —>p) : IO € (u—p) : VI € O : I € O : ¥QI

Up is said to be a disjunctive refinement of U (Up disjunctively refines Up,
written Up <p Up ) if and only if there exists a disjunctive refinement between Up

and Up.

The formal introduction of disjunctive refinement motivates, why we allow root
state sets in DMTSs instead of single root states. Having more than one root
state is similar to having more than one target in a hypertransition. In both
cases, for each concrete root state/target an abstract root state/target needs to
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be found in order to have a refinement relation. Thus in some sense, a root state
set corresponds to an imaginary (unlabelled) hypertransition preceding the root
states.

The disjunctive refinement relation is reflexive and transitive:

Proposition 3.2. <y is reflezive.

Proof. Take equality as disjunctive refinement. Then all properties to be checked
are obvious. 0J

Proposition 3.3. <p is transitive.

Proof. For i € {1,2,3}, let U}y = (U}, L,—%,+-+4 US") € DMT$ such that
UL <p UE and UR <ip U3. Choose disjunctive refinements Q1o between U and
U2 and Qa3 between UZ and US. Define Qi3 = Q1 0 Qo = {(ur,us) | Juy -
(ug,uz) € Q2 A (ug,u3) € Qa3}. We prove that @13 is a disjunctive refinement
between Up and Ug.

(i) Let u; € U]gl. We can choose us € U]%2 such that u;Q2us and we can
choose us € Ugg such that us(Qo3us. Then uiQ13u3, as required.

(ii) Let (uy,u3) € Q3. By definition of @13, we can choose uy € UZ such that
u1Q1aus and uzQa3us.

(a) Let {1} € (u; v-+1). Choose {2} € (uy ~-+%) such that ¥,Q29s.
Furthermore, choose {¥3} € (uz ~-+3) such that ¥2Qq393. Then
¥1Q13V3, as required.

(b) Let O3 € (uz —3). Choose ©5 € (uy —%) such that
Vo € Oy 1 3 € O3 1 ¥Qa3V5. (3.1)
Furthermore, choose ©; € (u; ——1{,) such that
Vi) € O1: )y € Og : ¥1Q1205. (3.2)
Now it remains to show
Vi € O : Jd3 € O3 : $1Q1303.

Let 91 € 1. (3.2) allows us to choose ¥ € O4 such that 91129, and
(3.1) allows us to choose 3 € O3 such that ¥5(Q9303. Consequently
"1 Q13V3, as required. O

We have seen that disjunctive refinement is reflexive and transitive. Note that it
is not antisymmetric and therefore not a partial order on DMT$: Not for every
UL, UE € DMTS with UL <ip UR and UE <ip UL, we have UL = U3.

Further properties of disjunctive refinement will be shown in Section 3.4. There,
we prove that disjunctive refinement (on fully determined DMTSs) is compatible
with bisimulation and disjunctive simulation.
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3.3 1-Selecting Refinement

Now we define the refinement notion for the newly introduced IMTSs. An 1-
selecting refinement is a relation relating states of one 1IMTS, say U;, with states
of another 1IMTS, say Z;{l, that satisfies several properties: As for disjunctive
refinement, we must find for every root state of U; some corresponding root state
in 2;{1. Furthermore, for each choice of a target in U; there must be a choice
of a target in U, such that for every may (hyper-)transition in Uj, there is a
may (hyper-)transition in U, such that the chosen targets of both transitions are
related. On the other hand, for every must (hyper-)transition in Uy, there should
be a must (hyper-)transition in ¢; such that the chosen targets of both transitions
are related.

An IMTS U, 1-selecting refines another IMTS #f;, if and only if there is an 1-
selecting refinement between them. We will sometimes shortly say that U refines
Ul, 1f it is clear that U; and L{l are IMTSs. Furthermore, U is called a refinement
of L[l and L[l is called an abstraction of U;. We write U; < Lll The formal
definition of 1-selecting refinement is as follows:

Definition 3.4 (1:selecting refinement). Let U; = (Uy, L, |—>1,F—+1,U10),L21 =
(Uy, L, 1,21, UIO)A € IMTS. An 1-selecting refinement between U; and Uy is
a relation QQ C Uy x Uy such that the following properties hold:

(i) Vue UY: Ja e U? : uQi.

(i1) For all (u,a) € Q and all v € choice(u +-+1) there exists 4 € choice(t +=1)
such that

N

(a) VO € (ur-»1) : 3O € (G +251) : 7(0) Q 4(©)
(b) YO € (i +=1) : 30 € (u+—) : 7(O) Q 4(O)

Uy is said to be an 1-selecting refinement of Uy (U, 1-selecting refines Z/ll, written
U <4 Lﬁ) if and only if there exists a 1-selecting refinement between Uy and U,.

The 1-selecting refinement relation is reflexive and transitive:

Proposition 3.5. < is reflezive.

Proof. Take equality as 1-selecting refinement. Then all properties to be checked
are obvious. O

Proposition 3.6. < is transitive.

Proof. For i € {1,2,3}, let Ui = (Ui, L,—},+-+¢ UY) € 1IMT$ such that
U <y U and UE <y UE. Choose 1-selecting refinements Q1 between U] and U?
and Qa3 between U2 and U3, Define Q13 = Q120 Qa3 = {(u1, us) | Jusg : (uy, ug) €
Q12 A (ug, u3) € Qa3}. We prove that Q3 is an 1-selecting refinement between U]
and U3,
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(i) Let u; € U{’l. We can choose uy € U102 such that u;Qous and we can
choose us € U103 such that us(o3us. Then uiQ13us, as required.

(ii) Let (uy,u3) € Q3. Choose uy € UZ such that u;Qious and usQozus. Fur-
thermore, let v, € choice(u; +-+1). Choose v, € choice(usy +-+7) such that
v and 7y, satisfy properties (ii)(a) and (ii)(b) of the 1-selecting refinement
Q12. Furthermore, choose 3 € choice(uz F-+3) such that v, and 3 satisfy
properties (ii)(a) and (ii)(b) of the 1-selecting refinement Q23. We prove
these two properties for ()13 with respect to v; and ~3:

(a) Let ©1 € (u; ~-»1). We can choose Oy € (uy +-»%) such that
11(01) Q12 ¥2(©3). Furthermore, we can choose O3 € (u3 +-+3) such
that 72(02) Qa3 73(O3). Then we get 71(01) Q13 13(03), as required.

(b) Let ©3 € (uz ——3?). We can choose Oy € (uy ——?) such that

12(02) Qa3 73(03). Furthermore, we can choose ©; € (u; ——1)

such that 71(01) Q12 72(02). Then we get 71(01) Q13 73(O3), as
required. ]

We have seen that 1-selecting refinement is reflexive and transitive. Note that it

is not antisymmetric and therefore not a partial order on IMT$%: Not for every
UL, U} € IMTS with U} <y UE and UE <1y U], we have U] = UE.

3.4 Refinement to Fully Determined Systems

It is desirable that disjunctive and 1-selecting refinement harmonise with existing
notions like bisimulation and disjunctive (respectively 1-selecting) simulation.
We first state that, in the case of two fully determined systems, disjunctive and
1-selecting refinement coincide with bisimulation:

Proposition 3.7. Let 7,,7, € TS. Then:
Ti ~T, < DMTS(7;) <p DMTS(73)
& 1IMTS(7h) <y IMTS(72)

Proof. Consider the definition of disjunctive (1-selecting) refinement in the special
case that both DMTSs (1IMTSs) are fully determined, respectively. Then the
proposition is obvious. O

If one of the systems is fully determined, disjunctive refinement coincides with
disjunctive simulation, and 1-selecting refinement coincides with 1-selecting sim-
ulation:

Proposition 3.8. Let 7 € TS. Then

(i) for allUp € DMTS, we have
DMTS(T) <ip Up < T =<p Up,
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(ii) for allty € IMTS, we have

IMTS(T) <y Uy = T <1 U.

Proof. Consider the definition of disjunctive (1-selecting) refinement in the special
case that Up (Uy) is a fully determined DMTS (IMTS) and compare it with the
definition of disjunctive (1-selecting) simulation, respectively. Then the proposi-
tion is obvious. O

As a corollary, we get that refinement respects the simulation notion in the fol-
lowing sense:

Corollary 3.9. Let T € TS. Then

(i) for all Up, U € DMTS, we have

T <p Up ANUp <p Up = T <p Up,

(i) for allUy,Uy € IMTS, we have

T<1M1AU1 le;{l = T%lifll.

Proof. (i) Since 7 <p Up is equivalent to DMTS(7) <p Up and T <p Un
is equivalent to DMTS(7) <ip Up, the corollary follows directly from the
transitivity of <p.

(ii) Since T <1 U, is equivalent to IMTS(7) <1 Uy and T <4 U, is equivalent
to IMTS(7) <y Uy, the corollary follows directly from the transitivity of
<. U

Corollary 3.9(i) can be reformulated as follows: For all UD,Z;{D € DMTS$ we have
Up <1DZ/A{D = {T€T$‘T-<DUD}Q{T€-U—$‘T%DLA{D}.

The analogous statement for IMTSs also holds. Note however, that in both cases
the other implication (“<") does not hold. A counter-example from [26], pp. 87—
88, is illustrated in Figure 3.1. U/ and U have the same sets of implementations,
regardless of whether we interpret them as DMTSs or 1IMTSs: For both ¢ and
U , possible implementations have no transition, a transition labelled with a or a
transition labelled with a and afterwards a transition labelled with b. However,
U does not refine U , because for the must transition in U , no corresponding must
transition in & can be found.
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Figure 3.1: A counter-example: U does not refine I/

3.5 Refinement Equivalence

As TSs come with bisimulation, it also makes sense for modal transition systems
to have corresponding equivalences that allow us to identify systems that are
“essentially the same”. It is of course a question of definition, what “essentially
the same” should actually mean. We take the refinement notions as a foundation
and define two systems to be equivalent, if and only if they refine each other in
both directions. Formally:

Definition 3.10 (Refinement equivalence). (i) Let UL, UE € DMTS. We call
Up and U3 disjunctive refinement equivalent (or shortly DR-equivalent), if
and only if UL <p UR and UE <ip UL. In that case, we write Up) ~p UR.

(ii) Let U, U € IMTS. We call U} and U} 1-selecting refinement equivalent
(or shortly 1R-equivalent), if and only if U <y U and U} <y U} In that
case, we write U =~ UZ.

It is easy to see that both DR- and 1R-equivalence are in fact equivalence re-
lations: They are reflexive and transitive, because disjunctive and 1-selecting
refinement are reflexive and transitive. Furthermore, the relations are obviously
symmetric by definition. We introduce notations for the corresponding equiva-
lence classes:

Definition 3.11. For Up € DMTS and Uy € IMTS, we define

def

Upl., = {Up e DMTS |Up ~p Up},
[L{l] = {Zjﬁ c1IMTS ‘ 2;{1 1 L{l}

~1

to be the DR-, respectively 1R-equivalence classes that Up, respectively Uy are
representatives of. Furthermore, define

DMTS$ = {{Up]., |Up € DMTS},
to be the sets of equivalence classes of DMTSs, respectively IMTSs. Finally, define

DMTS$% = {Kp e DMTS$ |3y € Kp : Up € DMTS*},
IMTS = (K, € IMTS | 34 € Ky : Uy € IMTS}.
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Note that for Kp € DMT3$", not every Up € Kp needs to be fully determined
(and the analogue statement is true for IMTSs). For example, the DMTS with
only one must transition labelled with a is DR-equivalent to the DMTS with only
one must hypertransition that has two targets both labelled with a. The first is
fully determined, whereas the second is not.

In a straightforward manner, the refinement relations can be defined on equiva-
lence classes of DMTSs, respectively IMTSs:

Definition 3.12. (i) Define Ip: DMT$ x DMTS as follows: Let Kp,Kp €
DMTS and choose Up € Kp, Up € Kp. Then we set

def

Kp <p ’CD & Up <dp Z/A{D.

(i1) Define < Il[l\/l:l]'$ x IMTS as follows: Let lCl,lél € 1IMTS and choose
U, € K1, Uy € Kq. Then we set

The definitions are obviously well-defined, because <ip and <|; are transitive. For
the relations <p and <, we also use the terms disjunctive, respectively 1-selecting
refinement. Note that (DMTS$, Jp) and (LIMTS$, <) are partially ordered sets.
This is not the case for (DMTS$, <ip) and (IMTS$, <y). As it was already re-
marked, these are reflexive and transitive, but they are not antisymmetric, i.e.,

VUL, UE € DMTS : UL <ip Up AUR <ip U, 2 UL = U3

(respectively the analogue for IMTSs). Obviously the property holds, when con-
sidering equivalence classes:

VKL, K7 € DMTS : Ky <p K AKD <p Ky = Kp = K5,

(respectively the analogue for IMTSs). Thus considering equivalence classes en-
ables us to reason with partially ordered sets.

We generalise the functions DMTS, IMTS, TSp and TS;, that were introduced
in Definition 2.11, to equivalence classes:

Definition 3.13. (i) Define DMTS : TS — DMTS" as follows: For K €
TS, choose T € K and define DMTS(K) = [DMTS(T)]~, -

(i) Define IMTS : TS — 1IMTS*" as follows: For K € TS, choose T € K and
define IMTS(K) = [IMTS(7)], -

(iii) Define TSp : DMTS$" — T$ as follows: For Kp € DMT$, choose a
fully determined Up € Kp N DMT$ and define TSy (Kp) = [TSp(Up)]~.

(iv) Define TS, : IMTS$ — TS as follows: For KKy € IMTS", choose a fully
determined U; € K1 N 1IMTS$ and define TS, (K1) ey (TS (Uy)]~.
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Note that the functions are well-defined, i.e.,

e DMTS(K) does not depend on the choice of T € K,

e 1MTS(K) does not depend on the choice of 7 € K,

e TS, (Kp) does not depend on the choice of Up € Kp N DMTS$, and
e TS,(K;) does not depend on the choice of U; € K1 N IMT S,

due to the following proposition that states that on fully determined systems, the
notions bisimulation and refinement equivalence coincide:

Proposition 3.14. Let 7;,7, € TS. Then:

T ~T, < DMTS(T;) ~p DMTS(T:)
& IMTS(T,) ~ IMTS(T5).

Proof. Immediately follows from Proposition 3.7. O

In the next two sections, we examine the partially ordered sets (DMT$, <p) and
(IMTS, <9,) by giving all refinements of (the DR-equivalence class of) a simple
DMTS and (the 1R-equivalence class of) a simple IMTS. Thus we completely
characterise finite portions of the infinite Hasse diagrams of (DMT$, <p) and
(1IMTS, ).

3.6 All Refinements of a Simple DMTS

We consider the simple DMTS
U = ({0, 1}, {a, b}, {(0, {(a, 1), (b, N}}, {(0, {(a, 1)}), (0, {(b, N})}, {O}),

which is illustrated at the top of Figure 3.2. It consists of a single (must) hyper-
transition. By condition (2.1) of DMTSs, it has two “implicit” may transitions,
which we do not draw in illustrations. We want to give a complete overview
over all refinements of [Up]~,. We claim that Figure 3.2 gives such a complete
overview. Any DMTS illustrated in the figure stands for the DR-equivalence
class of which it is a representative. Lines between the systems represent the
disjunctive refinement relation on DR-equivalence classes, <p. Classes below dis-
junctively refine classes above. Consequently, Figure 3.2 forms a Hasse diagram
of all disjunctive refinements of [LA{D]%D, ordered by <p.

The fact that all lines indeed represent refinement relations can easily be checked.
In order to show that Figure 3.2 lists all refinements of [p)~,,, we take an arbi-
trary refinement of Up and prove that it is DR-equivalent to one of the DMTSs
in the figure, i.e., that it belongs to one of the equivalence classes represented
by the figure. We achieve this by considering the components of the refinement,
which are defined using the notion of reachability:
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Figure 3.2: [Up]

~p, and all its refinements in a Hasse diagram



Chapter 3. Abstraction and Refinement 25

Definition 3.15 (Up-reachable). Let Up = (Up, L,—p,+-+p,U3) € DMTS
and u € Up. Recursively define

Ve {a}
VEE VI U €U [ ue Vi ae Liuroa {(a,)}}

n

and let V® = |J, o ViE. Then u € Up is called Up-reachable from @, if and only

if u € V. Furthermore, u € Up is called Up-reachable, if and only if there exists

u® € UY such that u is Up-reachable from u®.

The definition of reachability is based on the may transition relation. This in-
cludes reachability via must transitions due to condition (2.1) of DMTSs.

A component is a DMTS with only one root state in which all states are reachable.
For a DMTS Up, a component of Up is a component that is a “part” of Up.
Formally:

Definition 3.16 (Component). A DMTS C = (Ug, L,——¢,+-+c,U%) € DMTS$
is called component, if and only if there exists u® € U such that UL = {u"} and
each u € Ug is C-reachable.

Definition 3.17 (Component of Up). Let Up = (Up, L,—p,r-+p,U8) €
DMTS$. A DMTS C = (Uc, L,—c,-+c,UL) € DMTS is called component
of Up, if and only if there exists u® € UY such that
v = {u’},
Us = {u€Up|u isUp-reachable from u’},
ur—c 0 < ueUsAur—p 0,
ur-+c{(a,u)} & weUcAur-+p{(a,u)}.

We denote the set of all components of Up by Comp(Up).

For any DMTS Up, each component of Up is obviously a component. The fol-
lowing lemmata describe some properties of components and their connection to
disjunctive refinement:

Lemma 3.18. Let Up,Up € DMTS. Then Up <p Up if and only if VC €
Comp(Up) : C <ip Up.

Proof. Obvious by definition of disjunctive refinement. O

Lemma 3.19. Let Up € DMTS. Then VC € Comp(Up) : C <ip Up.

Proof. Apply Lemma 3.18 to Up and Up. O

Lemma 3.20. Let Up,Up € DMTS such that 3C € Comp(Up) : Up <ip C. Then
Up <p Up.
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Proof. Obvious by definition of disjunctive refinement. O

Now being able to split up DMTSs into their components, we also need a way
to perform the opposite operation, i.e., to merge components obtaining more
complex DMTSs. To achieve this, we introduce the merge operator ®:

Definition 3.21. Let I be an index set and Ul = (U}, Li, —i, r—>1 US') €
DMTS for alli € I. Then @, ., U} is defined to be the DMTS (Ug, L,—,
F-»g, UQ), where

i€l

Upg = U(UE) X {Z})a

iel
L = [Jr,
icl
(0,1) —s © & (V(a,(u,i) €O :i=17)A
ur—p {(a, W) | (a, (u',4)) € O},
i =i Auresbh {0},

U (Ug" X {2’}) .

el

o
1)
&

3

(u> 2) F=*g {(a> (ul> 2,))}
Us

[=N
1]
o,

For any set of DMTSs Up, we shortly write Q Up, which is defined to be
®MD6[U8 Up. If Up has exactly two elements, say UYL and UZ, we usually write
Up U5,

The following two lemmata allows us to reason with components and merging.
If we merge all components of a DMTS, we get a DMTS that is DR-equivalent
to the original one, i.e., we remain in the same equivalence class. Furthermore,
exchanging one component of a DMTS with a DR~equivalent component does not
leave the DR~equivalence class either.

Lemma 3.22. Let Up € DMTS. Then Up ~p K Comp(Up).

Proof. Let Up = (Up,L,—p,-+p,U}) € DMTS and @ Comp(Up) =
Qcecompun) € = (Uss L, g, F—*g, UY). For any component C € Comp(Up),

set C = (UE, L, —¢, r—&, UL).

We start with the proof of Up <ip @ Comp(Up) by showing that @ C Up x Us,
defined by
uQ(1,C) & u=1,

is a disjunctive refinement between Up and &) Comp(Up).

(i) Let w € US. Then there exists C € Comp(Up) such that u € Ugc and
(u,C) € US. We have uQ(u,C), as required.

(ii) Let (u,(a,C)) € Q. Then u = u.
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(a) Let {(a,u))} € (u +-+p). We have u € U§, v/ € UE, and u +-»¢
{(a,u")}. Consequently (u,C) r-+¢ {(a,(v/,C)}. We have (a,u)Q
(a, (u',C)), as required.

(b) Let © € ((u,C) —g). Then u € Up and u —1p, {(a, ') | (a, (u/,C)) €
©}. For each (a,u) with (a, («/,C)) € O, we have (a,u)Q(a, (v/,C)),
as required.

It remains to prove Q) Comp(Up) <Ip Up. Define Q) C Up x Us, as follows:
(u,C)Qiu & u=1.
We prove that ) is a disjunctive refinement between Q) Comp(Up) and Up.

(i) Let (u,C) € US. Then u € U and (u,C)Qu.
(ii) Let ((u,C),a) € Q. Then u = au.

(a) Let {(a,(v',C")} € ((u,C) r-+g). Then C = C" and u +-+§ {(a,u')}.
Consequently u ~-+p {(a,u)}. We have (a,(v/,C))Q(a,u’), as re-
quired.

(b) Let © € (u ——p). We have u € U§, v’ € Ug for all (a,u') GAC:),
and u —¢ O. Consequently (u,C) ——g {(a, (v/,C)) | (a,u') € O}.
For each (a,(u/,C)) with (a,u') € O, we have (a,(v,C))Q(a,u’), as

required. ]

Lemma 3.23. Let Up € DMTS, C! € Comp(Up) and C? be a component such
that C* ~p C%. Then Up ~p (K Comp(Up) \ C') U C2.

Proof. We start with the proof of (&) Comp(Up) \ C') U C? <p Up. We have
C? <ip C! and by Lemma 3.19 C' <ip Up. Transitivity of <ip implies C? <ip Up.
Since all components of Up disjunctively refine Up (Lemma 3.19) and C? does as
well, we have VC € (Comp(Up) \ C')UC? : C <ip Up and Lemma 3.18 implies
(@ Comp(Up) \ C') UC? <1p Up.
Now it remains to prove Up <p (@ Comp(Up) \ C') U C?. For each C €
& Comp(Up) \ C*, there obviously exists C' € (&) Comp(Up) \ C') UC? such that
~p C' (simply choose C' = C). Then Lemma 3.20 implies VC € Comp(Up) \ C* :
C <ip (@ Comp(Up) \ C')UC?. Again with Lemma 3.20, C' <ip C? implies C! <ip
(& Comp(Up) \ C') U C?. Consequently VC € Comp(Up) : C <p (K Comp(Up) \
C') UC? and Lemma 3.18 implies Up <ip (Q) Comp(Up) \ C*) U C2. O

We are now ready to prove the main theorem of this section:

Theorem 3.24. Each refinement of

U = ({0,1}, {a, b}, {(0. {(a, 1), (0, )} },{(0, {(a, 1), (b, 1)}}, {0})

is DR-equivalent to one of the DMTSs shown in Figure 3.2.
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Figure 3.3: Components C!,C? and C3

In other words, if all DMTSs in Figure 3.2 are interpreted as their DR-equivalence
classes, each refinement of [Up|~, appears in the Figure.

Proof of Theorem 3.24. Let Up = (Up, L, ——p,+-+p, UY) € DMTS such that
Up <p Up. Choose a disjunctive refinement () C Up X {0,1} between Up and
Up. We examine an arbitrary component of Up.

Thus let C € Comp(Up) and let u be the root state of C. Then we have uQ0. C
satisfies the following properties:

(i) There are no may transitions (and consequently no must transitions) start-
ing in u with a label different from a and b, because otherwise, @ would not
be a refinement between Up and Up.

(ii) There are no may transitions (and consequently no must transitions) start-
ing in a state that is a target of a transition starting in u, because this
would again contradict the fact that @) is a disjunctive refinement between
Up and Up.

For this reason, C is DR-equivalent to a component that has only two states,
where one of them is the root state and the other does not have any outgoing
transitions. Due to Lemma 3.23, it is enough to consider components with
exactly two states.

(iii) There is a must transition starting in u, because otherwise, ) would not be
a disjunctive refinement between U; and U .

Due to these properties, the only possible components of Up are UL, UZ, U, UL,
U, U (those are marked in Figure 3.2 by double-lined frames) and the three
components C', C%, C? shown in Figure 3.3. However, C! is DR-equivalent to
Up, C? is DR-equivalent to U2 and C? is DR-equivalent to U3. Consequently we
need not consider the components from Figure 3.3, because due to Lemma 3.23,
refinements including those components are DR-equivalent to other refinements
considered.

Thus all refinements of Up are DR-equivalent to a DMTS built up from the
components U, UE U3 UL U, Up. Now we already have that all refinements
with a single component are DR-equivalent to a DMTS shown in Figure 3.2.
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DMTSs with more than one component that have Up as one of their components
need not be considered, because they either do not refine Up or are DR~equivalent
to Up. We consider the remaining DMTSs built up out of two components:

1;1]5 ® Z;{% ~p Z;ié
?/Alé ® Z;l% ~p U
Z;ié ® Z;{g ~p Z;ig
U U ~p UL
WUl ~p U
UW2oUl ~p UL
W2oud ~p UY
U Ul ~p UY
1;11% ® 1;11% ~p 1;11%
U oUS ~p UL
All refinements built up out of two components are DR-equivalent to a DMTS
shown in Figure 3.2.

We continue with remaining DMTSs built up out of three components. We need
not consider combinations including both 4} and U], and both U3 and U,
because both of these pairs is DR-equivalent to a single component from our re-
maining set and consequently all such combinations have already been considered
above.

U oU2 U ~p U

U oUE QU ~p U

UWEoUdoUl ~p UY

W2 UL QU ~p U
All refinements built up out of three components are DR-equivalent to a DMTS
shown in Figure 3.2.

Next, we would have to consider DMTSs build up out of four, respectively five
components, where combinations including both ¢4 and U7, and both 243 and U}
need not be considered, because they are DR~equivalent to a DMTS built up out
of three, respectively four components. However, each such combination includes
UL and U7, or U3 and UY, thus there are no further refinements of Up. O

3.7 All Refinements of a Simple 1IMTS

In this section, we change over to the 1-selecting formalism and want to give a
complete overview over all (1-selecting) refinements of a simple IMTS. The IMTS
of interest is

U = ({0, 1}, {a,0}, {(0. {(a, 1), (5, D}}, {(0, {(a, 1), (b, 1)}}, {0}).
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~

Figure 3.4: [U;]~, and all its refinements in a Hasse diagram

This IMTS is illustrated at the top of Figure 3.4. As usual, we do not draw may
(hyper-)transitions, if they also exist as must (hyper-)transitions. For this reason,
the may hypertransition of U, does not appear in the drawing. We claim that
Figure 3.4 gives a complete overview over all refinements of [tf]~,. Any IMTS
illustrated in the figure stands for the 1R-equivalence class it is a representative
of. Lines between the systems represent the 1-selecting refinement relation on
1R~equivalence classes, <;. Classes below 1-selecting refine classes above. Conse-
quently, Figure 3.4 forms a Hasse diagram of all 1-selecting refinements of [?;ll]zl,
ordered by <.

It is easy to see that all lines in Figure 3.4 indeed represent 1-selecting refinement
relations. In order to show that the figure lists all 1-selecting refinements of [Z;ll]zl,
we take an approach analogous to the one in the previous section: We take an
arbitrary refinement of U, and prove that it is 1R-equivalent to one of the DMTSs
in the figure, i.e., it belongs to one of the equivalence classes represented by the
figure. Again, we make use of components, which are defined using the notion
of reachability. These definitions are analogue to the ones in the disjunctive
formalism. Differences are required only due to the fact that 1IMTSs feature may
hypertransitions, whereas DMTSs do not.

Definition 3.25 (U)-reachable). Let Uy = (Uy, L,—1,+-+1,UY) € IMTS and
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@ € Uy. Recursively define

vt = f{a}
Vi = vl u{W el |ueVh  0cP(LxU)\D,a€cL:
ur-+>p OA (a,u) € O}

and let VE =, . V% Then u € Up is called Uj-reachable from @, if and only

if u € V. Furthermore, u € Up is called Uy-reachable, if and only if there exists

u® € UY such that u is Uy -reachable from u®.

The definition of reachability is based on the may transition relation. This in-
cludes reachability via must transitions due to the condition of 1IMTSs that the
must transition relation is required to be a subset of the may transition relation.

A component is an IMTS with only one root state in which all states are reachable.
For an 1IMTS U, a component of U, is a component that is a “part” of U.
Formally:

Definition 3.26 (Component). An IMTS C = (Ug, L,—c,+-+¢c,U%) € IMTS
is called component, if and only if there exists u® € U such that Ug = {u"} and
each u € Ug is C-reachable.

Definition 3.27 (Component of U;). Let Uy = (Uy, L,——1,+-+1,UY) € IMTS.
A IMTS C = (Ug, L,—¢,F-+¢c, U2) € IMTS s called component of Uy, if and
only if there exists u® € UY such that
ve = {u"},
Uc = {ue€U |uisU-reachable from u°},
ur—c 0 < uelUcAur—q 0,
Ur-+q0 <& uelUgAur-+ 0.

We denote the set of all components of Uy by Comp(Uy).

For any 1IMTS U, each component of U is obviously a component. The following
lemmata, that have analogous counterparts in the disjunctive formalism, hold also
in the 1-selecting formalism:

Lemma 3.28. Lgt Ul,?;ll € 1IMTS. Then U; <4 Z;{l if and only if VC €
Comp(U,) : C <y Uy.

Proof. Obvious by definition of 1-selecting refinement. O

Lemma 3.29. Let U; € IMTS. Then VC € Comp(U,) : C <y Uy .

Proof. Apply Lemma 3.28 to U; and U, . O

Lemma 3.30. Let Uy, Uy € IMTS such that 3C € Comp(lh) : Uy <1y C. Then
Uy < Uy.
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Proof. Obvious by definition of 1-selecting refinement. O

There are only slight differences between the definitions of the merge operator for
DMTSs and the merge operator for IMTSs. These differences are again required
only due to the fact that IMTSs feature may hypertransitions. For IMTS, the
merge operator ® is defined as follows:

Definition 3.31. Let I be an index set and Ui = (Ui, L, —i -1 UY) €
1MTS for alli € I. Then Q. Ui is defined to be the IMTS (Ug, L,—g,F-»g,
U2), where

Ug = U(Uf x {i})

L = [Jr,
(u,i) —e © & (V(a, ('u’,i’)) €O i=i)A
ur—rp {(a,u) | (a, (u',7)) € O},
(V(a, (o)) € © 1 = ') A
ur-»p {(a,v) | (a, (u',4)) € O},
o (Ufi x {@'}) .

i€l

Q.
5]
2

(u,1) --»5 O

(:

For any set of IMTSs Uy, we shortly write QUq, which is defined to be
Quev, Ur- If Ui has ezactly two elements, say UL and UE, we usually write
Ut U3,

As in the disjunctive formalism, we present lemmata that allow us to reason
with components and merging. If we merge all components of an 1IMTS, we
get an IMTS that is 1R-equivalent to the original one, i.e., we do not leave the
equivalence class. Furthermore, exchanging one component of a IMTS with an
1R~equivalent component does not leave the 1R-equivalence class either.

Lemma 3.32. Let Uy € IMTS. Then Uy ~; & Comp(U;).

Proof. Let Uy = (Uy,L,—1,+--+1,U) € 1IMTS$ and @ Comp(ly) =
Qcecompui) C = (Uss L, »—>®,F—+®,U(%). For any component C € Comp(U,),
set C = (UG, L, —¢, r—»%, ULE).
We start with the proof of U; <1 @ Comp(U;) by showing that @ C Uy x U,
defined by

uQ(1,C) & u=1,

is an 1-selecting refinement between U; and &) Comp(U ).

(i) Let u € U?. Then there exists C € Comp(l) such that u € US® and
(u,C) € US. We have uQ(u,C), as required.
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(ii) Let (u,(4,C)) € Q. Then u = . Furthermore, let v € choice(u +-»1).
Define 4 € choice((u,C) +-+g) as follows: For © € ((u,C’)A F-2g), define
() = (a. (u',C)), where (a,u') = y({(a, ') | (a, (u',C)) € O}).

(a) Let © € (u +-+1). We have u € US, v € U§ for all (a,u') € ©
and u +-»& ©. Consequently (u,C) F-2g O, where © = {(a, («/,C)) |
(a,u') € ©}F. We have v(0) Q 4(©), as required.
(b) Let © € ((u,0) ——g). Then u € U; and u ——; O, where © =
{(a,v) | (a,(v/,C)) € O}. We have v(0) @ ¥(0), as required.
It remains to prove Q) Comp(U;) <1 U;. Define Q) C Uy x Uy as follows:

(u,C)Qu & u=n1.

We prove that @ is an 1-selecting refinement between ) Comp(U;) and U .
(i) Let (u,C) € UY. Then u € U} and (u,C)Qu.

(ii) Let ((u,C),u) € Q. Then u = 4. Furthermore, let v € choice((u,C) F-+g).
def

Define 4 € choice(u r-+1) as follows: For © € (u +-+;), define 4(0) =
(a,u'), where (a, (u',€)) = v({(a, («',C)) | (a,u') € O}).

(a) Let © € ((u,C) +-+g). Then u € U; and u +-+; O, where © &

A

{(a,v) | (a,(v/,C)) € ©}. We have v(0) @ ¥(0), as required.
(b) Let © € (u —1). We have u € US, v’ € US for all (a,u/) € © and
u —¢ @ Consequently (u,C) —¢g ©, where © = {(a, (v, 0)) |
(a,u") € ©}F. We have v(0) Q 4(0), as required. O
Lemma 3.33. Let Uy € IMTS, U} € Comp(U) and U} be a component such
Proof. Analogue to the proof of Lemma 3.23. O

We are now ready to prove the main theorem of this section:

Theorem 3.34. Each refinement of

U = (0,1}, {a. b}, £(0. {(a, 1), (0,1)}}, {(0, {(a, 1), (b, 1)} }, {O}).

is 1R-equivalent to one of the IMTSs shown in Figure 3.4.

In other words, if all IMTSs in Figure 3.4 are interpreted as their 1R-equivalence
classes, each refinement of [U;]~, appears in the Figure.

Proof of Theorem 3.34. Let Uy = (Uy, L,—1,--+1,UY) € 1MT$ such that
Ui <1 Up. Choose an 1-selecting refinement @ C Uy x {0,1} between U; and
U;. We examine an arbitrary component of U;.

Thus let C € Comp(U;) and let u be the root state of C. Then we have uQ0. C
satisfies the following properties:
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Figure 3.5: DMTSs U and U;: U does not refine U,

There are no may (hyper-)transitions starting in « with a label different
from a and b, because otherwise, @ would not be an 1-selecting refinement
between U; and U, .

There are no may (hyper-)transitions starting in a state targeted by a tran-
sition starting in u, because this would again contradict the fact that @) is
an 1-selecting refinement between U; and U;.

Note that this does not imply that we can assume what we could assume
in the disjunctive formalism, namely that there are only two states in the
component. For example, the 1IMTSs U, and U; illustrated in Figure 3.5
are not l-selecting equivalent: U; does not refine .

There is a must transition starting in u, because otherwise, () would not be
an 1-selecting refinement between U; and U;.

There are no two may (hyper-)transitions starting in «, where one of them
includes a label a and the other includes a label b. If two such transitions
existed, then one could not find an appropriate choice function in U, for
the choice function that selects a in one of the transitions in C and b in the
other.

Property (iii) states that there is a must (hyper-)transition starting in u. By
property (i), it has labels a, b or both. Property (iv) implies that further transi-
tions can only exist, if all labels of the component are the same. Then the only
possible components are the following:

[ ] Z/Afl.

e Components, that have arbitrarily many (hyper-)transitions starting in the

root state, where each transition has only labels a. Due to property (ii), all
these are 1R-equivalent to U]

e Components, that have arbitrarily many (hyper-)transitions starting in the

root state, where each transition has only labels b. Due to property (ii), all
these are 1R-equivalent to U}.
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We now have that for all refinements with only one component there is an IMTS in
Figure 3.4 that is 1R-equivalent to it. 1MTSs with more than one component that
have U; as one of their components need not be considered, because they either do
not refine I, or are 1R~equivalent to U;. The only remaining 1MTSs built up out
of two components is U} @UZ, which is 1R-equivalent to ;. Refinements built up
out of more components are 1R-equivalent to refinements already considered. [



Chapter 4

Expressiveness

In this chapter, we formalise a general notion of relative expressiveness for abstrac-
tion/refinement frameworks that takes the refinement ordering structure into ac-
count and demands the preservation of implementations. Afterwards, we use it in
order to compare 1IMTSs with DMTSs. We will see that, when regarding this no-
tion, the IMTS-formalism is strictly more expressive than the DMTS-formalism,
although DMTSs and 1MTSs can express the same sets of implementations.

4.1 Order Homomorphisms and Expressiveness

We would like to compare the expressiveness of DMTSs and 1IMTSs. To achieve
this, we first need to develop an idea of what exactly we mean by the term
(relative) expressiveness. Aiming at a formal definition of this term, we start with
a consideration of partially ordered sets (which can be abstraction/refinement
formalisms like (DMTS3, <p) or (IMTS$, <;)) and the following existing notions
of structure-preserving functions on them:

Definition 4.1 (Order homomorphism). Let (A, =), (B,C) be partially ordered
sets. A function f : A — B is called order homomorphism (or simply mono-
tonic), if and only if

Vaj,as € A:a; < as = f(a1) C f(ag).

Definition 4.2 (Order embedding). Let (A, <), (B,C) be partially ordered sets.
A function f: A — B is called order embedding, if and only if

Vay,as € A:a; 2 as < f(ar) C f(ag).

Definition 4.3 (Order isomorphism). An order isomorphism is a surjective order
embedding.

Another characterisation of order isomorphisms is the following: An order homo-
morphism f is an order isomorphism, if and only if f is bijective and its inverse
is an order homomorphism as well.

36
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Roughly speaking, if an order embedding exists, then one partially ordered set can
be included into the other. If the two partially ordered sets are order isomorphic,
they can be considered to be essentially the same in the sense that one of the
orders can be obtained from the other just by renaming of elements.

Note that we cannot directly apply the notions of order embeddings and isomor-
phisms to (DMT$, <ip) and (LMTS, <;), because these are not partially ordered
sets. This is because they are not antisymmetric: Not for every Up, U2 € DMTS
with UL <p UR and UZ <p UL, we have UL = UZ. However, we do have
Up ~p UE. Thus we consider the DR-, respectively 1R-equivalence classes of
DMTSs, respectively IMTSs: (DMT$, <p) and (IMTS, <;) are partially or-
dered sets and therefore the notions of order homomorphisms, embeddings and
isomorphisms can be applied.

However, when the expressiveness of ordered sets is compared in the context of
abstraction, the concepts of order embeddings are in general not distinguishing
enough. This is illustrated in the following example: Consider

M* d:ﬁ {[ul%]%lw [u]%]%D7 [ug]%lw [u]él)]%D, [ulg]%D} g M
on the one hand, where the DMTSs are those from Figure 3.2 in Section 3.6, and
71”\/'-“_35* d:ﬁ [ull]kflv [ulz]%u [1MTS(TSD(U§))>]%17 [uf]%u [Z;{l]kfl} g 71['\/“]_95

on the other hand, where the 1IMTSs are those from Figure 3.4 in Section 3.7.
Figures 3.2 and 3.4 illustrate that the two ordered sets are order isomorphic.
A possible order isomorphism from DMTS$* to IMT$* maps the elements as
follows:

Uplsy = (Uil
Upl~y — Uil
Upl~y = [IMTS(TSp(Up))l~,
Ul — U]~
Upley +— Uhln,

Although there is an order isomorphism, it does not seem appropriate to call
the two sets equally expressive. For instance, U3 can be abstracted in (DMTS$",
<p|pmTs*), but IMTS(TSp(U3)) cannot be abstracted in (IMTS*, <y|imrs-),
although these two fully determined systems are basically the same (up to the
change of formalism that is performed by IMTS o TSp). Thus there is a need
for an order embedding concept that requires concrete systems to be mapped to
“themselves”, i.e., one that preserves a given function on minimal (i.e., concrete)
elements (which will often be the identity function). This concept is formalised
in the following definitions, where Min(A) for an ordered set A denotes the set of
minimal elements of A:

Definition 4.4 (p-preserving order homomorphism). Let (A, <), (B,C) be par-
tially ordered sets, and ¢ : Min(A) — Min(B). A function f : A — B is called
p-preserving order homomorphism, if and only if
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(i) it is an order homomorphism, and

(ii) Ya € Min(A) : f(a) = p(a).

Definition 4.5 (¢-preserving order embedding). Let (A, <), (B,C) be partially
ordered sets, and ¢ : Min(A) — Min(B). A function f : A — B is called ¢-
preserving order embedding, if and only if

(i) it is an order embedding, and

(ii) Ya € Min(A) : f(a) = p(a).

Definition 4.6 (p-preserving order isomorphism). A ¢-preserving order isomor-
phism s a @-preserving order embedding that is surjective.

In our setting, the sets DMT$%" and 1IMTS$" are identified. Making use of
the functions DMTS, 1MTS, TSy, and TS, from Definition 3.13, we consider
(IMTS o TSy))-preserving homomorphisms, embeddings, and isomorphisms from
(DMTS, <p) to (LMTS, <), that we will shortly call DI-homomorphisms, DI1-
embeddings, and DI-isomorphisms, and in the other direction, (DMTS o TS,)-
preserving homomorphisms, embeddings, and isomorphisms from (IMT$, <;) to
(DMTS, <p), that we will shortly call 1D-homomorphisms, 1D-embeddings, and
1D-isomorphisms.

In Section 4.2, we will show that a D1-embedding exists, getting the result that
1IMTSs are at least as expressive as DMTSs. In Section 4.3, a straightforward
1D-homomorphism is presented that is however not an 1D-embedding. Finally in
Section 4.4, we show that there exists no 1D-embedding at all and consequently
no 1D-isomorphism either, getting the result that 1IMTSs are more expressive
than DMTSs.

4.2 A D1-Embedding

We define a function f from DMT$ to IMT$ and show that it induces a D1-
embedding f* from DMTS$ to 1IMTS$. First, we concentrate on f and show the
two properties

VUD,LA{D c DMTS : Up <p Z;{D =4 f(uD) <1 f(Z;{D)
(Lemma 4.8) and
VUp € DMTS* : IMTS(TSp(Up)) ~1 f(Up)

(Lemma 4.9). Then we derive the function f* : DMT$ — 1MT$ from f by
switching over to DR~equivalence classes and prove that f* is a D1-embedding,
which essentially requires showing that the two properties shown for f persist the
transition to equivalence classes.
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Before giving the formal definition of function f, we describe informally the idea
behind it: In a DMTS, arbitrarily many targets of a hypertransition can be
“taken”, whereas in 1IMTSs, only one target per hypertransition can be “taken”.
The idea is to turn every DMTS-hypertransition with n targets into n 1IMTS-
hypertransitions. To achieve this, we need to introduce “state copies” (every
DMTS-state becomes two IMTS-states), because it is not possible to have exactly
the same hypertransition more than once in the IMTS (sets allow no duplicates).
Using these copies, we can have transitions, that are “behaviourally” the same,
but in fact lead to different states (different copies of the same DMTS-state). The
formal definition of f is as follows:

Definition 4.7. Define f : DMT$ — 1MTS; (Up,L,—p,+-+p,U3)
(U17L7 '—>17'___)17U?)7 with

[Ny

U = Up x{0,1}, where we usually write u; instead of (u, 1),

o
S

u—10; & J0p € (ur—p):Ia,v) € Op :
O1 = {(a,u) | (a,4) € Op} U {(a,u1)},
wir-21 01 & 3{(a,u)} € (ur-sp): 01 = {(a,up), (a,u})}
V(u; —1 ©1),
Ut = Ud x{0,1}.

Note that, in analogy to the definition of the must transition relation, we could
have also written the following for the may transition relation:

def

u;F-+1 01 &  IOp € (ur-+p): 3(a,u) € Op :
©1 = {(a,up) | (a,u) € Op} U {(a,u")}
V(u; —1 1)

f doubles the number of states. We already explained that the only reason for
this is to be able to have certain hypertransitions (up to state indices) more
than once. However, in most cases, less states are sufficient to achieve this, as
illustrated by the following example of a DMTS-hypertransition with four targets
(a,s),(a,t), (a,u)and (a,v). The translation should turn this hypertransition into
four IMTS-hypertransitions, where it is essential that each IMTS-hypertransition
targets each DMTS-target up to equivalence. f takes the straightforward ap-
proach to include every DMTS-target in every 1MTS-hypertransition with an
index 0 and add one DMTS-target with an index 1, different for each 1IMTS-
hypertransition. This approach is illustrated in the second column of Table 4.1.
The result of an advanced translation is shown in the third column. As required,
every DMTS-target appears in every 1IMTS-hypertransition. This is achieved
without using the state copies u; and vy, thus this hypertransition does not re-
quire these to appear. Note however, that other hypertransitions might require
one or both of them. Nevertheless, we see that in many cases it should be possi-
ble to leave some states uncopied. It only needs to be guaranteed that for every
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DMTS- | straightforward translation into | advanced translation into
targets | IMTS-hypertransitions 1IMTS-hypertransitions

(CL, S)> {(CL, 80)7 (CL, tO)? (a7 uO)? (CL, UO)? {(CL, 80)7 (CL, tO)? (a7 uO)? (a7 UO)}v
(CL, 81)},
(CL, t)’ {(CL, 30)’ (CL, tO)? (a’ uO)’ (CL, UO)? {(CL, 50)’ (CL, tO)? (a’ u0)> (aa UO)a
(a>tl)}> (CL, Sl)}a

(CL, U), {(CL, 30)’ (CL, tO)? (a’ uO)’ (CL, UO)? {(CL, 50)’ (CL, tO)? (a’ u0)> (aa UO)a
(a>u1>}> (CL?tl)}a

(CL, U) {(CL, 80)7 (CL, tO)? (a7 uO)? (CL, UO)? {(CL, 80)7 (CL, tO)? (a7 uO)? (a7 UO)?

(CL, Ul)} (CL, 81)7 (CL, tl)}

Table 4.1: Straightforward and advanced translation

hypertransition with n targets in the DMTS, at least [log,(n)] of these targets
appear with an index 1 in the state set of the IMTS. Nevertheless, for the sake
of ease and better readability, we consider the straightforward translation func-
tion f in the following. Note that the overall complexity is not increased by the
straightforward transformation (it is linear in both cases).

Lemma 4.8. For all UD,L?D € DMTS, we have

Up <p Z;{D = f(Z/{D) <1 f(Zle) (41)
Proof. LetUp = (Up, L, —p, ~-+p, US),Up = (Up, L,——p,+>+p, UY) € DMTS.
Define U; = (Ule,'—mF—*l,UP) = f(UD) and U, = (U1>L> ';>I>F:*17U?) =

f (Z;{D). Before proving the two implications of (4.1), we introduce some useful
notation.

e For a target Jp = (a,u') in the DMTS and k € {0, 1}, define

19D de:ﬁ (CL, u;c)

Using this notation, we can turn targets in the DMTS into targets in the
IMTS by addressing either the “state copy” indexed with 0 or the one
indexed with 1 and leaving the label unchanged.

e For a target ¥, = (a,u},) in the IMTS, define
01 1= (a,u).

This is in some sense the reverse operation to the one introduced before. It
turns a target in the IMTS into the target in the DMTS that it was generated
from via f. The index is removed and the label remains unchanged.

e For a target set ©; in the IMTS, define
0,1= (9] d €01}

This generalises the notation above to target sets. If ©; € (u; —1), we
have ©; |€ (a ——p). If ©1 € (4; +-+1) \ (@; —1), O] is a singleton set
and © | € (u F-»p).
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e For a target set ©p in the DMTS, define
[©p]1 = {{9 10| # € O} U{IT1} | € Op}.

[Op]; gives the set of all target sets that are “induced by” ©p. Thus we
have
u; — 07 & d60p € (U '—)D) 10, € [@D]l

and

U == @1 <~ EI@D c (u ""’D) 10, € [@D]l V (uz 1 @1)
< 30p € (ur-+p) U (ur—p): 01 € [Opl;.

We prove the implication “=" of (4.1). Suppose Up <Ip Z/A{D. Choose a disjunctive
refinement QQp between Up and Up. Define Q1 C U; x Uy by

def A~

uinﬂj == UQDU.
We prove that () is an 1-selecting refinement between U; and L?lz

(i) Let w; € UY. Then u € U and due to property (i) of the disjunctive
refinement Qp, we can choose 4 € U3 such that uQpi. Then 4y € UY and

Uinﬁo-

(i) Let (w;,u;) € Q1. Then u@Qpu and due to property (ii)(a) of the disjunctive
refinement (Jp, we can choose a function ¢ : (u +-+p) — (@ +>+p) such that
for each {1} € (u ~-+p) we have 9Qpd, where {9} & ,({¥}). Furthermore,
due to property (ii)(b) of the disjunctive refinement @Jp, we can choose a
function 7 : (4 ——p) — (u —p) such that for each Op € (i ——p) we
have

Y € Z(éD) : 319 € éD : ’(9@]3@,

and for each Op € (4 ——p), we can choose another function &; : 7(Op) —
©p such that for all ¥ € 7(Op) we have IQpr:(1).

Let v € choice(u; ~-+1). We need to find an appropriate 4 € choice(; +-+1).
Thus let ©; € (4; ~=+1). In order to define 4(0), we distinguish the fol-
lowing cases:

Case 1. ©; € (i; v2»1) \ (4; ——). In this case, choose an arbitrary
¥ € ©; and define 4(6;) = ¥.

Case 2. O, € (i; ——;). In this case, choose some ¥ € v([f(©; |)];) and
define §(01) = Fr(1]) To.

We have defined 4 and proceed with checking the properties (ii)(a) and
(ii)(b) of a 1-selecting refinement.

(a) Let ©1 € (u; --+1).
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Case 1. ©; ¢ (u; —1). Then there exists ¥ such that {J} = 0, |€
(u ~-»p), and there exists ¥ such that {9} = «({0}) € (4 +>p).
Define ©; & {19 To, 0 T1}. By definition of ¢+, we have JIQpY. By
definition of @y, this implies v(01) @y nAy((;)l), as required.

Case 2. ©; € (u; —1). Define ¥ = ~(0,) |. Then ¥ € O, |€
(u —p). Condition (2.1) of DMTSs implies {9} € (u r-»p).
There exists ¥ such that {0} = ({9}) € (4 +>»p). Define ©; &
{19 To, 0 T1}. By definition of ¢, we have 9QpY. By definition of
()1, this implies v(0;) @4 &(él), as required.

(b) Let ©; € (@ ——1). By definition of 4, we have 9 € v([¢(©; |)]1) such
that 4(01) = (9 ]) 1o. Choose ©; € [¢(6; |)]; such that ¥ = ~(6).
By definition of &;, we have ¥ | @Qp k(9 ]). Since ¥ |= (1) | and
Re(0]) =4(O1) |, we get 7(01) | @p 4(61) | and by definition of Q1,
this implies v(©1) Q1 7(©1), as required.

It remains to show the implication “<” of (4.1). Suppose U; < 2511. Choose an
1-selecting refinement ()1 between U; and U;. Define Qp C Up x Up by

uQpi & Fi,j € {0,1} : uQ1;.
We prove that ()p is a disjunctive refinement between Up and Up.

(i) Let w € Up. Then ug € U and due to property (i) of the 1-selecting
refinement 9, we can choose 4; € U} such that ugQ4;. Then @ € UJ and

UQDﬁ

(ii) Let (u,a) € Qp. Then we can choose 4, j € {0,1} such that w;(Q)1a;. Since
Q1 is a 1-selecting refinement, we can choose a function o : choice(u; +-+1)
— choice(w; +=»1) such that for all v € choice(u; +-+;) two functions ¢ :
(wj ==»1) — (4j ==»1) and 7 : (4; ——1) — (u; —1) can be chosen such
that
VO, € (u; =-»1) : 7(01) Q1 0(7)(1(O1)) (4.2)
and

VO, € (U 1) : V(Z(él)) 1 U(V)(él)- (4.3)

(a) Let {¥} € (u+-+p) and v € choice(u; ~-+1). Define © e {970,971}
and ©, & 1(01). Then ©1 € (u; +-+1) and 0, € (4j ~=»1). Due to
(4.2), we have )

v(O1) Q1 a(7)(©1). (4.4)
Define J 2 o(7)(01) |. We have {0} € (4 ~2+p):
Case 1. If ©; € (i; v2»1) \ (ii; ——1), we know {0} € (@ ~>»p) (and
O1 = {070,9711}). A
Case 2. If ©; € (u; —), then ©7 |€ (& ——p) and condition (2.1)
of DMTSs implies {0} € (@ v2sp).
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By definition of Qp, (4.4) implies v(©1) | @p a(v)(él) 1, thus 9Qp?,
as required.

(b) Let Op € (& ——p). Choose arbitrary 0, € [é)D]l. Then O, €
(@i; —1). Let Op = 7(©;) |. Then Op € (u —p). Let ¥ € Op

A

and consider v € choice(u; ~-+1) that satisfies v(2(0;)) |= . Define
= g(y)(é)l) |. Then ¥ € Op. By definition of Qp, (4.3) implies
YQp?, as required. O

Lemma 4.9. For all fully determined Up, € DMTS$", we have

Proof. Let Up € DMTSY, ¢! = (UL, L, —1, w—>1 U &£ IMTS(TSp(Up)) and
Z/{12 = (U127 L, '—%7 '___)%7 U{ﬂ) = f(uD)

First, we prove U} <1y UZ. We claim that Q C U} x U?, defined by

def

uQu; & u=u,
is an 1-selecting refinement between U} and U?.

(i) Property (i) of an 1-selecting refinement is obvious.

(ii) Let (u,4;) € Q. Then u = 4. Let v € choice(u ~-+1). Since U] is fully de-
termined, there is only one possible choice for . Define 4 € choice(u; +-+%)
arbitrarily.

(a) Let O € (ur-»1). Define ©; = {(a,u)) | {(a,u')} = ©1 Ai € {0,1}}.
Then we have v(01) @ 7(01), as required.
(b) Let ©; € (u; —2). Define ©; = {(a,v') | Ji € {0,1} : (a,u}) € O, }.
Then we have v(0©1) @ Y(©1), as required.
It remains to prove U <1y Uf. We claim that Q C U7 x U}, defined by
QU E u=n1q,

is an 1-selecting refinement between U7 and U] .

(i) Again, property (i) is obvious.

(ii) Let (u;;4) € Q. Then u = 4. Let v € choice(u; +-+2). Define 4 €
choice(u +-»1) arbitrarily (however, since U is fully determined, there is
only one possible choice). As in the first part of this proof, the properties

(ii)(a) and (ii)(b) of an 1-selecting refinement can now easily be checked. [

Definition 4.10. Define f* : DMTS — 1MTS as follows: For Kp € DMTS,
choose Up € Kp and define f*(Kp) = [f(Up)]~, -
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Note that f*(Kp) does not depend on the choice of Up € Kp: Two DMTSs
Up, U3 € Kp satisty UL, <ip U3 and U3 <ip UL. Then Lemma 4.8 implies
fUy) < fUR) and f(US) < f(UD), consequently [f(Up)l~, = [fUR)]~:-

Theorem 4.11. f* is a DI-homomorphism.
Proof. We need to prove the following two properties:

(1) VICD,I&D c DMTS : ]CD <p I@D = f*(]CD) < f*(K:D)
(ii) VKp € DMT$™" : f*(Kp) = IMTS(TS(Kp))

The first property follows directly from Lemma 4.8. For the proof of the second
property, let Kp € DMT3$%*'. Choose Up € Kp N DMTS$". With Lemma 4.9,
we get

[ (Kp) = [f(Up)lx,

as required. O

We have seen that f* is a Dl-embedding, i.e. the function embeds DMTSs into
1IMTSs such that the identification of fully determined systems and refinement
orders are respected. Note that as a corollary, we get that f is an embedding with
respect to the alternative implementation-based refinement, in which one system
refines another, if and only if the set of implementations of the first is a subset
of the set of implementations of the second. This is expressed in the following
corollary that concludes this section:

Corollary 4.12. For all T € TS and Up € DMTS, we have
T <pUp & T <1 f(Up).

Proof. We start with the implication “=": Let 7 € T$ and Up € DMT$ such
that 7 <p Up. Then, by Proposition 3.8(i), DMTS(7") <ip Up, which implies by
Lemma 4.8 f(DMTS(7)) <1 f(Up). f(DMTS(T)) is not fully determined, since
it has more than one root state. However, it is 1R-equivalent to a fully deter-
mined 1IMTS, say U;, because f* maps [DMTS(7 )], to an element of IMT$".
Proposition 3.8(ii) yields

TS1(Uh) <1 f(Up). (4.5)

By Lemma 4.9, we have IMTS(7) ~; f(DMTS(7)) and since f(DMTS(7)) is
1R-equivalent to the fully determined 1MTS U;, Proposition 3.14 implies 7 ~
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TS (Uy). This, together with (4.5), implies 7 <; f(Up) by Proposition 2.13, as
required.

The implication “<” is proven similarly: Let 7 € TS and Up € DMTS such
that 7 <y f(Up). Then by Proposition 3.8(ii), we have IMTS(7) <; f(Up). By
Lemma 4.9, we know IMTS(7) ~; f(DMTS(7)) and consequently f(DMTS(7))
<y f(Up). Now Lemma 4.8 yields DMTS(7) <ip Up and by Proposition 3.8(i),
this is equivalent to 7 <p Up, as required. O

4.3 An 1D-Homomorphism

We define a function ¢ from IMTS$ to DMTS$ and show that it induces an 1D-
homomorphism ¢* from 1IMTS$ to DMTS. First, we concentrate on g and show
the two properties

VUI,L?l c1MTS : U, <y 2;{1 = g(LIl) <p g(al)
(Lemma 4.14) and
YUy € IMTS : DMTS(TS, (1)) ~1 g(Uy)

(Lemma 4.15). Then we derive the function ¢* : 1IMTS — DMTS from g by
switching over to 1R-equivalence classes and prove that ¢* is an 1D-homomor-
phism, which essentially requires showing that the two properties shown for g
persist the transition to equivalence classes. We proceed with showing that ¢* is
not an 1D-embedding. Nevertheless, g embeds 1IMTSs into DMTSs with respect to
the alternative implementation-based refinement that was introduced in Section
3.1, as will be shown at the end of this section.

The idea behind function g is straightforward: Every state of the IMTS, say u,
is turned into several states in the DMTS, one for each possible choice function
7 € choice(u +-+1). Thus the states of the DMTS are pairs of a IMTS-state and
a choice function. Then (u,y) plays the part of u in the case that choice function
~v would be considered in the IMTS. Formally, the function is defined as follows:

Definition 4.13. Define g : 1IMT$S — DMTS; (Uy, L,——1,+-+1,U) —
(UD>L> '_>D>'__')D7U]())); with

Ub = {(u,7)|u€U Ay € choice(u r-+1)},
(u,7)—p© < I

ol
o
e,

L

a,u’) € y(ur—n):
O = {(a, (v',7)) | 7 € choice(u’ r-+1)},
(u,7) r=p {0} & S(a.u) €y(ur-—):
¥ € {(a, (v',7)) [ 7" € choice(u’ r-»1)},
US = {(u,y) | uec U’ A~y € choice(u --+1)}.

Q
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Lemma 4.14. For all ul,dl € IMTS we have
U <y al = g(U) <p 9(7;{1)-

Proof. Let Uy = (Uy, L,—1,+-+1,UY), U, = (Ul,L %1,FA+1,UI) c 1IMTS.
def

Define Up = (Up, L,—p,+-+p,U}) = g(U;) and Up = (UD,L ——D,F- +DaUD)
def g(U1) Suppose U; <q L?l. Choose an 1-selecting refinement ()1 between U
and U;. For all (u,4) € Q, we can choose a function O(u,a) © choice(u F-41) —
choice(a +=+1) such that for all v € choice(u ~-+1) two functions ¢ : (u +-+1) —
(4 +r=»1) and 7 : (4 ——1) — (u —1) can be chosen such that

VO; € (ur-21) :7(01) Q1 0wa)(7)(¢(O1)) (4.6)

and

VO, € (i 1) : 7(1(01)) Q1 0(ua)(7)(O1). (4.7)
We prove that Qp C Up x UD, defined by

(u,7) Qo (4,%9) E u@Qii A 4= 03,5 (7),

is a disjunctive refinement between Up and Z/A{D.

(i) Let (u,y) € Up. Then u € Uy. Since @ is an I-selecting refinement, we
can choose @ € U} such that u@Qia. Then (u,7) Qp (@, o@wa)(7)).

(ii) Let ((u,v),(@,%)) € @p. Then u@t and ¥ = o(ya)(7)-
(a) Let {(a, (v,7))} € ((u,7y) +-»p). Then {(a,u’)} € (u+-+1) and (4.6)

yields
Y({(a,u)}) Q1 A(({(a,w)})).

Define (a,u') = 4(1 ({ u')})). Since obviously Y{(a,u")}) = (a,u),
we get (a,u) Q1 (a, u’) Thus a = @ and «/Qq«'. By definition of Qp,
we get (u',7) @Qp (W, 0, . (7)) and since a = a,

(a, (u',7) @b (@ (W, 0,0 i) (V)))- (4.8)

W) € choice(u’ +2»1), which

/
,U

{(a, (W, 0, (YD)} € ((@,7) =*>p).

Consequently, (4.8) completes the proof of property (ii)(a).
(b) Let Op € ((@1,4) ——p). Then there exists (a,u') € 4(it ——1) such

that R
Op = {(a, (u',7")) | 7 € choice(u ~=+1)}.

'_
We can choose ©; € (4 ——;) such that (a,w) = %(©;). Define
@1 d:ef Z(él) and

Op = {(a, (v',7)) | (a,u’) = ¥(01) A+ € choice(u’ ~-1)}.

We have (a,u) € 4(@ ~2»;) and O
implies
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Then ©p € ((u,7) +p). Let (a,(v,9)) € Op. Then (a,u) =
7(©1) and 7" € choice(u’ +-+1). (4.7) implies v(01) Q1 Y(O1), thus
(a,u') Q1 (a,u’). Consequently a = a and v'Qu’. By definition of

Qp, we get (u',7) Qp (', 0w .an(7')) and since a = a,
(aa (ul7 '}/)) QD (d, (Qz/a O—(u”qz’) (7,)))

Since (&, (u/, Owan(1))) € Op, this completes the proof of property
(i) (b). O

Lemma 4.15. For all fully determined U, € IMTS$", we have

DMTS(TS,(U1)) ~p g(Uh).

Proof. Let Uy = (Uy, L,—>1,+-+1,U%) € IMT$". Then for any u € Uy, there
is only one possible v € choice(u +-+1), because there are no hypertransitions in
U;. Consequently, g only renames the states of Uy, and the property to be shown
is obvious. O

Definition 4.16. Define g* : IMTS — DMTS as follows: For Ky € IMTS,
choose Uy € Ky and define g* (K1) = [g(Uy)]~p -

Note that g*(K;) does not depend on the choice of U; € Ky: Two IMTSs U}, U} €
K, satisfy Ut <y UZ and U? < Ut Then Lemma 4.14 implies g(U}) <ip g(U?)
and g(UY) <Ip g(U}), consequently [g(U])]~, = [9(UF)]~p-

Theorem 4.17. g* is an 1D-homomorphism.

Proof. We need to prove the following two properties:

(1) VlCl,lél c 1IMTS : ICl < 161 = g*(/Cl) <p g*(/@l)

(ii) VK, € IMTS%*" : g*(K;) = DMTS(TS, (K1)

The first property follows immediately from Lemma 4.14. The second property
follows from Lemma 4.15, similarly to the way that was presented in the proof of
Theorem 4.11. ]

The following proposition states that ¢* is not an 1D-embedding. In Section 4.4,
we will even show that there is no 1D-embedding at all, which of course implies
the following proposition. It is nevertheless interesting to make the following
consideration, because, using this example, one can directly see where a specific
1D-homomorphism fails.

Proposition 4.18. g* is not an 1D-embedding.
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Figure 4.1: A counter-example to show that g* is not an 1D-embedding

Proof. It is enough to find ¢, Uy € IMTS such that g(4) <ip g(Us), but U
U,. Such a counter-example is illustrated in Figure 4.1.

First consider U;. The root state of U; is duplicated by g, attaching to one copy
the choice function that chooses the a branch of the hypertransition and to the
other the choice function that chooses the b branch of the hypertransition. The
other state of U is simply renamed, as the empty choice function is attached to
it. We get the illustrated DMTS g(U4,).

Now consider ¢f;. The fact that each state of ¢ allows only one possible choice
function is the reason, why ¢ only renames the states, attaching the unique choice
functions to them.

We have U; <4, 2;{1, because for the two possible choice functions in U, we only
have one possible choice function ¢f;. Thus either for the choice function that
chooses the a branch in U;, or for the choice function that chooses the b branch in
U1, a corresponding transition in U, can be found; but not for both. Furthermore,
we have g(Uy) <Ip g(Uh), since obviously g(Us) ~p g(Uy). O

We have seen that ¢g* is not an 1D-embedding, i.e., the function does not embed
1IMTSs into DMTSs such that the identification of fully determined systems and
refinement orders are respected. However, ¢ is an embedding with respect to
the alternative implementation-based refinement, in which one system refines
another, if and only if the set of implementations of the first is a subset of the set
of implementations of the second. This is expressed in the following proposition:

Proposition 4.19. For all T € TS and U; € IMTS, we have

T-<1 U < T-<D g(LIl)
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Proof. We start with the implication “=": Let 7 € T$ and U; € IMTS$ such
that 7 <7 U;. Then, by Proposition 3.8(ii), IMTS(7) <; Uy, which implies by
Lemma 4.14 g(IMTS(7)) <ip g(Uy). g(IMTS(7)) is fully determined, because
IMTS(7) is fully determined and g only renames the states. Then Proposition
3.8(i) yields

TSp(g(IMTS(T))) <p g(lh). (4.9)

By Lemma 4.15, we have DMTS(7) ~p ¢g(IMTS(7)) and since g(IMTS(7)) is
fully determined, Proposition 3.14 implies 7 ~ TSp(g(IMTS(7))). This, to-
gether with (4.9), implies 7 <p g(U;) by Proposition 2.13, as required.

It remains to prove the implication “<”. Let 7 = (S, L, —,s") € T$ and U; =
(Uy, L, ——1,+-+1,UY) € IMTS such that 7 <p Up. Define Up = (Up, L, —p,
F-+p, UD) 4 g(Uy). There is a disjunctive simulation Rp C S x Up between 7
and Up. We prove that R, defined by

sRiu & 3y € choice(u F-+1) : sRp(u,7),
is an 1-selecting refinement between 7" and U .

(i) Since Rp is a disjunctive refinement, we can choose (u,v) € U3 such that
s°Rp(u,~). Hence u € UY and s°Ryu, as required.

(ii) Let (s,u) € Ry. By definition of Ry, we can choose 7 € choice(u +-+1) such
that sRp(u,").

(a) Let (a,s’) € (s —). Since Rp is a disjunctive simulation, we can
choose {(a, (v/,v"))} € ((u,7) v-+p) such that a = a and s'Rp(v/,7’).
The latter implies s'Rju’ by definition of R;. Furthermore, by defi-
nition of F-+p, (u,7y) +-»p {(a, (v',7))} implies (a,u’) € y(u +-+1).
Since a = a and s'Ryu’, we get (a, s’ )Ry (a,u’), as required.

(b) Let (a,u') € y(u ——1). Then, by definition of ——p,
(u,7) ¥p {(@, (u',7)) [ 7" € choice(u’ r-+1)}.

Since Rp is a disjunctive simulation, we can choose (a,s’) € (s —)
and +" € choice(u’ ~-+1) such that a = @ and s'Rp(v/,~’). The latter
implies s'Ryu’ by definition of R;. Consequently (a,s)Ri(a,u’), as
required. ]

4.4 No 1D-Embedding

In Section 4.2, we have seen that there is a D1-embedding, and in Section 4.3, a
straightforward 1D-homomorphism was presented, that is not an 1D-embedding.
Now, we will see that there exists no 1D-embedding at all, and consequently
no 1D-isomorphism either. Thus the two formalisms are not equally expressive;
1MTSs have strictly more expressive power than DMTSs.
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We consider the IMTS #; that was examined in Section 3.7, and prove that its
Hasse structure (Figure 3.4) cannot be embedded in the DMTS-formalism. With
U, being the IMTS introduced at the beginning of Section 3.7, we show that there

is no possible ¢*([U]~,) for an 1D-embedding ¢g*. As a consequence there is no
1D-embedding.

Theorem 4.20. There is no 1D-embedding.

Proof. Assume there is an 1D-embedding ¢* : IMT$S — DMTS. We define
K1 = [U]~,, where Uy is the IMTS defined at the beginning of Section 3.7, and

Kb = ¢*(Ky). g* satisfies the following properties:

(i) For any fully determined (1-selecting) refinement X; of K;, we have
DMTS(TS, (K1) = ¢*(K1) <p ¢" (K1) = Ko.

Thus DMTS(TS, (K,)) is a fully determined (disjunctive) refinement of Kp.
We have

{DMTS(TS, (K1) | K1 € DMTS™ A Ky <y Ky} C
{Kp € DMTS$*" | Kp <p Kp}.

(i) For any fully determined (disjunctive) refinement Kp of Kp, we have

Kp = DMTS(TS, (IMTS(TSy, (Kp))))-

Then Kp = ¢g*(IMTS(TS,(Kp))) and consequently g*(LMTS(TS,(Kp)))
<Ip g*(Ky), which implies IMTS(TSy(Kp)) <y Ky Thus IMTS(TSy(Kp))
is a fully determined (1-selecting) refinement of ;. We have

{IC1 c [D[MTSBdet ‘ ]Cl <4 ]Cl} D)
{].MTS(T_SD(ICD)) ‘ Kp € [D[I\/I'[FSBdet A Kp <p KD},

which is equivalent to

{DMTS(TS,(K1)) | K1 € DMTS* A Ky <y Ky} 2
{ICD € |D|]V|-|]—S‘I>det ‘ Kp <p ’CD}

(iii) We define Kp = ¢*([U3]~, ), where [UP]~, is the equivalence class repre-
sented by U} in Figure 3.4, and get
e Kp <p Kb,
e Kp #p KD;
e Ko #p g"(Ui]~,) = DMTS(TS, (U{]~,)), and
e Kp A g"(Ul~,) = DMTS(TS, ([Uf],)).
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Since by Theorem 3.34 we have

{DMTS(TS, (K1) | K, € DMTS™ A K, <y K1} =

properties (i) and (ii) imply

{DMTS(TS, ([U4;]~,)), DMTS(TS, (UU]~,))} =
{Kp € DMTS$*" | Kp <p Kp}. (4.10)

Furthermore, (iii) implies that

Ko b Ko A Kp ¢ {Kp, DMTS(TS, ([t]x,)), DMTS(TS, (f]~,))}-  (4.11)

The rest of the proof is dedicated to showing that there are no Kp, 161_3 € DMTS
satisfying properties (4.10) and (4.11), i.e., there are no elements that Ky = [U; ]~

and [U}]x~,, could be mapped to by an 1D-embedding. Consequently there is no
1D-embedding.

Let Up € Kp. Then Up satisfies the following properties:

(i) Up has no components with labels different from a and b. Otherwise, there
were fully determined refinements that are not in DMTS(TS, ([U}]~,)) and
not in DMTS(TS, ([U?]~,)), which would be a contradiction to (4.10).

(ii) Up has no components with an outgoing transition from a state that is not
the root state of the component. Otherwise, there were fully determined re-
finements not in DMTS(TS, ([U{]~,)) and not in DMTS(TS, ([U}]~,)), which
would be a contradiction to (4.10).

This implies that each component of U is DR-equivalent to a component
that has only two states, where one of them is the root state of the compo-
nent and the other has no outgoing transitions.

(iii) Up has no components that have two outgoing may transitions starting in
their root state, where one of them is labelled with a and the other is la-
belled with b. Otherwise, a fully determined refinement with one transition
labelled with a and another transition labelled with b would be in an equiv-
alence class different from DMTS(TS, ([} ]~,)) and DMTS(TS, (U]~,)),
which would be a contradiction to (4.10).

This implies that p has no components that have two outgoing must tran-
sitions starting in their root state, where one of them is labelled with a and
the other is labelled with b.

Furthermore, this implies that Up has no components that have a must
hypertransition with label a and b starting in their root state (if there was
such a component with such a hypertransition, condition (2.1) of DMTSs
would imply may transitions with labels a and b). As other labels than a
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and b are not possible (property (i)), we cannot have hypertransitions with
different labels. However, if all labels in a hypertransition are equal, then
property (ii) implies that each component is DR-equivalent to a component
with no hypertransitions at all.

(iv) Up has a component with a root state that has an outgoing may transition

with label a. Otherwise, DMTS(TS;(i4})) would not be a fully determined
refinement of Up, which would be a contradiction to (4.10).

Furthermore, Up has a component with a root state with outgoing may
transition with label b. Otherwise, DMTS(TS, (7)) would not be a fully
determined refinement of Up, which would be a contradiction to (4.10).

The root state of each component must have an outgoing must transition.
Otherwise, the DMTS with no transitions would be a fully determined re-
finement that is not in DMTS(TS, ([{]~,)) and not in DMTS(TS, (U?]~,)),
which would be a contradiction to (4.10). By property (i), the must tran-
sition is either labelled with a or with b.

By property (v), each component has a must transition labelled with a or b. By
property (iii), it is not a hypertransition and there are no further may or must
transitions in the component. By property (iv), we have one component with a
must transition labelled with a and one component with a must transition labelled
with b. Possibly existing further components must be DR-equivalent to one of
these two components. Thus Up is DR-equivalent to U3 from Figure 3.2. Then,
in contradiction to (4.11), Theorem 3.24 implies that there is no refinement of Up,
that is not DR-equivalent to Up, not DR-equivalent to DMTS(TS(U})) and not
DR-equivalent to DMTS(TS(U?)): By transitivity of disjunctive refinement, such
a refinement would also be a refinement of Up from Figure 3.2, which would be
a contradiction to Theorem 3.24. O
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Conclusion and Related Work

We developed 1-selecting modal transition systems (1IMTS), a new abstraction/
refinement framework, by modifying the established disjunctive modal transition
systems (DMTS). The key difference lies in the interpretation of hypertransi-
tions: DMTSs require at least one alternative to be taken in an implementation,
whereas IMTSs require exactly one alternative to be taken. The two resulting
refinement notions were illustrated by two diagrams showing all refinements of
a simple DMTS example and a simple 1IMTS example. We introduced a gen-
eral notion of relative expressiveness in abstraction/refinement frameworks that
is defined via the existence of special order embeddings. It takes the refinement
ordering structure into account and requires the preservation of fully determined
systems. We used this notion to compare DMTSs with 1IMTSs and got the result
that IMTSs are not only as expressive as DMTS, but even strictly more expres-
sive. Thus 1IMTSs might turn out to be a useful formalism for refinement and
abstraction in the context of common refinement:

For refinement in software development, the additional power of IMTSs (over
DMTSs) shows quite directly: It becomes easily possible to specify a system
where in some part of the system (e.g., a function or a class) ezactly one of several
alternatives should be implemented. It is hard to express underspecification of
that kind in DMTSs. Consequently, 1IMTSs might be a suitable semantics for
specification languages.

For the abstraction approach, 1IMTSs might be useful in the field of model check-
ing. Since 1IMTSs allow more alternatives than DMTSs, there is a chance to find
IMTS abstractions, for which satisfaction can be checked more efficiently than
for any DMTS. Therefore, a satisfaction relation on 1IMTSs should be defined
and examined, which is out of the scope of this thesis.

However, it should also be noted that the result of additional expressive power
does not hold when regarding an alternative refinement notion: If we use imple-
mentation-based refinement, i.e., if we define a (disjunctive or 1-selecting) modal
transition system U to be a refinement of another (disjunctive or 1-selecting)
modal transition system U, if and only if the set of implementations of U is a
subset of the sets of implementations of U , the question of relative expressiveness
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is simply answered by comparing the sets of implementations expressible in the
two formalisms. It was shown that they can express the same implementations by
giving translations in both directions and consequently we have equal expressive
powers. These embeddings in the context of implementation-based refinement,
as well as the embedding given from 1MTSs to DMTSs in the context of common
refinement, allow to translate algorithms (e.g., for refinement checks) from one
formalism to another. In this context, it is interesting to determine the complexity
of the translations, since it is desirable not to introduce too much inefficiency.

Related Work

The approach of extending common transition systems by a second transition
relation expressing which steps may appear in an implementation was followed
by Larsen and Thomsen, who introduced modal transition systems [15], and by
Dams, who called his extension mized transition systems [4, 5]. Modal transition
systems require that every must transition has to be contained in the may transi-
tion relation, whereas mixed transition systems do not have this restriction. Both
modal and mixed transition systems come with a refinement notion: For modal
transition systems it is simply called refinement, whereas in the context of mixed
transition system, the term mized simulation is used.

Larsen and Xinxin were the first to extend the must and may transition approach
by hypertransitions, which resulted in their definition of disjunctive modal transi-
tion systems [16], which we call DMTSs. The refinement notion on DMTSs, that
is also considered in this work, is a straightforward extension of the refinement
notion on modal transition systems. In [16], Larsen and Xinxin also showed how
a DMTS can be used to express the solution set of an equation system formulated
in process algebra.

Kripke modal transition systems (KMTS) [10, 12], state-based versions of modal
transition systems, are used as a model for abstraction in order to investigate more
efficient model checking. KMTSs do not have action labels on transitions. Instead,
every state is labelled with the set of propositions holding there. Then validity of
properties expressed in modal logics like the p-calculus [14] can be checked with
respect to all possible implementations. Obviously, besides the two outcomes true
(all implementations satisfy the formula) and false (all implementations do not
satisfy the formula), underspecification introduces a third truth value unknown
(e.g., when some implementations satisfy the formula and others do not), resulting
in three-valued approaches for program analysis [11].

Generalized Kripke modal transition systems are KMTSs that also feature hy-
pertransitions, thus are the state-based version of DMTSs. These were used by
Shoham and Grumberg in [23].

Alfaro et al. used in [8] a DMTS-like approach for the underspecification of turn-
based games [2], extending these structures by must and may transitions and
hypertransitions. This resulted in their definition of abstract game structures.
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Validity of formulas in the alternating-time p-calculus [3] can be checked, which
again raises the need for three-valued semantics.

In [6], Dams and Namjoshi have presented yet another transition system variant
called focused transition systems (FTS). The corresponding abstraction frame-
work is complete in the sense that for every system one can find a finite abstraction
such that a given correctness property can be shown. The authors extend mixed
transition systems by fairness constraints and two types of hypertransitions, so
called focus and de-focus steps that model disjunction, respectively conjunction
in some sense. Satisfaction of formulas is defined via a game on the focused tran-
sition system and an alternating tree automaton [19] for the given formula. The
notion of refinement is also defined via a game.

Dams and Namjoshi also considered p-automata [13], that have OR-states which
introduce disjunction similar to hypertransitions, and demonstrated in [7], how
they yield complete models for abstraction with respect to the modal u-calculus.
In that paper, they also defined modal automata as 3-valued variants of u-
automata.

Future Work

We proved that 1IMTSs have strictly more expressive power than DMTSs in the
context of the common refinement notion. However, this is not the case in the
context of implementation-based refinement, where we get the result of equal ex-
pressive powers. It is future work to determine the complexity of the translations
given from DMTSs to IMTSs and vice versa. A further interesting question still
to be answered is, what might be the reason for the discrepancy between the
two refinement notions and how this result can be interpreted. Why does the

common refinement notion introduce the additional expressive power of IMTSs
over DMTSs?

The common refinement notion has the substantial advantage over the implemen-
tation-based approach that satisfaction of formulas can be more efficiently deter-
mined. Therefore, the result of additional expressive power in this context is
of special interest and it should be examined, how 1IMTSs could be used in the
various applications of underspecification. In these applications, it might be in-
teresting to combine DMTSs with 1IMTSs, getting transition systems with both
disjunctive- and 1-selecting-style hypertransitions. Also, a generalised variant
called n-selecting modal transition systems is worth considering, in which every
hypertransition carries a number n indicating how many targets should be imple-
mented (instead of exactly one in IMTSs). Another variant has hypertransitions
with only a single label, but several successor states. The variants remain to get
(partially) ordered by relative expressiveness, using the notion proposed in this
thesis. Fields of applications, in which 1IMTSs or their variants might be useful,
include the following:

For refinement in software development, we remarked that the additional power
of IMTSs (over DMTSs) enables us to easily specify a system where in some part
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of the system ezactly one of several alternatives should be implemented. As a
consequence, 1IMTSs might be a suitable semantics for specification languages. It
is future work to check, how 1MTSs could be integrated in specification formalisms
and tools.

For the abstraction approach, the additional power of IMTSs possibly allows
more flexible abstractions and smaller representations that allow more efficient
model-checking. As remarked before, a satisfaction relation on 1IMTSs should be
developed and examined. Furthermore, the question arises, whether it is possible
to even get a complete abstraction formalism (i.e., one, such that for every system
a finite abstraction can be found), if IMTSs are extended with fairness constraints
similar as in [6].
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