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Abstract. Predicate abstraction frameworks are a powerful means of combating
the state explosion problem in model checking as they automatically synthesize
abstract models that either verify compliance with a property, give rise to a gen-
uine counter-example or produce a spurious counter-example that drives refine-
ment of the abstract model. Prominent tools for safety (e.g.Blast) and termination
(e.g. Terminator) checking rely on this approach. This paper presents such an ab-
straction framework for all properties of the modalµ-calculus based on ranked
predicate abstraction. We show that our framework is incremental and confluent
and should therefore allow good refinement heuristics. Moreover, ranked predi-
cate abstractions are proved to be precise (i.e. optimal as abstractions) and also
complete in that all properties true in a model are also true in a finite-state, ranked
predicate abstraction of that model. This completeness relates to known charac-
terizations of relative completeness for predicate abstraction with branching time.

1 Introduction

Model checking, invented 25 years ago [4, 24], provides a framework for verifying
properties of systems: a system is represented by a mathematical modelM , a property
of interest is coded within a formal language as someφ, and the satisfaction relationship
is captured by a formal predicate|= relating formal models and properties. Its instances
M |= φ are then decided fully automatic (e.g. ifM is finite-state) or semi-automatic
(e.g. if M is abstracted first). Models often have infinite state space and this infinity
can have a variety of sources: unbounded data-types, recursive process specifications,
quantitative and continuous parameter values etc. Even if models are finite, their size is
typically exponential in the number of system variables or communicating sub-models.
This state explosion problemis a severe impediment to the scalability of this approach
and its technology transfer into industrial research & development units even if the
complexity of computingM |= φ is linear in the sizes ofM andφ.

Abstraction of models, e.g. [20, 5, 7, 8, 3, 16], is seen as a key aid in realizing scal-
able model checks: instead of checkingM |= φ for a large modelM , construct an
abstract modelA from a compact specification ofM such thatA |= φ always implies
M |= φ for certain kinds of propertiesφ. Predicate abstraction [15] partitions the state
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space of a modelM based on finitely many predicates of a suitable logic and then
abstractly interprets [6] its transitions and labelings over that partition to render an ab-
stract modelA. If decidability of that logic is computable or can be approximated, this
abstract model structure (if expressible in the logic) can be synthesized automatically
with calls to a theorem prover. Predicate abstraction is highly successful as it allows the
automatic computation of abstractions and an incremental refinement of the abstraction
with new predicates in case that the current abstraction contains spurious information,
i.e. thatA 6|= φ erroneously suggestsM 6|= φ. Finding good heuristics for the choice of
initial and refining predicates and proving relative completeness (i.e. possible termina-
tion) of this refinement process are two principal concerns in this line of research.

To enable finite-state model checking via abstractions in principle, we require that
M |= φ impliesA |= φ for some finite-state abstractionA of M ; as is customary, we
call suchA feasibleabstractions. The existence of such a reduction forall properties
of a given formal language is termed “completeness” in [10],a terminology we will
adopt in this paper. Given completeness one could somehow find a magic abstraction
even though the original problemM |= φ may be undecidable. For Kripke structures
and formulas of linear-time temporal logic completeness has been shown by Kesten &
Pnueli in [17], where models where augmented with progress monitors to allow ab-
stractions to preserve liveness properties.

Branching-time temporal logics are needed in important application settings. We
mention multiple system observers that prevent a “linearization of time,” and invari-
ants of dynamical systems that mix different path quantifiers (e.g. whether all reachable
states in a model of a biological system can reach a state fromwhich a cyclic behavior
is possible). Branching time may also aid in expressing process/environment interaction
as seen in alternating-time temporal logic [1]. For branching time, Dams & Namjoshi
have shown in [10] that Kripke structures are incomplete forExistential Computation
Tree Logic (ECTL) but that completeness can be secured for the entire modalµ-calculus
(including CTL and CTL*) if models are augmented to render tree-automata-like struc-
tures: focussed transition systems in [10],µ-automata in [11], etc. Completeness proofs
share that they, in essence, construct a finite-state abstraction A of M with A |= φ
from a proof thatM |= φ holds. This completeness is an expressibility result and says
nothing about how a feasible finite-state abstraction may befound.

Namjoshi [22] shows completeness for the modalµ-calculus through the abstraction
of an alternating transition systemM × φ, a product between a labeled transition sys-
temM and an alternating tree automataφ that represents the property to be checked.
These abstractions use choice predicates at OR-states, andrank functions for moni-
toring progress. For this abstraction framework, and a set of predicates that contains
the initially chosen ones and is closed under weakest preconditions, he shows that the
abstraction is relatively complete iff (choices at OR-states are uniform and progress
ranks are bounded). In [22] we therefore find a precise characterization of the kind of
branching-time properties for which predicate abstraction can find a feasible abstraction
within the abstraction framework of loc. cit.

Dams [7] considers a quality measure of an abstraction, precision, an optimality
principle that is concerned with maximizing the number of properties being preserved

2



by the abstraction, given that its state space and model signature are fixed. In [22]
precision is not covered.

In this paper we draw from the ideas in [7, 17, 22, 10] discussed above to develop
an abstraction framework for Kripke structures and the modal µ-calculus (given here in
the equivalent form of alternating tree automata) that meets the following objectives:

1. our framework is complete for the modalµ-calculus in the sense of [10]
2. our framework allows the construction of precise abstractions in the sense of [7]
3. our framework supports a notion ofranked predicate abstraction, a predicate ab-

straction that can deal with liveness properties as well
4. all abstractions, including those that prove completeness, are specified through

ranked predicate abstractions that partition the state space they abstract
5. ranked predicate abstractions are incremental and thus open up the possibility of

counter-example-guided abstraction refinement as familiar for linear time, and
6. ranked predicate abstractions areconfluent: feasible abstractions, if they exist, can

always be found in principle, regardless of the particular history of incremental
refinements of an initially chosen abstraction

Although our models and methods are somewhat related to the work in [22], we
highlight important differences. Abstractions in [22] arecomputed from a product of
the model with the property to be checked. In contrast, our ranked predicate abstraction
extends the state space partitions familiar from predicateabstraction with finitely many
ranking functions and a set of slice predicates (Section 4).In [22] they find sufficient
and necessary conditions for a feasible abstraction to be computed through predicate
abstraction. In our framework we show that ranked predicateabstraction can indeed al-
ways express feasible abstractions (Section 6). We also show that our canonical ranked
predicate abstraction is precise (Section 4) and that ranked predicate abstraction is in-
cremental and confluent (Section 5).

The use of ranking functions, and their heuristics [9], for encoding fairness condi-
tions is certainly not knew. This use is seen in the aforementioned [17], in the composi-
tional verification of liveness properties [12], and in the context of efficient complemen-
tation of automata [19]. We merely combine ranking functions with existing abstraction
formalisms to prove desirable results for branching-time model checking.

2 Hypermixed Kripke structures

We define the models of interest, extensions of disjunctive modal transition systems
[21]. Models with similar transition structure as those presented here, but with a differ-
ent kind of acceptance condition, had already been proposed, and shown to be complete,
in the technical report [13]. Without loss of generality, wewon’t consider action labels
on models in this paper. Throughout,|S| denotes the cardinality of a setS andP(S)
denotes its power set.

Definition 1 (Models). For a set of atomic propositionsAP, a hypermixed Kripke
structureM is a tuple(S, R−, R+, L−, L+, (Eℓ, Fℓ)ℓ∈L) with finiteL such that

– (s ∈)S is a set of states,
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– R−, R+ ⊆ S × P(S) the set ofmust- andmay-transitions (respectively),
– L−, L+ : S → P(AP) themust- andmay-labelings (respectively) of states, and
– (Eℓ, Fℓ)ℓ∈L is a Streett acceptance condition with each(Eℓ, Fℓ) in P(S) × P(S).

We often refer to hypermixed Kripke structures as ‘models’.Furthermore, such a
model isfinite if |S| + |

⋃
s∈S L−(s)| + |AP \ (

⋃
s∈S L+(s))| is finite.

Kripke structures have straightforward representations as hypermixed Kripke struc-
tures: letR− = R+, L− = L+, L = {}, and ensure that(s, D) ∈ R− implies thatD is
a singleton. A hypermixed Kripke structure is depicted in Figure 1 and a Kripke struc-
ture is presented in Figure 2. The interpretation of the labelingsL− andL+ is standard
[7, 8]: L−(s) lists those atomic propositions that must hold in any refining states ofs
whereasL+(s) lists those propositions that may hold in some refinement ofs. A must-
transition(s, D) ∈ R− specifies that all refining states̈s of s in a Kripke structureM̈
must have a transition(s̈, {s̈′}) in M̈ such thaẗs′ refinessomestate inD [21]. Dually, a
may-transition(s, C) ∈ R+ specifies that all refining statess̈ of s in a Kripke structure
M̈ may (but must not) have transitions in̈M of form (s̈, {s̈′}) such thaẗs′ refinesall
states inC. We formalize these intuitions in refinement games below.

The Streett acceptance condition for modelM is a predicateAM that characterizes
the allowed infinite sequences of states, those(sn)n∈IN satisfying “for all ℓ ∈ L, set
{n ∈ IN | sn ∈ Eℓ} is infinite or set{n ∈ IN | sn ∈ Fℓ} is finite”. For example in the
model from Figure 1, the infinitely repeating sequence of states(s1

00 s2
10)

ω is accepted
whereas(s0

10 s1
11)

ω is not, where the superscript2 (resp.,1) denotes membership inEℓ

(resp.,Fℓ). We chose a Streett condition over, say, a Rabin condition since its conjunc-
tivity allows us to enforceall constraints of a ranking function; and since it guarantees
that checking guarded formulas of the modalµ-calculus for such models is in NP as
Player I will have a memoryless winning strategy.

We turn to defining abstraction between models through a refinement notion, using
various acceptance conditions of regular games. Below we write πi for the projection
into thei-th component of an ordered tuple. Given a relationρ ⊆ B × C with subsets
X ⊆ B andY ⊆ C we write X.ρ for {c ∈ C | ∃b ∈ X : (b, c) ∈ ρ} andρ.Y for
{b ∈ B | ∃c ∈ Y : (b, c) ∈ ρ} and abuse this notation wheneverρ is a function (viewed
as a graph). For a sequence of tuplesΦ we writeΦ[i] for the sequence obtained from
Φ through projection into thei-th coordinate. Letmap(f, Φ) be the sequence obtained
from Φ by applying functionf to all elements ofΦ in situ.

Definition 2 (Refinement).

1. Finite refinement plays for modelsM1 andM2 have the rules and winning condi-
tions as stated in Table 1. An infinite playΦ is a win for Player I (the verifier) iff
[AM1

(Φ[1]) ⇒ AM2
(Φ[2])] holds; otherwise it is won by Player II (the refuter).

2. States1 ∈ S1 refiness2 ∈ S2 (and thens2 abstractss1) iff Player I has a winning
strategy for all refinement plays started at(s1, s2).

3. ModelM1 refines (is abstracted by)M2 iff Player I has a strategy for the corre-
sponding refinement game betweenM1 and M2 such that any state inS1 is ab-
stracted by some state inS2, and any state inS2 is refined by some state inS1.
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Fig. 1. A hypermixed Kripke structure. At states, label p− (resp.,p+) denotess ∈ L−(p)
(resp.,s ∈ L+(p)). Branching solid (resp., dashed) arrows model must-transitions (s, D) (resp.,
may-transitions(s,C)). Depicted states come in three versions — labeled with 0, 1,or 2 super-
scripts — that share outgoing transitions. Labels on transitions indicate the version of their source
state. For example, the upper most depicted solid transition indicates{(si

10, {s
1
01, s

1
11, s

2
11}) |

i ∈ {0, 1, 2}} ⊆ R−. The state set of all versions labeled with 2, paired with thestate set
of all versions labeled with 1, yields the sole Streett acceptance condition of this model, here,
E = {s2

00, s
2
01, s

2
10, s

2
11} andF = {s1

00, s
1
01, s

1
10, s

1
11}

Our ranked predicate abstraction defined below will ensure item 3. above by definition.
Since this paper presents techniques that render abstractions by construction, we are
not concerned with the complexity of checking refinement perse. We note that our
refinement between two Kripke structures coincides with bisimulation [23].

Example 1 (Abstraction).The model in Figure 1 is an abstraction of the model from
Figure 2 where all three versions ofs00 ands01 abstract̂s, and all three versions ofs10

ands11 abstract all states of the Kripke structure other thanŝ.

3 Sound satisfaction relation

We will present the modalµ-calculus in its equivalent form of alternating tree au-
tomata [25]. All results in this section have standard proofs.

Definition 3 (Tree automata).Analternating tree automatonA = (QA, δA, ΘA) has

– a finite, nonempty set of states(q ∈)QA

– a transition relationδA mapping automaton states to one of the following forms,
whereq, q1, q2 are automaton states andp ∈ AP: p | ¬p | q | q1∧̃q2 | q1∨̃q2 |
EX q | AX q and
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ŝ0 ŝ1 ŝ2 ŝ3 ŝ4 ŝ5 ŝ6

�

- - -

-
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· · ·

· · ·

· · ·

Fig. 2. A Kripke structure withL−(ŝ) = {p0}, L−(si) = {}, andL−(ŝi) = {p1} for all i ≥ 0.
Arrowss → s′ denote(s, {s′}) ∈ R−

L− labeling: Player II choosesp from L−(s2); Player I wins iffp is in L−(s1)
L+ labeling: Player II choosesp from AP \ L+(s2); Player I wins iffp is not inL+(s1)
R− transition: Player II chooses a set of statesD′

2 ∈ {s2}.R
−

2 ; Player I responds withD′

1 ∈
{s1}.R

−

1 ; Player II choosess′1 ∈ D′

1; Player I responds withs′2 ∈ D′

2; the next configuration
is (s′1, s

′

2)
R+ transition: Player II chooses a set of statesC′

1 ∈ {s1}.R
+
1 ; Player I responds withC′

2 ∈
{s2}.R

+
2 ; Player II choosess′2 ∈ C′

2; Player I responds withs′1 ∈ C′

1; the next configuration
is (s′1, s

′

2)

Table 1.Moves of refinement game at configuration(s1, s2). Refinement plays are sequences of
configurations generated thus

– an acceptance conditionΘA : QA → IN with finite image, where an infinite se-
quence of automata states is accepted iff the maximal acceptance number occurring
infinitely often is even.

An alternating tree automaton is depicted in Figure 3. Throughout this paper, we
assume without loss of generality [18] that all automata correspond to guarded formulas
of the modalµ-calculus, i.e. that every cycle in the underlying graph of automatonA has
to contain an element that is labeled withEX orAX . Also, for any bounded sequence
n of elements inIN we writesup(n) for the largestm that occurs inn infinitely often.

Definition 4 (Satisfaction).

– Finite satisfaction plays for modelM and alternating tree automatonA have the
rules and winning conditions as stated in Table 2. An infiniteplay Φ is a win
for Player I iff [AM (Φ[1]) ⇒ sup(map(Θ, Φ[2])) is even]; otherwise it is won by
Player II.

– ModelM satisfiesautomatonA in configuration(s, q) ∈ S ×Q, written(M, s) |=
(A, q), iff Player I has a strategy for the corresponding satisfaction game between
M andA such that Player I wins all satisfaction plays started at(s, q) with her
strategy.

The acceptance condition for satisfaction plays between a model M and an au-
tomataA is a variant of those familiar from the literature: An infinite play Φ is a
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AX ∨̃// EX// ∧̃// EX// EX// EX//
��

p0

��
p1

��

0 1 0 0 0 0 0

0 0
bq

q̈

Fig. 3. An alternating tree automata. Accepting values are depicted next to states. At statëq it
expresses that there is a run that reaches ap0-state after4n moves for somen ≥ 0 (since the
cycle has to be left to obtain an accepting sequence) such that p1 always holds after4m+1 moves
for everym < n with m ≥ 0. At bq, it expresses that after any transition the property expressed
at q̈ holds

p: Player I wins iffp ∈ L−(s)
¬p: Player I wins iffp /∈ L+(s)
q′: the next configuration is(s, q′)
q1∧̃q2: Player II picks aq′ from {q1, q2}; the next configuration is(s, q′)
q1∨̃q2: Player I picks aq′ from {q1, q2}; the next configuration is(s, q′)
EX q′: Player I picksD′ ∈ {s}.R−; Player II pickss′ ∈ D′; the next configuration is(s′, q′)
AX q′: Player II picksC′ ∈ {s}.R+; Player I pickss′ ∈ C′; the next configuration is(s′, q′)

Table 2.Moves of satisfaction game at configuration(s, q), specified through a case analysis on
the value ofδ(q). Satisfaction plays are sequences of configurations generated thus

win for Player I iff either the projection ofΦ into the automataA is accepting inA
(sup(map(Θ, Φ[2])) is even) or the projection ofΦ into M is non-accepting inM
(¬AM (Φ[1])). We write s |= q and Q, etc, wheneverM andA are clear from the
context. Note that|= applied to Kripke structures corresponds to the usual satisfaction
relation.

Example 2 (Satisfaction game).For the model of Figure 4 and the automaton from
Figure 3 we haves0

00 |= q̂: at theq̂-state Player I choosess2
10 or s2

20 in theAX -move,
depending on which may-transition froms0

00 is picked by Player II. In order to show
q̈ at s2

10 or s2
20, Player I chooses theEX -automaton state in thẽ∨-move, then she

chooses the must-transition pointing to{s0
31}, (if Player II picks theEX -state) Player

I chooses the must-transition pointing to{s0
21}, at the nextEX -move she chooses

the one pointing to{s1
10, s

0
20}, at the nextEX -move she chooses the one pointing to

s1
01, respectively the one pointing to{s1

10, s
1
20}. Then in the latter case, a cycle has

been reached and the game continues as described before. So either p0 is reached or a
sequence that contains no state labeled with 2 but infinitelymany states labeled with 1
is generated, which contradicts the Streett acceptance condition.

The winning conditions for the satisfaction game are Rabin conditions as they have
form [Streett ⇒ RabinChain] which reduces toRabin; so deciding(M, s) |= (A, q)
is in NP for finite-state models. We prove soundness of(M, s) |= (A, q) as an approxi-
mation of the EXPTIME-hard relation which asks whether all pointed Kripke structures
(M̈, s̈) that refine(M, s) satisfyA in (s̈, q), the proof is completely standard. As usual,
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Fig. 4. Another hypermixed Kripke structure. For notational conventions we refer to Figure 1

(M, s) 6|= (A, q) does not imply(M, s) |= (¬A, q) where¬A recognizes the comple-
ment ofA.

Theorem 1 (Soundness).Supposes1 refiness2. Then for any “guarded” automaton
A andq ∈ Q, we have thats2 |= (A, q) impliess1 |= (A, q).

4 Ranked predicate abstraction

Predicate abstraction computes a partition of a concrete state space by identifying states
that have the same truth values for finitely many given formulas of some logic [15].
If that logic is decidable or if its decidability can be over-approximated, then model
structure (e.g. a state transition relation) over this partition can be synthesized by means
of such decision procedures without explicitly constructing the concrete model [15] —
provided that model structure is expressible in the given logic.

We now adapt predicate abstraction to hypermixed Kripke structures and branching
time and argue the suitability of that adaption. In doing so,we work with a functionh
that maps concrete statesS to abstract statesI. This function is derived from finitely
many predicatesφ1, φ2, . . . ,φn by the equivalence relation≡⊆ S×S, given bys ≡ s′

iff (for all 1 ≤ i ≤ n, s |= φi ⇔ s′ |= φi). ThenI is the set of equivalence classes of
≡ andh(s) is defined to be the equivalence class ofs.

Definition 5 (Ranked predicate abstraction).A ranked predicate abstractionℵ of a
state spaceS is a tuple(I, h, J, (≤k)k∈K , ℘) where

– h : S → I is a surjective function mapping concrete (S) to abstract (I) states
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– J is a non-empty set of rank locations;
– for all k ∈ K, with K a (possible empty) index set,≤k ⊆ (S × J) × (S × J) is a

pre-order with well-founded irreflexive version<k; and
– ℘ ⊆ AP is the set ofslicepredicates such that
– |I| + |J | + |K| + |℘| is finite.

Ranked predicate abstractionℵ generalizes the familiar predicate abstraction [15] to
the entire modalµ-calculus, and so to liveness properties in particular. In our approach

– precision and completeness require an acceptance condition: abstract runs that are
infinitely descending and related (not necessarily state-wise) to concrete runs are
rejected; “descending” is defined in terms of given pre-orders

– setJ is used to allow more complex ranking pre-orders≤k

– set℘ is used to restrict the predicates of the model to those whichoccur in properties
one wishes to check.

Example 3 (Ranked predicate abstraction).Two ranked predicate abstractions for state
spaceS of the Kripke structure in Figure 2 arêℵ = ({i0, i1}, ĥ, {̈, ̂}, (≤k)k∈{0}, {p0})

and ℵ̈ = ({i0, i1, i2, i3}, ḧ, {̈, ̂}, (≤k)k∈{0}, {p0, p1}) such that̂h(ŝ) = ḧ(ŝ) = i0,

ĥ(s0) = ḧ(s0) = i1, and forn ∈ IN, ĥ(sn+1) = ĥ(ŝn) = i1, ḧ(sn+1) = i2, ḧ(ŝn) =
i3, and(s′, j′) ≤0 (s, j) ⇔ ω(s′, j′) ≤ ω(s, j) for s, s′ ∈ S, j, j′ ∈ {̈, ̂} where
ω(ŝ, ̈) = ω(ŝ, ̂) = 0, ω(sn, ̂) = ω(ŝn, ̈) = n + 1, andω(sn, ̈) = ω(ŝn, ̂) = n + 2.

We point out that a nontrivialJ is required to obtain completeness of the abstraction
framework, see Proposition 1 in Section 6 below. Theℵ-abstraction game involves two
hypermixed Kripke structuresM1 andM2 whereℵ is a ranked predicate abstraction
for the state space ofM1. The objective of Player I is to show thatM1 is abstracted by
M2 up toℵ, meaning that Player II can switch between states ofM1 that map to the
same elements viah as long as no contradiction to the acceptance condition ofM1 or
to the ranking functions ofℵ is produced. Therefore, the states ofM1 are represented in
configurations via elements ofI×J×((L∪K) → {0, 1, 2}), whereJ is under control of
Player I such that soundness of the game is ensured, and((L∪K) → {0, 1, 2}) is used
to encode fairness constraints as follows: A Streett condition pair(E, F ), represented
by an elementk ∈ K, is encoded via a function into{0, 1, 2} where value2 indicates
that a state ofE, respectively, a move not preserving≤k happens; 1 indicates that a state
of F \ E, respectively, a move that preserves<k happens; and 0 indicates that a state
outsideF or E, respectively, a move that preserves≤k (but not strictly so) happens.
FormallyΩM,ℵ : (S × J)2 → ((L ∪ K) → {0, 1, 2}) is given by

ΩM,ℵ
(s′,j′,s,j)(x) =





2 if (x ∈ L& s′ ∈ Ex) or (x ∈ K & (s′, j′) 6≤x (s, j))
1 if (x ∈ L& s′ ∈ Fx \ Ex) or (x ∈ K & (s′, j′) <x (s, j))
0 otherwise

where we assume throughout thatK andL are disjoint. For the completeness proof for
(M, s) |= (A, q) it is instructive to think ofJ as the set of automaton statesQA. We
write Φ(n) for then-th configuration of playΦ.
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L− labeling: Player II choosesp from L−(s2) ands1 ∈ h.{i}; Player I wins iffp ∈ L−(s1)∩℘
L+ labeling: Player II choosesp from AP \ L+(s2) and s1 ∈ h.{i}; Player I wins iff p ∈

℘ \ L+(s1)
R− transition: Player II chooses a set of statesD′

2 ∈ {s2}.R
−

2 ; Player I responds withj′ ∈ J ;
Player II choosess1 ∈ h.{i}; Player I responds withD′

1 ∈ {s1}.R
−

1 ; Player II choosess′1 ∈
D′

1; Player I responds withs′2 ∈ D′

2; the next configuration is(h(s′1), j
′, ΩM,ℵ

(s′
1
,j′,s1,j)

, s′2)

R+ transition: Player II choosess1 ∈ h.{i} andC′

1 ∈ {s1}.R
+
1 ; Player I responds withC′

2 ∈
{s2}.R

+
2 ; Player II choosess′2 ∈ C′

2; Player I responds withs′1 ∈ C′

1 andj′ ∈ J ; the next
configuration is(h(s′1), j

′, ΩM,ℵ

(s′
1
,j′,s1,j)

, s′2)

Table 3. Moves ofℵ-abstraction game at configuration(i, j, g, s2) ∈ I × J × ((L ∪ K) →
{0, 1, 2}) × S2 whereℵ-abstraction plays are sequences of configurations generated thus

Definition 6 (Ranked predicate abstraction game).Letℵ be a ranked predicate ab-
straction for the state space ofM1.

– Finite ℵ-abstraction plays for modelsM1 andM2 have the rules and winning con-
ditions as stated in Table 3. An infinite playΦ is a win for Player I iff [(for all
x ∈ L ∪ K, sup((π3(Φ(n))(x))n∈IN) is even) ⇒ AM2

(Φ[4])] holds; otherwise it
is won by Player II.

– The modelM1 is ℵ-abstracted byM2 iff Player I has a strategy for the corre-
spondingℵ-abstraction game betweenM1 and M2 such that for any(i, j, g) ∈
I × J × ((L ∪ K) → {0, 1, 2}) there iss2 ∈ S2 (and, conversely, for alls2 ∈ S2

there is(i, j, g) ∈ I ×J × ((L∪K) → {0, 1, 2})) such that Player I wins with her
strategy in allℵ-abstraction plays started at(i, j, g, s2).

We show thatℵ-abstractions are indeed abstractions.

Theorem 2 (Consistency of ranked predicate abstractions).Letℵ be a ranked pred-
icate abstraction of the state space ofM1. If M1 is ℵ-abstracted byM2, thenM1 is
abstracted byM2.

We now define an abstraction that is precise with respect to theℵ-abstraction game.

Definition 7 (Precise ranked predicate abstraction).Let ℵ be a ranked predicate
abstraction of the state space ofM . Thepreciseℵ-abstractionMℵ of M is defined
to be the model(Sℵ, R−

ℵ , R+
ℵ , L−

ℵ , L+
ℵ , (Eℵ

x , Fℵ
x )x∈L∪K) where

Sℵ = {(i′, j′, ΩM,ℵ
(s′,j′,s,j)) ∈ I × J × ((L ∪ K) → {0, 1, 2}) | i′ = h(s′)}

R−
ℵ =

{
((i, j, g), D̃) | ∃j′ ∈ J, f : S → P(S) : (∀s ∈ h.{i} : f(s) ∈ {s}.R−)&

D̃ = {(i′, j′, ΩM,ℵ
(s′,j′,s,j)) | s ∈ h.{i}& s′ ∈ h.{i′} ∩ f(s)}

}

R+
ℵ =

{
((i, j, g), C̃) | ∃s ∈ h.{i}, C ∈ {s}.R+ :

C̃ = {(i′, j′, ΩM,ℵ
(s′,j′,s,j)) | j′ ∈ J & s′ ∈ C ∩ h.{i′}}

}

L−
ℵ (i, j, g) = ℘ ∩

⋂

s∈h.{i}

L−(s) L+
ℵ (i, j, g) = (AP \ ℘) ∪

⋃

s∈h.{i}

L+(s)

Eℵ
x = {(i, j, g) | g(x) = 2} Fℵ

x = {(i, j, g) | g(x) = 1}
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In theℵ-abstraction ofM , the set of must-labelings (resp., may-labelings) is stan-
dard, except that it (resp., its complement) is restricted to predicates from℘. The Streett
conditions specify that value 1 must not occur infinitely often if value 2 occurs only
finitely often. The state space is the reachable one occurring in theℵ-abstraction game.
The first componenth(s′) corresponds to the abstract state, the second componentj′

corresponds to the rank location (the current automaton state if J is taken to beQ),
and the third component corresponds to the acceptance encoded in the ranked predicate
abstraction game.

A must-transition((i, j, g), D̃) ∈ R−
ℵ is determined by choosing must-transitions

(s, f(s)) ∈ R− for every related concrete states ∈ h.{i} and taking a ranked predicate
locationj′ ∈ J . Note that Player I has control of the ranked predicate location in the
satisfaction game, so she can always respond with the reached automaton state ifJ is
taken to beQ. SetD̃ is the union of the abstract states inf(s) for s ∈ h.{i} combined
with j′. Furthermore, theg-component of a target iñD may vary depending on the
considered witnessess ands′ in M . A may-transition((i, j, g), C̃) ∈ R+

ℵ is determined
by taking a may-transition(s, C) ∈ R+ for somes that is related to the abstract state
i. The target set consists of all abstract states related to a state inC combined with any
value fromJ . Theg-component of a target iñC may similarly vary depending on the
witnesses for the abstract state inC.

Example 4.For ℵ̂ and ℵ̈ of Example 3, thêℵ-abstraction of the model in Figure 2 is
shown in Figure 1 and thëℵ-abstraction of that same model is depicted in Figure 4.
There the index ofsij corresponds to theI-component (respectivelyJ-component) and
theg-component is encoded by the transition labels. These figures omit must-transitions
that have matching must-transitions with a superset as target (these omission leads to
refinement equivalent models). To enhance readability the must-transitions outgoing
from statess00 ands01 as well as the outgoing may-transitions from other states are
omitted in Figure 4.

We justify the adjective “precise” of Definition 7.

Theorem 3 (Precision).The finite-state modelMℵ of Definition 7 is a preciseℵ-
abstraction ofM , i.e.,

– Mℵ is aℵ-abstraction ofM and
– if M2 is aℵ-abstraction ofM , thenM2 abstractsMℵ.

5 Incremental analysis

In the case that an abstraction obtained by ranked predicateabstraction does not satisfy
a property of interest, techniques for abstraction-refinement that reuse already verified
sub-properties are called for. Such a technique, a generalization of adding predicates in
the predicate or Cartesian abstraction approach [2, 14], isintroduced now:

Definition 8 (Extensions of ranked predicate abstractions). Letℵ1 andℵ2 be ranked
predicate abstractions ofS. Thenℵ1 is an extensionof ℵ2 if h2 = h1 ◦ h for some
surjective functionh, J2 ⊆ J1, ℘2 ⊆ ℘1, K2 ⊆ K1, and∀k ∈ K2 : ≤k

1 = ≤k
2 .
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For example, the ranked predicate abstractionℵ̈ is an extension of̂ℵ, whereℵ̈ and
ℵ̂ are given in Example 3. Extensions always enable incremental analysis.

Theorem 4 (Incremental analysis).Let the ranked predicate abstractionℵ1 be an
extension of the ranked predicate abstractionℵ2. ThenMℵ1

is abstracted byMℵ2
.

Extensions should be confluent in the following sense: if a ranked predicate abstrac-
tion ℵ1 for the state space of some modelM yields an abstractionMℵ1

satisfying the
automaton(A, q), then any ranked predicate abstractionℵ2 for the state space ofM
should be extendable to a ranked predicate abstractionℵ such thatMℵ also satisfies
(A, q). We define common extensions and show this desired confluence.

Definition 9 (Common extension).Letℵ1 andℵ2 be ranked predicate abstractions for
state spaceS, where we assume without loss of generality thatK1 andK2 are disjoint.
The ranked predicate abstractionℵ1⊓ℵ2 for S is (S.h, h, J1∪J2, (≤

k)k∈K1∪K2
, ℘1∪

℘2) whereh = {(s, (i1, i2)) ∈ S × (I1 × I2) | s ∈ h1.{i1} ∩ h2.{i2}}, and≤k is ≤k
1

if k ∈ K1, but equals≤k
2 if k ∈ K2.

Theorem 5 (Confluence of extensions).Let ℵ1 andℵ2 be ranked predicate abstrac-
tions for state spaceS. Thenℵ1 ⊓ ℵ2 is an extension ofℵ1 and ofℵ2.

6 Completeness

First we point out an issue of expressiveness: more than one rank location is needed in
order to get a complete predicate abstraction.

Proposition 1 (Limited expressiveness).There is no ranked predicate abstractionℵ
of the Kripke structure from Figure 2 such that itsJ is a singleton and(Mℵ, h(ŝ)) |=
(A, q̂) holds, whereA is the automaton from Figure 3.

We now construct ranked predicate abstractions that prove the desired complete-
ness. Let(M, s) |= (A, q) hold. The set of OR-statesOA and the setTA of states that
are targets ofEX - or AX -states are defined:

OA = {q ∈ Q | ∃q1, q2 ∈ S : δ(q) = q1∨̃q2}

TA = {q′ ∈ Q | ∃q ∈ Q : δ(q) ∈ {EX q′,AX q′}} .

Without loss of generality, the automaton stateq that describes the property we are
interested in is inTA (otherwise add a fresh automaton stateq′ with δ(q′) = EX q; thus
q′ is unreachable and won’t interfere with satisfaction gamesat other automaton states).

A choice functionfor A is a functioncA : OA → {1, 2}. Let ChA be the set of all
choice functions forA. Let θ be a memoryless strategy for Player I for the satisfaction
game betweenM andA. Thencθ,s

A is the choice function whose choices on anyq ∈ OA

agree with those ofθ on (s, q).
The ranked predicate abstraction that proves completenesswith respect to a memo-

ryless strategyθ is constructed as follows: States ofM are equivalent iff

– they satisfy the same automaton states with respect toθ and
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– θ behaves the same on every OR-state.

Relevant predicates are those that occur in the automaton. The setJ is taken to be
the set of automaton statesTA. The pre-orders≤k are derived from ranking functions
corresponding to odd automaton acceptance numbers: roughly speaking, the ranking
functionωθ,k is determined (if possible, otherwise a default valueκ is chosen) by the
least number of unfoldings necessary to guarantee that no further 2k + 1 value can
be reached by remaining below2k + 2. This is formalized by counting the unfoldings
of function0θ,k applied to the empty set until the state of the model combinedwith
the corresponding automaton state is obtained in the generated set (note thatκ will be
chosen such that it is always greater than any possible counting). Formally,0θ,k : (S ×
Q) → (S × Q) is given by

0θ,k(W ) = W ∪ {(s, q) | ∀(sn, qn)n∈IN ∈ ξθ
(s,q), r ∈ IN:

Θ(qr+1) = 1 + 2k ⇒ ((sr+1, qr+1) ∈ W or ∃r′ ≤ r : Θ(qr′) > 1 + 2k)}

with ξθ
(s,q) as set of all plays started in configuration(s, q) and played via strategyθ.

Definition 10 (Complete ranked predicate abstraction).Letθ be a memoryless strat-
egy for Player I for the satisfaction game betweenM and automatonA. Then theθ-
ranked predicate abstractionis ℵθ = (S.hθ, hθ, TA, (≤k

θ)k∈Kθ
, ℘θ), where

Kθ = {0, 1, . . . , ⌊(max{Θ(q) | q ∈ Q} − 1)/2⌋} and κ = |P(P(S × Q))|

hθ : S → P(TA) × ChA with hθ(s) = ({q ∈ TA | θ wins in(s, q)}, cθ,s
A )

ωθ,k

(s,q) = min({α | (s, q) ∈ 0
α
θ,k({})} ∪ {κ})

(s′, q′) ≤k
θ (s, q) ⇔ ωθ,k

(s′,q′) ≤ ωθ,k

(s,q)

℘θ = {p | ∃q ∈ Q : δ(q) ∈ {p,¬p}}

Theorem 6 (Completeness).LetM be a Kripke structure andθ be a memoryless strat-
egy for Player I for(M, s) |= (A, q) andℵθ theθ-ranked predicate abstraction ofM .
Then(Mℵθ

, (hθ(s), q, g)) |= (A, q) holds wheneverθ is winning for the satisfaction
game at configuration(s, q).

7 Discussion

Fairness constraints in models, the Streett acceptance conditions in our paper, are re-
quired for securing completeness as the property language is powerful enough to ex-
press such constraints. Such completeness can already be proved ifR+ has typeS × S
instead of ourS×P(S). But then abstractions for a givenℵ may be less precise, and the
completeness proof is likely to be harder; in fact, we don’t know whether completeness
for feasible abstractions restricted to state space partitions is then always realizable.

Our abstract models are closely related to the modal automata in [11], except that
in our model

– only must-transitions point to OR-states, e.g., our must-transition(s, D) is graphi-
cally represented through an OR-stateo that has exactly the outgoing transitions to
all elements ofD ands points too; and
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– may-transitions point to AND-states via a similar graphical representation.

Note that AND-states do not exist in modal automata; in our approach AND-states
allow more compact abstractions and simplify our completeness proof. We did consider
using modal automata but found that a definition and proof of precision would be more
complex than for our choice of model, as indicated in the previous paragraph.

We also considered using the focussed transition systems in[10] as an alternative
complete abstraction framework. We decided against its useas one of our key objectives
was to maximize the reuse of tried and tested methods in predicate abstraction, notably
the partition of a concrete state space through predicates and the computation of abstract
transitions based on the existence of transitions between states of such partitions. The
focus and defocus operations in focussed transition systems seem to make it difficult
to reason about the existence of transitions in this manner.This is related to the fact
that the model checking gameF |= φ for propertyφ and focussed transition systemsF
in [10] does not satisfy conjunction elimination and disjunction introduction; e.g. there
areF , φ1, andφ2 with F |= φ1∧φ2 butF 6|= φ1. This also suggests that “most precise”
abstractions may not exist or may be difficult to define for focussed transition systems.

Our completeness result, as all others, does not shed light on how to find feasible
abstractions but it secures the existence of ranked predicate abstractions that are fea-
sible, confluent, and incremental. So the design of an abstraction-refinement loop for
predicate abstraction of branching time may be attainable in future work.

8 Conclusion

In this paper we developed an abstraction framework for Kripke structures that extends
predicate abstraction to ranked predicate abstraction so that one can deal with all live-
ness properties as well. Specifically, whenever a Kripke structureM satisfies a property
φ of the modalµ-calculus, there is a finite-state model computed through a ranked
predicate abstraction that witnesses this truth, and so ourframework is complete in the
sense of Dams & Namjoshi [10]. We also proved that the abstractions synthesized in
this way are precise in the sense of Dams [7]. Our ranked predicate abstractions cor-
respond to state space partitions of the concrete model by definition. We demonstrated
that these abstractions are incremental and confluent: new predicates may be added
for abstraction-refinement, and feasible abstractions canbe found no matter how, and
how often, initial abstractions have been refined so far. In summary our results form
a good foundation for the automated synthesis of abstractions and counter-example-
guided abstraction-refinement for branching time, both subjects for future work.
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