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Abstract. Predicate abstraction frameworks are a powerful meansmbating
the state explosion problem in model checking as they autoatly synthesize
abstract models that either verify compliance with a propeive rise to a gen-
uine counter-example or produce a spurious counter-exathpt drives refine-
ment of the abstract model. Prominent tools for safety @agt) and termination
(e.g. Terminator) checking rely on this approach. This papesents such an ab-
straction framework for all properties of the modakalculus based on ranked
predicate abstraction. We show that our framework is inergad and confluent
and should therefore allow good refinement heuristics. bh@e ranked predi-
cate abstractions are proved to be precise (i.e. optimabstsaations) and also
complete in that all properties true in a model are also mefinite-state, ranked
predicate abstraction of that model. This completenesse®kto known charac-
terizations of relative completeness for predicate abstrawith branching time.

1 Introduction

Model checking, invented 25 years ago [4, 24], provides an&work for verifying
properties of systems: a system is represented by a maticahmbdel)/, a property

of interest is coded within a formal language as s@mend the satisfaction relationship
is captured by a formal predicate relating formal models and properties. Its instances
M = ¢ are then decided fully automatic (e.g.Af is finite-state) or semi-automatic
(e.g. if M is abstracted first). Models often have infinite state spackthis infinity
can have a variety of sources: unbounded data-types, reey®cess specifications,
gquantitative and continuous parameter values etc. Evendfats are finite, their size is
typically exponential in the number of system variables@nmunicating sub-models.
This state explosion probleis a severe impediment to the scalability of this approach
and its technology transfer into industrial research & dmyment units even if the
complexity of computing/ |= ¢ is linear in the sizes af/ and¢.

Abstraction of models, e.g. [20,5, 7, 8, 3, 16], is seen asyaalatin realizing scal-
able model checks: instead of checkiff = ¢ for a large modell, construct an
abstract modeH from a compact specification @ff such thatd = ¢ always implies
M E ¢ for certain kinds of properties. Predicate abstraction [15] partitions the state
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space of a modeM based on finitely many predicates of a suitable logic and then
abstractly interprets [6] its transitions and labelingsrmthat partition to render an ab-
stract modelA. If decidability of that logic is computable or can be appmated, this
abstract model structure (if expressible in the logic) carsynthesized automatically
with calls to a theorem prover. Predicate abstraction ikliiguccessful as it allows the
automatic computation of abstractions and an incremeefialement of the abstraction
with new predicates in case that the current abstractioragmspurious information,
i.e. thatA [~ ¢ erroneously suggestd (£~ ¢. Finding good heuristics for the choice of
initial and refining predicates and proving relative contgabess (i.e. possible termina-
tion) of this refinement process are two principal concenrthis line of research.

To enable finite-state model checking via abstractionsiimcpple, we require that
M = ¢ implies A |= ¢ for some finite-state abstractiohof M; as is customary, we
call suchA feasibleabstractions. The existence of such a reductiorafbproperties
of a given formal language is termed “completeness” in [BOferminology we will
adopt in this paper. Given completeness one could somehdvafmagic abstraction
even though the original proble = ¢ may be undecidable. For Kripke structures
and formulas of linear-time temporal logic completenessbieen shown by Kesten &
Pnueli in [17], where models where augmented with progressitors to allow ab-
stractions to preserve liveness properties.

Branching-time temporal logics are needed in importanfiegion settings. We
mention multiple system observers that prevent a “linedion of time,” and invari-
ants of dynamical systems that mix different path quansifferg. whether all reachable
states in a model of a biological system can reach a statevifoich a cyclic behavior
is possible). Branching time may also aid in expressinggsstenvironmentinteraction
as seen in alternating-time temporal logic [1]. For brangtime, Dams & Namjoshi
have shown in [10] that Kripke structures are incompleteHgistential Computation
Tree Logic (ECTL) but that completeness can be securedéattire modal-calculus
(including CTL and CTL¥) if models are augmented to rendeetautomata-like struc-
tures: focussed transition systems in [10gutomata in [11], etc. Completeness proofs
share that they, in essence, construct a finite-state abetral of M with A = ¢
from a proof thatM = ¢ holds. This completeness is an expressibility result agd sa
nothing about how a feasible finite-state abstraction mapted.

Namjoshi [22] shows completeness for the mqdaklculus through the abstraction
of an alternating transition systeid x ¢, a product between a labeled transition sys-
tem M and an alternating tree automatahat represents the property to be checked.
These abstractions use choice predicates at OR-statesaakdunctions for moni-
toring progress. For this abstraction framework, and a eredicates that contains
the initially chosen ones and is closed under weakest pditons, he shows that the
abstraction is relatively complete iff (choices at OR-ssafre uniform and progress
ranks are bounded). In [22] we therefore find a precise cheniaation of the kind of
branching-time properties for which predicate abstraatan find a feasible abstraction
within the abstraction framework of loc. cit.

Dams [7] considers a quality measure of an abstractionjgoec an optimality
principle that is concerned with maximizing the number afpmrties being preserved



by the abstraction, given that its state space and modeatign are fixed. In [22]
precision is not covered.

In this paper we draw from the ideas in [7,17, 22, 10] discdsd®ve to develop
an abstraction framework for Kripke structures and the rhaetzalculus (given here in
the equivalent form of alternating tree automata) that st following objectives:

1. our framework is complete for the modaicalculus in the sense of [10]

2. our framework allows the construction of precise absiwas in the sense of [7]

3. our framework supports a notion @fnked predicate abstractiora predicate ab-
straction that can deal with liveness properties as well

4. all abstractions, including those that prove completsnare specified through
ranked predicate abstractions that partition the stateesieey abstract

5. ranked predicate abstractions are incremental and thers op the possibility of
counter-example-guided abstraction refinement as fanfdidinear time, and

6. ranked predicate abstractions aoafluent feasible abstractions, if they exist, can
always be found in principle, regardless of the particuliatdny of incremental
refinements of an initially chosen abstraction

Although our models and methods are somewhat related to ¢k iw [22], we
highlight important differences. Abstractions in [22] aemputed from a product of
the model with the property to be checked. In contrast, auked predicate abstraction
extends the state space partitions familiar from predigbstraction with finitely many
ranking functions and a set of slice predicates (Sectiotn4R2] they find sufficient
and necessary conditions for a feasible abstraction to bguated through predicate
abstraction. In our framework we show that ranked prediabgtraction can indeed al-
ways express feasible abstractions (Section 6). We alse stad our canonical ranked
predicate abstraction is precise (Section 4) and that thpkedicate abstraction is in-
cremental and confluent (Section 5).

The use of ranking functions, and their heuristics [9], foc@ding fairness condi-
tions is certainly not knew. This use is seen in the aforeforad [17], in the composi-
tional verification of liveness properties [12], and in tleatext of efficient complemen-
tation of automata [19]. We merely combine ranking funcsiaith existing abstraction
formalisms to prove desirable results for branching-tinoelel checking.

2 Hypermixed Kripke structures

We define the models of interest, extensions of disjunctieglahtransition systems
[21]. Models with similar transition structure as thosegameted here, but with a differ-
ent kind of acceptance condition, had already been propasddhown to be complete,
in the technical report [13]. Without loss of generality, wen't consider action labels
on models in this paper. Throughou$, denotes the cardinality of a s8tandP(5S)
denotes its power set.

Definition 1 (Models). For a set of atomic propositiondP, a hypermixed Kripke
structureM is a tuple(S, R, R™, L=, L™, (Ey, F;)ee ) with finite £ such that

— (s €)Sis a set of states,



— R, RT C S x IP(S) the set ofmust and may-transitions (respectively),
— L7, L*: S — P(AP) themust and may-labelings (respectively) of states, and
— (Ee, Fy)eer is a Streett acceptance condition with eddy, F;) in P(S) x P(S).

We often refer to hypermixed Kripke structures as ‘modélstthermore, such a
model isfinite if | S| + | J,cq L™ (s)] + [AP \ (U,cq LT (s))] is finite.

Kripke structures have straightforward representatierisyg@ermixed Kripke struc-
tures:letR~ = R, L~ = L*, L = {}, and ensure thdt, D) € R~ implies thatD is
a singleton. A hypermixed Kripke structure is depicted igufe 1 and a Kripke struc-
ture is presented in Figure 2. The interpretation of theliabs L~ and L is standard
[7,8]: L~ (s) lists those atomic propositions that must hold in any refjrstates ofs
wheread. () lists those propositions that may hold in some refinemeant &fmust
transition(s, D) € R~ specifies that all refining statéwf s in a Kripke structurel/
must have a transitiofi, {5'}) in M such tha’ refinessomestate inD [21]. Dually, a
maytransition(s, C') € R™ specifies that all refining statéf s in a Kripke structure
M may (but must not) have transitions id of form (s, {§'}) such thats’ refinesall
states inC'. We formalize these intuitions in refinement games below.

The Streett acceptance condition for mogiélis a predicated ,; that characterizes
the allowed infinite sequences of states, thdse),cn satisfying for all ¢ € L, set
{n € IN | s, € E,} isinfinite or se{n € IN | s,, € F} is finite”. For example in the
model from Figure 1, the infinitely repeating sequence dkst@}, s2,)* is accepted
whereaq s}, s1,)“ is not, where the superscrip{resp.,1) denotes membership i,
(resp.,Fy). We chose a Streett condition over, say, a Rabin conditimests conjunc-
tivity allows us to enforcall constraints of a ranking function; and since it guarantees
that checking guarded formulas of the mogatalculus for such models is in NP as
Player | will have a memoryless winning strategy.

We turn to defining abstraction between models through aaefémt notion, using
various acceptance conditions of regular games. Below vite wy for the projection
into thei-th component of an ordered tuple. Given a relapioh B x C with subsets
X C BandY C CwewriteX.pfor{ce C|3be X: (bc) € p}andp.Y for
{be B|3ceY: (bc) € p}andabuse this notation wheneyes a function (viewed
as a graph). For a sequence of tuplesre write ¢[i] for the sequence obtained from
@ through projection into thé-th coordinate. Letnap( f, #) be the sequence obtained
from @ by applying functionf to all elements o in situ.

Definition 2 (Refinement).

1. Finite refinement plays for modelg; and Ms have the rules and winning condi-
tions as stated in Table 1. An infinite playis a win for Player | (the verifier) iff
[Aa, (P[1]) = A, (P[2])] holds; otherwise it is won by Player 11 (the refuter).

2. States; € S, refiness, € S, (and thensy abstracts,) iff Player | has a winning
strategy for all refinement plays started(@t, s).

3. Model M, refines (is abstracted by, iff Player | has a strategy for the corre-
sponding refinement game betwekf and M, such that any state i%; is ab-
stracted by some state By, and any state irds is refined by some state Y.



Fig. 1. A hypermixed Kripke structure. At statg labelp~ (resp.,p") denotess € L™ (p)
(resp.,s € L (p)). Branching solid (resp., dashed) arrows model must-tians (s, D) (resp.,
may-transitiongs, C')). Depicted states come in three versions — labeled with 6r 2,super-
scripts — that share outgoing transitions. Labels on ttemms indicate the version of their source
state. For example, the upper most depicted solid transitidicates{ (s}, {so1, $11,551}) |

i € {0,1,2}} C R™. The state set of all versions labeled with 2, paired with stete set
of all versions labeled with 1, yields the sole Streett ataege condition of this model, here,
E = {s30, 581, 570, 571} and F' = {60, 501, s10, 11}

Our ranked predicate abstraction defined below will engera B. above by definition.
Since this paper presents techniques that render abstradiy construction, we are
not concerned with the complexity of checking refinement ggrWe note that our
refinement between two Kripke structures coincides witinhigation [23].

Example 1 (Abstraction)The model in Figure 1 is an abstraction of the model from
Figure 2 where all three versions @f, andsg; abstract, and all three versions af
andsj; abstract all states of the Kripke structure other than

3 Sound satisfaction relation

We will present the modali-calculus in its equivalent form of alternating tree au-
tomata [25]. All results in this section have standard psoof

Definition 3 (Tree automata).Analternating tree automatofi= (Q4,d4,604) has

— afinite, nonempty set of statese)Q 4

— a transition relationd , mapping automaton states to one of the following forms,
whereq, q1, q2 are automaton states ande AP: p | —p | q| ¢1Aq2 | 1V |
EX¢|AXqg and



Fig. 2. A Kripke structure withL. = (8) = {po}, L™ (s:) = {}, andL™ (5;) = {p1 } forall i > 0.
Arrows s — s’ denote(s, {s'}) € R~

L~ labeling: Player Il choosesfrom L™ (s2); Player | wins iffpisin L™ (s1)

L labeling: Player Il choosgsfrom AP\ L™ (s2); Player | wins iffp is notin L™ (s;)

R~ transition: Player Il chooses a set of stafe’s € {s2}.R, ; Player | responds wittD; €
{s1}.R7 ; Player Il chooses) € Di; Player | responds with, € D5; the next configuration
is (s, s5)

R transition: Player Il chooses a set of statés € {s1}.R;; Player | responds witle’y €
{s2}.R5; Player Il chooses) € Cj; Player | responds with; € C1; the next configuration
is (s, s5)

Table 1. Moves of refinement game at configuratien, s2). Refinement plays are sequences of

configurations generated thus

— an acceptance conditio®4: Q4 — IN with finite image, where an infinite se-
guence of automata states is accepted iff the maximal amecepnhumber occurring
infinitely often is even.

An alternating tree automaton is depicted in Figure 3. Thhmuwt this paper, we
assume without loss of generality [18] that all automataespond to guarded formulas
of the modaj:-calculus, i.e. that every cycle in the underlying graphuabanatonA has
to contain an element that is labeled WiIX or AX . Also, for any bounded sequence
n of elements irlN we writesup(n) for the largesin that occurs im infinitely often.

Definition 4 (Satisfaction).

— Finite satisfaction plays for modéll and alternating tree automatoA have the
rules and winning conditions as stated in Table 2. An infipiey ¢ is a win
for Player | iff [Ay (@[1]) = sup(map(©, P[2])) is even; otherwise it is won by
Player II.

— Model M satisfiesautomatond in configuration(s, ¢) € S x Q, written (M, s) |=
(4, q), iff Player | has a strategy for the corresponding satisiactgame between
M and A such that Player | wins all satisfaction plays started(atq) with her
strategy.

The acceptance condition for satisfaction plays betweerodei\/ and an au-
tomata A is a variant of those familiar from the literature: An infmiplay @ is a
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Fig. 3. An alternating tree automata. Accepting values are depicext to states. At staig it
expresses that there is a run that reachgs-state aftedn moves for some: > 0 (since the
cycle has to be left to obtain an accepting sequence) suthi;théways holds aftetm + 1 moves
for everym < n with m > 0. At g, it expresses that after any transition the property esges
at¢ holds

p: Player lwinsiffp € L™ (s)

—p: Player | wins iffp ¢ LT (s)

q': the next configuration is, q")

q1/Aq2: Player Il picks a7’ from {q1, g2 }; the next configuration is, ¢")

¢1Vgq2: Player | picks &’ from {q1, g2 }; the next configuration is, ¢’)

EX ¢': Player | picksD’ € {s}.R™; Player Il pickss’ € D’; the next configuration iés’, ¢')

AX ¢': Player Il picksC’ € {s}.R"; Player | pickss’ € C’; the next configuration is’, ¢')
Table 2. Moves of satisfaction game at configuratien ¢), specified through a case analysis on
the value of§(¢). Satisfaction plays are sequences of configurations gektfaus

win for Player | iff either the projection of into the automatal is accepting inA
(sup(map(©, ¢[2])) is even) or the projection ob into M is non-accepting im\/
(—An (2[1])). We writes = ¢ andQ, etc, wheneve and A are clear from the
context. Note thal= applied to Kripke structures corresponds to the usualfaatien
relation.

Example 2 (Satisfaction gamejor the model of Figure 4 and the automaton from
Figure 3 we have)), = ¢: at theg-state Player | chooses, or s2, in the AX -move,
depending on which may-transition frosf}, is picked by Player II. In order to show
g at s3, or s3,, Player | chooses thEX -automaton state in the-move, then she
chooses the must-transition pointing{td}, }, (if Player Il picks theEX -state) Player

I chooses the must-transition pointing {e9, }, at the nextEX -move she chooses
the one pointing tq s},, s3,}, at the nexfEX -move she chooses the one pointing to
sg,, respectively the one pointing tps},, s3,}. Then in the latter case, a cycle has
been reached and the game continues as described befoiith&Spgis reached or a
sequence that contains no state labeled with 2 but infinitelgy states labeled with 1
is generated, which contradicts the Streett acceptanadtomm

The winning conditions for the satisfaction game are Raloinditions as they have
form [Streett = RabinChain] which reduces t®abin; so deciding M, s) = (A, q)

is in NP for finite-state models. We prove soundness\éfs) = (A, ¢) as an approxi-
mation of the EXPTIME-hard relation which asks whether aihped Kripke structures
(M, §) that refineg( M, s) satisfy A in (5, ¢), the proof is completely standard. As usual,



Fig. 4. Another hypermixed Kripke structure. For notational cartiens we refer to Figure 1

(M, s) = (A, q) does notimply(M, s) = (—A4, q¢) where—A recognizes the comple-
ment of A.

Theorem 1 (Soundness)Supposes; refiness,. Then for any “guarded” automaton
Aandq € @, we have thas, = (4, ¢) impliess; = (4, q).

4 Ranked predicate abstraction

Predicate abstraction computes a partition of a concrate space by identifying states
that have the same truth values for finitely many given foaaudf some logic [15].
If that logic is decidable or if its decidability can be owgpproximated, then model
structure (e.g. a state transition relation) over thisipi@ntcan be synthesized by means
of such decision procedures without explicitly constmgtihe concrete model [15] —
provided that model structure is expressible in the giveiclo

We now adapt predicate abstraction to hypermixed Kripkecttires and branching
time and argue the suitability of that adaption. In doingvge,work with a functiom
that maps concrete statésto abstract states. This function is derived from finitely
many predicates, ¢o, ..., ¢, by the equivalence relatica C S x S, given bys = s’
iff (forall 1 <i <mn,sE ¢; & s = ¢). Thenl is the set of equivalence classes of
= andh(s) is defined to be the equivalence class of

Definition 5 (Ranked predicate abstraction).A ranked predicate abstractiohof a
state space is a tuple(I, h, J, (<F)rex, ) Where

— h: S — I is a surjective function mapping concret§) {o abstract () states



— Jis a non-empty set of rank locations;

— forall k € K, with K a (possible empty) index set? C (S x J) x (S x J)isa
pre-order with well-founded irreflexive versied; and

— o C AP is the set ofslice predicates such that

— [I| +|J| + | K|+ |p] is finite.

Ranked predicate abstractismgeneralizes the familiar predicate abstraction [15] to
the entire modaf-calculus, and so to liveness properties in particularunapproach

— precision and completeness require an acceptance candibstract runs that are
infinitely descending and related (not necessarily staseMo concrete runs are
rejected; “descending” is defined in terms of given pre-msde

— setJ is used to allow more complex ranking pre-orders

— setgpis used to restrict the predicates of the model to those wdtchr in properties
one wishes to check.

Example 3 (Ranked predicate abstractiohyo ranked predicate abstractions for state
spaces of the Kripke structure in Figure 2 ake= ({io, i1}, h, {j. j}, (¥)keoy- {po})

and& :“({7;0,7;172'2,7;3},71, {ij}? (Sk)ke{o}v{p07p1}) such thaﬁ;’(é) - h(é) = 1o,
h(So) = h(So) =11, and forn € N, h(8n+1) = h(§n) =11, h(8n+1) = 19, h(én) =
iz, and (s’,5") <O (s,7) & w(s',j') < w(s,j) for s,s’ € S,4,5" € {j,j} where

w($,7) =w(8,)) =0,w(sn,j) =w(8n,J) =n+1,andw(s,,j) = w(sn,j) = n+ 2.

We point out that a nontrivial is required to obtain completeness of the abstraction
framework, see Proposition 1 in Section 6 below. Raabstraction game involves two
hypermixed Kripke structuresd/; and M, whereX is a ranked predicate abstraction
for the state space dff;. The objective of Player | is to show thaf; is abstracted by
M up to X, meaning that Player Il can switch between stated/efthat map to the
same elements vila as long as no contradiction to the acceptance conditianW pbr
to the ranking functions of is produced. Therefore, the states\éf are represented in
configurations via elements 6k J x (LUK ) — {0,1,2}), whereJ is under control of
Player | such that soundness of the game is ensured(8nd K') — {0, 1,2}) is used
to encode fairness constraints as follows: A Streett camdpair (E, F'), represented
by an elemenk € K, is encoded via a function intf0, 1, 2} where value2 indicates
that a state of’, respectively, a move not preservigd happens; 1 indicates that a state
of F'\ E, respectively, a move that preserve’ happens; and 0 indicates that a state
outsideF or E, respectively, a move that preserve$ (but not strictly so) happens.
Formally 2M:® . (S x J)? — (LU K) — {0,1,2}) is given by

2if(xelL&s eEy)or(xe K&(s',7) £% (s,7))
QU @ =1 (reL&s € F\E)or(we K&(s',5') <* (5,5)
c 0 otherwise

where we assume throughout thiatand £ are disjoint. For the completeness proof for
(M, s) E (A,q) itis instructive to think ofJ as the set of automaton sta@s. We
write @(n) for then-th configuration of playp.



L~ labeling: Player Il choosesfrom L™ (s2) ands: € h.{i}; Player Iwinsiffp € L™ (s1)Ngp

L labeling: Player Il chooseg from AP \ L*(s2) ands; € h.{i}; Player | wins iffp €
P\ L"(s1)

R~ transition: Player Il chooses a set of stafés € {s»}.R; ; Player | responds witi’ € J;
Player Il chooses; € h.{i}; Player | responds wittb; € {s1}.R;; Player Il chooses’l S
D4; Player | responds witkl, € D5; the next configuration i6h(s}), 5’ 7(2({“; a1y 52)

RT transition: Player Il chooses € h.{i} andCi € {s1}.R]"; Player | responds witl® €
{s2}.R5; Player Il chooses}, € C5; Player | responds witk} € C} and;j’ € J; the next
configuration is(h(s}), j/, Q(J‘f,l’i,’smy sh)

Table 3. Moves of R-abstraction game at configuratidi j,g,s2) € I x J x (LU K) —

{0,1,2}) x S2 whereR-abstraction plays are sequences of configurations gexettais

Definition 6 (Ranked predicate abstraction game)Let X be a ranked predicate ab-
straction for the state space 6f;.

— Finite R-abstraction plays for model&/; and M> have the rules and winning con-
ditions as stated in Table 3. An infinite playis a win for Player | iff [(for all
x € LUK, sup((m3(P(n))(x))new) is even = A, (9[4])] holds; otherwise it
is won by Player .

— The modelM; is R-abstracted byl iff Player | has a strategy for the corre-
spondingR-abstraction game betweel; and M, such that for any(i, j,g) €
IxJx((LUK)— {0,1,2}) there iss; € Sy (and, conversely, for akl; € S,
thereis(i,j,g) € I x J x (LUK) — {0,1,2})) such that Player | wins with her
strategy in allX-abstraction plays started &, j, g, s2).

We show thaR-abstractions are indeed abstractions.

Theorem 2 (Consistency of ranked predicate abstractions).etX be a ranked pred-
icate abstraction of the state space M. If M; is R-abstracted byMs, then M is
abstracted by\/s.

We now define an abstraction that is precise with respecetd-#ibstraction game.

Definition 7 (Precise ranked predicate abstraction).Let X be a ranked predicate
abstraction of the state space &f. The preciseX-abstractionMy of M is defined
to be the modelSy, Ry, Ry, Ly, Ly, (EX, FX)zecux ) Where
Sn= {7, Q0N ) €Tx T x (LUK)—{0,1,2}) | = h(s")}
= {((i,4,9), ) |3j e, f: S —=P(S): (Vs h{i}: f(s) e {s}.R )&
D={("5, 9205 ;) | s€h{i}&s' € hfi'} 0 f(s)}}
R{ ={((i,4,9),C) | 3s € h{i},C € {s}.R"
C={(.7, Q% )i €J&s € CAhfi}}}

R

Z |

z

Ly(ij,g) =90 () L7 (s) Li(i,j.9) = (AP\p)uU |J L7(s)
seh.{i} seh.{i}
E; ={(i,j,9) | g(x) = 2} FY ={(i,4,9) | g(x) =1}

10



In the X-abstraction of//, the set of must-labelings (resp., may-labelings) is stan-
dard, exceptthat it (resp., its complement) is restriabqui€dicates fronp. The Streett
conditions specify that value 1 must not occur infinitelyeoftf value 2 occurs only
finitely often. The state space is the reachable one ocgumritheX-abstraction game.
The first componenk(s’) corresponds to the abstract state, the second compghent
corresponds to the rank location (the current automatde #ta/ is taken to bed),
and the third component corresponds to the acceptance emaothe ranked predicate
abstraction game. B

A must-transition((z, j, g), D) € Ry is determined by choosing must-transitions
(s, f(s)) € R~ for every related concrete statec h.{i} and taking a ranked predicate
locationj’ € J. Note that Player | has control of the ranked predicate lonah the
satisfaction game, so she can always respond with the reachematon state if is
taken to be). SetD is the union of the abstract statesfifs) for s € h.{i} combined
with j’. Furthermore, the-component of a target im may vary depending on the
considered witnessesands’ in M. A may-transition((i, j,g), C) € Rg is determined
by taking a may-transitiofis, C') € R for somes that is related to the abstract state
i. The target set consists of all abstract states relatedtateia C' combined with any
value from.J. The g-component of a target i’ may similarly vary depending on the
witnesses for the abstract state(in

Example 4.For R and® of Example 3, thek-abstraction of the model in Figure 2 is
shown in Figure 1 and th®-abstraction of that same model is depicted in Figure 4.
There the index 0§;; corresponds to the-component (respectively-component) and
theg-componentis encoded by the transition labels. These figumét must-transitions
that have matching must-transitions with a superset astigtigese omission leads to
refinement equivalent models). To enhance readability thet+mansitions outgoing
from statessgg andsg; as well as the outgoing may-transitions from other states ar
omitted in Figure 4.

We justify the adjective “precise” of Definition 7.

Theorem 3 (Precision).The finite-state modely of Definition 7 is a preciseX-
abstraction ofM, i.e.,

— My is aR-abstraction ofA/ and
— if M5 is aR-abstraction of)M, thenl/y abstractsi/y.

5 Incremental analysis

In the case that an abstraction obtained by ranked predibateaction does not satisfy
a property of interest, techniques for abstraction-refimithat reuse already verified
sub-properties are called for. Such a technique, a genatialn of adding predicates in
the predicate or Cartesian abstraction approach [2, 1#itrizduced now:

Definition 8 (Extensions of ranked predicate abstractions)LetX; and®, be ranked
predicate abstractions of. ThenR; is anextensionof X, if ho = hy o h for some
surjective functiorh, Jo C J1, p2 C g1, K2 C K1, andVk € Ky: <t = <k
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For example, the ranked predicate abstractids an extension oR, whereR and
N are given in Example 3. Extensions always enable increrangdysis.

Theorem 4 (Incremental analysis).Let the ranked predicate abstractiaty be an
extension of the ranked predicate abstraction ThenMy, is abstracted by, .

Extensions should be confluent in the following sense: itkea predicate abstrac-
tion 8, for the state space of some modélyields an abstraction/y, satisfying the
automaton(4, ¢), then any ranked predicate abstractionfor the state space aff
should be extendable to a ranked predicate abstrastisnch that)/y also satisfies
(A, q). We define common extensions and show this desired confluence

Definition 9 (Common extension)LetX; andX, be ranked predicate abstractions for
state spacé&, where we assume without loss of generality thiatand K» are disjoint.
The ranked predicate abstraction MR, for S'is (S.h, h, J1 U Ja, (<) rer, Uk, 91 U
pg) whereh = {(S, (il,ig)) IS (Il X Ig) | ERS hl.{il} N hg.{ig}}, andgk is Slf

if k € K1, butequals<} if k € Ko.

Theorem 5 (Confluence of extensions).et X; and X, be ranked predicate abstrac-
tions for state spacs. ThenX; M X, is an extension at; and ofXs.

6 Completeness

First we point out an issue of expressiveness: more thananielocation is needed in
order to get a complete predicate abstraction.

Proposition 1 (Limited expressiveness)There is no ranked predicate abstractitn
of the Kripke structure from Figure 2 such that ifsis a singleton and My, h(3)) =
(A, @) holds, whered is the automaton from Figure 3.

We now construct ranked predicate abstractions that pilowelésired complete-
ness. Le{M, s) = (A, ¢) hold. The set of OR-state3,4 and the sef’4 of states that
are targets oEX - or AX -states are defined:

Oa={q€Q|3q1,q2 € S: 6(q) = 1V}
Ta={qd €Q|3gcQ:0(q) e {EXq,AXq'}}.

Without loss of generality, the automaton statiat describes the property we are
interested in is ifT'4 (otherwise add a fresh automaton sigteith §(¢’) = EX ¢; thus
¢’ is unreachable and won't interfere with satisfaction gaai@her automaton states).

A choice functiorfor A is a functionc4: O4 — {1,2}. LetChy4 be the set of all
choice functions ford. Let § be a memoryless strategy for Player | for the satisfaction
game between/ andA. Thenc‘i’s is the choice function whose choices on gny O 4
agree with those df on (s, q).

The ranked predicate abstraction that proves completevidsgsespect to a memo-
ryless strategy is constructed as follows: States f are equivalent iff

— they satisfy the same automaton states with respetatal

12



— 0 behaves the same on every OR-state.

Relevant predicates are those that occur in the automatun s&t.J is taken to be
the set of automaton stat@%. The pre-orders<* are derived from ranking functions
corresponding to odd automaton acceptance numbers: yoaghhking, the ranking
functionw?* is determined (if possible, otherwise a default vaitis chosen) by the
least number of unfoldings necessary to guarantee that nieefi2k + 1 value can
be reached by remaining bel@# + 2. This is formalized by counting the unfoldings
of function Uy 5, applied to the empty set until the state of the model combimitl
the corresponding automaton state is obtained in the getkesat (note that will be
chosen such that it is always greater than any possible iogynEormally,Ug . : (S x

Q) — (S x Q) is given by

Ue7k(W) =Wu {(Sa Q) | V(Sn7 Qn)nelN € g(esyq)vr € IN:

O(qr+1) =142k = ((Sr41,@r41) EWoOrad’ <r: 0(g-) > 1+ 2k)}
with 5{’57 g as set of all plays started in configurationg) and played via strategy

Definition 10 (Complete ranked predicate abstraction)Letd be a memoryless strat-
egy for Player | for the satisfaction game betwekhand automatomd. Then thed-
ranked predicate abstractim®y = (S.hg, ho, Ta, (<’g)k€K9, ©0), where

Ko ={0,1,...,[(maz{O(q) | g € Q} — 1)/2]} and x = |P(P(S x Q))|
hg : S — P(Ta) x Cha With hy(s) = ({g € Ta | @ winsin(s, q)}, c%*)
Wik =min({a | (s,q) € U5, ({}H} U {x})

(s.4) Slg (3,9) & w?;iq’) < w(egfﬂq)

9o ={p| g€ Q:0(q) € {p,p}

Theorem 6 (Completeness).et M be a Kripke structure anébe a memoryless strat-
egy for Player | for(M, s) = (A, ¢) and R, the f-ranked predicate abstraction dff .
Then(My,, (ho(s),q,9)) = (4, q) holds whenevef is winning for the satisfaction
game at configuratiofs, q).

7 Discussion

Fairness constraints in models, the Streett acceptanadtioms in our paper, are re-
quired for securing completeness as the property langwsagewerful enough to ex-
press such constraints. Such completeness can alreadguzsljif 2™ has typeS x S
instead of ourS x P(.S). But then abstractions for a givéymay be less precise, and the
completeness proof is likely to be harder; in fact, we donti whether completeness
for feasible abstractions restricted to state space jpegits then always realizable.

Our abstract models are closely related to the modal automdf1], except that
in our model

— only must-transitions point to OR-states, e.g., our muagtsition(s, D) is graphi-
cally represented through an OR-statidat has exactly the outgoing transitions to
all elements ofD ands points too; and
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— may-transitions point to AND-states via a similar graphiepresentation.

Note that AND-states do not exist in modal automata; in oypreach AND-states
allow more compact abstractions and simplify our complessiproof. We did consider
using modal automata but found that a definition and proofetigion would be more
complex than for our choice of model, as indicated in the jprevparagraph.

We also considered using the focussed transition systefif)]ras an alternative
complete abstraction framework. We decided against itasis@e of our key objectives
was to maximize the reuse of tried and tested methods inqgatdabstraction, notably
the partition of a concrete state space through predicatetha computation of abstract
transitions based on the existence of transitions betwiad@ssof such partitions. The
focus and defocus operations in focussed transition syssa®am to make it difficult
to reason about the existence of transitions in this marires. is related to the fact
that the model checking ganie = ¢ for property¢ and focussed transition systetfis
in [10] does not satisfy conjunction elimination and digjtian introduction; e.g. there
areF, ¢1, andg, with F' = ¢1 A g2 but F' (= ¢4. This also suggests that “most precise”
abstractions may not exist or may be difficult to define foiugsed transition systems.

Our completeness result, as all others, does not shed lightw to find feasible
abstractions but it secures the existence of ranked ptedadsstractions that are fea-
sible, confluent, and incremental. So the design of an aft&trarefinement loop for
predicate abstraction of branching time may be attainabfeture work.

8 Conclusion

In this paper we developed an abstraction framework fork&igtructures that extends
predicate abstraction to ranked predicate abstractiohatmhe can deal with all live-
ness properties as well. Specifically, whenever a Kripkecstire )M satisfies a property
¢ of the modalu-calculus, there is a finite-state model computed througanked
predicate abstraction that witnesses this truth, and séraonework is complete in the
sense of Dams & Namjoshi [10]. We also proved that the alstrexcsynthesized in
this way are precise in the sense of Dams [7]. Our ranked gaiglabstractions cor-
respond to state space partitions of the concrete modelfimitd®. We demonstrated
that these abstractions are incremental and confluent: medicates may be added
for abstraction-refinement, and feasible abstractionsbeafound no matter how, and
how often, initial abstractions have been refined so farumrsary our results form
a good foundation for the automated synthesis of abstrex#md counter-example-
guided abstraction-refinement for branching time, bothesub for future work.
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