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Abstract. We use Tarski’s relational algebra to derive a series of algo-
rithms for computing spanning trees of undirected graphs, including a
variant of Prim’s minimum spanning tree algorithm.

1 Introduction

The relational calculus has been very successful in the derivation and proof of
algorithms for directed graphs. We claim that it is equally suitable for reasoning
about undirected and even about weighted graphs. To prove our point we derive
a series of increasingly powerful spanning tree algorithms which culminates in
a variant of Prim’s well-known algorithm for computing a spanning tree with
minimal weight.

Directed graphs and relations are essentially the same, but there are (at least)
two natural ways of representing undirected graphs as relations. The first possi-
bility are symmetric relations on vertices, also known as adjacence relations. This
representation has the advantage of simplicity; it is well suited for calculations.
Alternatively we can use incidence relations between the set of edges and the set
of vertices. Incidence relations are harder to calculate with but they are more
easily generalized to multigraphs and weighted graphs. The two representations
are linked by a Galois connection. Thus, we can derive a spanning tree algorithm
for adjacence relations in the calculus of symmetric relations and then transform
it into an algorithm for incidence relations, which can then be further refined
into a minimum spanning tree algorithm.

The remainder of this paper is organized as follows. In Sec. 2 we derive a
spanning tree algorithm for adjacency relations. Then in Sec. 3 we show how a
Galois connection may be used for data reification. This procedure is instantiated
in Sec. 4 to produce a spanning tree algorithm for incidence relations which in
Sec. 5 is refined to a minimum spanning tree algorithm. Sec. 6 gives the proofs
of various facts used in the derivations. In the appendix we explain how our
programs can be implemented in the relational toolbox RELVIEW.

2 Adjacence Relations

Given a connected (undirected) graph G, we are asked to compute a subgraph
T of G with the following properties:



1. T is connected and cycle-free (T is a tree).
2. Every vertex of GG is also a vertex of T' (T spans G).

Let us assume that G is given as an adjacence relation, that is an irreflexive
and symmetric relation on a set V' (the set of vertices), and that the output
T is required in the same format. Representing graphs as relations facilitates
the tmplementation of algorithms, because relations can be encoded efficiently
as Boolean matrices, linked lists, or binary decision diagrams. It also facilitates
the design of algorithms, because relations are the objects of a concise algebraic
calculus (which was formalized in 1941 by Tarski, see also [11, 4]). To advantage
ourselves of these twin benefits let us translate the problem specification into the
language of relations. We start with a couple of definitions that fix the notation
and introduce some basic properties.

Definition 1 (Relational Operators and Constants) We consider binary
relations on the fired set V. The largest and the smallest such relation are written
as L and O, respectively. Since we work in the fired universe V x 'V, every relation
R has a complement R. The composition of two relations is denoted RS, and RY
1s the converse of R. The diagonal relation, which is the unit of composition, is
written as |. And, finally, R* 1is the transitive and reflexive closure of R.

Definition 2 (Properties of Relations) A relation R is called symmetric if
RY = R, asymmetric if RN RY = O, antisymmetric if RN RY = |, irreflexive
if 1N R = 0O, connected if R # O and RLR C R*, one-step-connected if R # O
and RLR C IUR.

Definition 3 (Symmetric Relations) For any RCV x V let Symm(R) de-
note the set of all irreflexive and symmetric subrelations of R; this is a complete
atomistic Boolean algebra. If R, S € Symm (L) we say that R spans S if RC S
and RL = SL.

Definition 4 (Atoms and Edges) If £ is a lattice and R € L then atomsz(R)
denotes the set of atoms (minimal non-zero elements) that are below R. In par-
ticular, for R € Symm(L) the elements of edges(R) =45 atomssymm(r)(R) are
called its edges.

In other words, edges are relations of the specific form {(v, w), (w, v)} for distinct
vertices v and w. Note that every non-empty element of Symm(L) contains at
least one edge.

Definition 5 (Bridges and Cycles) If R € Symm(L) and e is an edge then
R bridges e if e C R*. A relation R € Symm(L) is said to be cycle-free if no
e € edges(R) is bridged by RNE.

Now assume that G € Symm (L) is connected. Our task is to discover a program
7 that establishes the postcondition

T is connected and cycle-free A T € Symm(G) A T spans G . (1)



If (1) holds then T is called a spanning tree of G. Tt is, of course, understood
that G is the input of m so that m may not assign to G. The obvious candidate
for an invariant property is

T is connected and cycle-free A T € Symm(G). (2)

The following lemma shows that we can establish invariant (2) by assigning an
arbitrary element of edges(G) to T (using the generalized assignment of the
refinement calculus [9]).

Lemma 6 Fdges are cycle-free and one-step-connected.

We can now guess the following program outline:

T :€ edges(G);
{ T is connected and cycle-free AT € Symm(G) }

while ... do
e :€ edges(GN...);
T :=TUe
{ T is connected and cycle-free AT € Symm(G) }
od

{ T is a spanning tree of G }

An annotated program, such as the above, is defined to be correct if every
possible run through it satisfies all of the assertions. We assume that the reader
is familiar with the proof rules for establishing correctness and also with the most
elementary correctness-preserving transformations [5, 6]. The following lemma
suggests a choice for the edge to be added in each iteration of the loop. Its proof
is given in Sec. 6 (Lemmata 16 and 19).

Lemma 7 Let T € Symm(L). Then we have:

1. If T 1s connected and x € edges(zl_ ULT) then T'U z 1s connected.
2. If T is cycle-free and x € edges(TL ULT) then T Uz is cycle-free.

Thus, connectedness and cycle-freeness of T' can be preserved simultaneously by
adding an edge in (TL U LT) N (TL U LT) This is precisely the symmetric
difference of TL and LT and we will denote it TL zor LT. In order to pick an
edge from G N (TLzorLT), we must check that this relation is irreflexive,
symmetric and non-empty. The first two properties follow immediately from the
corresponding properties of G and T'. To ensure non-emptiness, we take it as the
guard of the loop. Thus, we have proved correctness of the following program:

T :€ edge(G);

while G N (TLzorLT) # Odo
e :€ edges(G N (TLzor LT));
T =TUe
od

{ T is a spanning tree of G }



Note that TLzor LT C TLULT C T, so that T increases strictly. Since T is
bounded by G, termination is ensured (provided, of course, that G is finite).
The following lemma shows that invariant (2) and the exit condition of the
previous program imply the required postcondition. For a proof see Lemma 20
in Sec. 6.

Lemma 8 Let S,T € Symm(L) such that S is connected and O # 7' C S. Then
(TLzorLT) C S if and only if LS = LT (i.e. T spans S).

Besides establishing the postcondition, this lemma permits us to simplify the
exit condition. Thus, we have arrived at program

T :€ edges(G);

while LG # LT do
e :€ edges(G N (TL zor LT)); 3)
T =T U e;
od

{ T is a spanning tree of G }

for computing a spanning tree T of an adjacence relation G.

3 Changing the Representation

We ultimately aim at a minimum spanning tree algorithm for weighted graphs.
Since a weight is a mapping on edges, it will be convenient to represent a graph
as a set of edges, rather than a relation on vertices. The new representation
may be isomorphic to the old one, but it does mean a change of data structure
and consequently a substantial program modification. Moreover, there are many
different ways of storing a set in a computer. To retain flexibility and avoid
bias towards a specific implementation we will not commit ourselves to a fixed
representation yet. Instead we will work in an arbitrary complete and atomistic
lattice £ that is linked to Symm (G) by two mappings

A Symm(G) = & I':&— Symm(G).

We require that A is an embedding (an injective mapping that distributes over
arbitrary joins and meets) and that I' is its lower adjoint in the sense that
A(I'(p)) O p and T'(A(R)) = R for every p € £ and R € Symm(G). The

following lemma lists two simple consequences of these postulates for later use.

Lemma 9 [. Suppose that e is an edge. Then A(e) # O and e = I'(z) for
every x € atomsg(A(e)).

2. Suppose q is an atom of r € £. Then there is an edge ¢ of I'(r) such that
q € atomsg (A(e)).



Let Lg denote the greatest element of £. Then A(G) = Lg and I'(Lg) = G. We
will say that p € £ is a spanning tree of £ if I'(p) is a spanning tree of I'(Lg) in
the sense defined by postcondition (1). Assume that I'(Lg) is connected. Then
we know from the previous section that the following program is correct:

G = I'(L¢g);
T :€ edges(G);
p € &
while LG # LT do
e € edges(G N (TL zor LT));
T :=TUe
od
{I'(p) =T = pisaspanning tree of £ }

We can eliminate the first assignment by replacing G with I'(Lg) throughout
the rest of the program. To eliminate the antecedent from the postcondition we
introduce the additional invariant I'(p) = T', which we establish by refining the
random assignment p :€ £ and maintain by inserting an appropriate assignment
to p. This is safe because p is never used and we obtain the following program:

T :€ edges(I'(Le));

p € atomse(A(T));

(=T}

while L7'(Lg) # LT do
e :€ edges(I'(Lg) N (TL zor LT));
q € atomsg(A(e));
Tp .= TUe,pUgq
{Irp)=T}
od

{ p is a spanning tree of £ }

The correctness of the first assertion follows from Lemma 9.1. To see that the
parallel assignment to 7" and p preserves the new invariant we note that the
assignment to q establishes e = I'(q) (again by Lemma 9.1), whence we have
I'(pUgq) = I'(p) UT'(q) = TUe. Now we can use the invariant to eliminate 7'
from all expressions. After that, 7" becomes garbage, and all assignments to T
may be dropped. This results in the following program:

e :€ edges(I'(Lg));

p € atomsg(A(e));
while L7'(Lg) # LI'(p) do
(Le) N (

e :€ edges(I'(Lg) N (I'(p)L wor LI'(p)));
q :€ atomsg(A(e));

p = pUgq

od

{ p is a spanning tree of £ }

By Lemma 9.2 a program piece of the form e :€ edges(I'(r)); q :€ atomsg (A(e))
can be refined to e :€ edges(I'(r)); q :€ atomsg (). This transformation can be



applied directly to the initialization. In order to exploit it also for the body of
the loop we assume that we are given a mapping f : £ — £ with

I'(Le) N (I (p)Lwor LT (p)) = I'(f(p)) - (4)

After applying the refinement, both assignments to e can be scratched and the
following program for computing a spanning tree p of £ remains:

p € atomsg(Le);
while LT'(Lg) # LI'(p) do

t :€ atomse(f(p));
p = pUtg (5)
od

{ p is a spanning tree of £ }

4 Incidence Structures and Multigraphs

We will now instantiate program (5) derived in the previous section by choosing
a particular embedding A, and exhibiting a mapping f that satisfies (4). We
thus obtain our third program, this time for a graph that is given as an incidence
structure. In the next section, a further refinement will yield a minimum spanning
tree algorithm for weighted graphs.

Definition 10 7. An incidence structure (V, E, M) consists of a set V (the
vertices), a set F (the edges), and an incidence relation M C E x V.

2. The incidence structure (V,E, M) is called a multigraph if we can write
M = fUg where f and g are disjoint functions in the relational sense® (i.e.
every edge coincides with exactly two vertices).

3. The multigraph (V, E, M) is a (proper) graph if, fg" is antisymmetric (i.e.
no pair of vertices is connected by multiple edges).

With every incidence structure (V, E, M) we can associate an adjacence relation
GviaG =4 MM" N1 which is an irreflexive and symmetric relation on vertices.
Now let & =4 {p C E x V | pL = p}. Each p € € represents a set of edges,
which can be obtained by projecting p to its first component. The required link
between £ and Symm/(G) is given by following mappings:

I'(p) ={(z,y) |x #y A Te€ E:(e,x),(e,y) € M Np}
=(Mnp)*(Mnp)nl
AR)={e|Iz,y) € R: (e,z),(e,y) E M} XV
= (I n MRM")Lg¢ .
The following lemma states that I and A do indeed enjoy the properties required

for the derivation in the previous section. For its proof see Lemmata 26 through

29 in Sec. 6.

! We distinguish “meta level” mappings from the relation-algebraic (or: object level)
notion of a function. A relation fis a functionif f°f Cland | C ff".



Lemma 11 1. If (V,E, M) is a multigraph then A is an embedding and T is
its lower adjoint.
2. If (V, E, M) is a proper graph then A is an isomorphism and I' is ils inverse.

Let us start with the case where (V| E, M) is a proper graph. In this case, a
spanning tree of (V, E, M) is defined to be an element p € &£ such that (1) is
satisfied with T = I'(p) and G = I'(L¢). The next lemma yields a mapping
f & — £ that satisfies the condition (4). For a proof see Lemma 30 in Sec. 6.

Lemma 12 I'(Lg) N (I'(p)Lzor LI'(p)) = '(MM"pN M MVp) .

The mapping I" still occurs in the exit condition of (5). The following lemma
allows us to eliminate I" completely from the entire program. For the proof see
Lemma 22 in Sec. 6.

Lemma 13 I'(p)L = M"p and LI'(p) = p" M .

Thus, we have derived the following program for computing a spanning tree of
a proper graph (V, E, M):

p € atomsg(Le);

while Lg" M # p“ M do
t :€ atomsg(MM"pN M MYp);
p = pUt
od;

{ p is a spanning tree of (V, E, M) }

This program does, in fact, also work for multigraphs. The only addition to the
proof we need to make is to adapt the definition of a spanning tree: We must
add the constraint that p does not contain any double edges in the sense that
I'(z) = I'(y) implies z = y for all z, y € atomsg (p). We leave it to the reader to
check that this 1s an invariant of the above program.

5 Weighted Graphs

Let (V, E, M) be a (proper) graph and assume that a weight w(e) € Rxq is
assigned to every edge e € atomsg(Lg). We are asked to compute a minimum
spanning tree (i.e. one for which the sum of the weights of its edges is minimal).
To reuse program (6) we have to strengthen its invariant. At the very least, we
must require that after each cycle the tree computed so far is contained in a
minimum spanning tree.

There are two points in program (6) where an edge is picked non-determinis-
tically. It seems reasonable always to select the lightest edge available. Therefore,
assume that we have at our disposal a mapping least : £ — £ that satisfies, for
all elements p € &, the following implication:

q € atomsg(least(p)) A r € atomsg(p) = w(q) < w(r). (7)



Then the following lemma shows that the choice of the lightest edge will indeed
establish and then preserve the desired invariant. This is a non-trivial fact and a
proof in terms of points and paths can be found in [7], Theorems 4.3.1 through
4.3.3. We will give a point-free proof; see Lemmata 32 and 33 of Sec. 6.

Lemma 14 1. Ift € atomsg(least(Lg)) then t is contained in a minimum
spanning tree.

2. If p 1s contained in a minimum spanning tree then p Ut is contained in a
minimum spanning tree for all t € atomsg (least(M M"p N M MYp)).

Thus, the following program is correct:

p € atomsg(least(Le));
while Lg" M # p“ M do
t :€ atomsg(least(MMYp N M MYp));
p = pUt
od;
{ p is a minimum spanning tree of (V, £, M) wrt. to w }

(8)

We still need to replace the implicit definition (7) of least with a closed relational
expression. Let W be the pre-order that w induces on E. If p is the order on real
numbers and w is conceived as function in the relational sense then W can be
defined by the formula W =4 wpw". The relational expression describing the
set of all minimal elements of a set p wrt a preorder W is well-known (see [11]):

Lemma 15 If we define least(p) =af pﬁﬁp then (7) holds for every p € €.

This completes the development of a minimum spanning tree algorithm. In the
next section we will use Tarski’s relational calculus for rigorously proving the
lemmata used in its derivation. Before we do that, let us make some remarks
on complexity. Assume m and n to be the number of edges resp. vertices of
(V,E, M). If we use the standard Boolean matrix implementation of relations
and their operations then program (8) runs in time O(m? * n). However, if we
implement relations by successor lists and compute the set of edges described
by MM"p N MMUp (i.e., the “neighbour edges” of the tree constructed so
far) incrementally, then a refinement with quadratic run time complexity can

be obtained. This program is a variant of Prim’s spanning tree algorithm [10]
which relies on a similar optimization.

6 Relation-Algebraic Proofs

We believe that programs should be proved even more rigorously than most other
mathematical theorems. For one thing, programming errors can be costly. Also
program correctnes proofs do not tend to be read by many people, so that the
social process of eliminating errors works less well than in general mathematics.
Ideally, program proofs are conducted in a formal calculus where each step can
be checked mechanically.



The calculus of annotated programs is one such framework. We have used
it quite informally here, because this is a scientific paper and not a program
documentation. In real life, the development should be performed within a proof
assistant which relieves the programmer from the burden of copying the entire
program at each transformation step while generating the proof obligations that
must be discharged for its justification. These proof obligations are the various
lemmatascattered throughout the preceding sections. Their nature varies greatly
with the problem domain and it is not likely that a general-purpose theory will
always be adequate for their treatment.

The data in our programs are relations and graphs. These structures are the
objects of another formal calculus, known as the algebra of relations [11, 4].
Unlike the calculus of annotated programs, relational algebra is well-suited to
rigorous pen-and-paper reasoning?. Therefore, it can (and should) be used for
giving precise proofs of graph-theoretical statements, even in a scientific paper.

6.1 Relational Algebra

We have already described the operators and constants of relational algebra in
Sec. 2. In the following, we collect some basic facts on relations. Their proofs
are straight-forward set-theoretic arguments. Alternatively, they may be derived
from Tarski’s axiomatization of relations, but then some of them require, in
addition, the so-called Point Axiom. This can’t be avoided, because our programs
rely on being able to pick an element from any non-empty set.

- Composition is associative, monotonic, has identity | and is U-distributive.

- Transposition distributes over all Boolean operators. Moreover, we have
R°Y = R and (RS)” = SYR".

- Schréder equivalences: PQ CR < PYRCQ < RQYCP.

- Dedekind laws: PN QR C Q(Q“PNR) and PNQRC (PR NQ)R.

- Tarski’s rule: If R # O then LRL =1L.

- Distributivity of functions: If f is a function then f(RNS) = fRN fS and
(RNS)fY = RN SfY.

- Dedekind laws for functions: If f is a function then f°(RN fS) = f*RNS
and (RNSfY)f=RfNS.

- Identity transposition rule: INR=1NRY.

- Tail recursion rule: If T'C X and XS C X then 7'S* C X.

- If the relation R € Symm(L) is cycle-free then A* N B* = (A N B)* for all
A, B € Symm(R).

- Star decomposition rule: If R is one-step-connected then (S U R)* = S* U
S*RS*.

- Singling out rows: If al. = a then (a N R)S = a N RS.

- Rectangle rule: a N bY = ab" provided al — a and bL = b.

[N

This does not mean that relation-algebraic proofs cannot or should not be developed
or checked with computer assistance. In fact, there exists an excellent tool for doing
just that [3].



- Vector? identity rules: If aL = a then (RN a") = R(INa). Conversely, if
b Clthen Rb= RN (bL)" .

- Vector negation rule: If al. = a then also al = @.

- Vector associativity rule: If aL = a then (RN a")S = R(SNa).

6.2 Adjacence Relations

The purpose of this section is to present the proofs of Sec. 2.

Lemma 16 If T € Symm(L) is connected and x € edges(TL U LT) then TU x
1s connected.

Proof. T Uz is connected

& {Definition 2}
(Tuz)L(Tuz) C (TUx)*

& {Distributivity, connectedness of T" and z}
TLz U zLT C (TUx)*

& {z, T, and L are symmetric}
TLz C (TUz)*

& {z = (xNTL) U (2 NLT), distributivity}
TL(zxNLT) U TL(zNTL) C (TUz)*

& {TL(zNLT) CTLT C T* since T is connected}
TL(zxNTL) C (TUx)*

= {Vector associativity rule, (TL)Y = LT}
TLTe C (TUz)*

& {T is connected}
true. m

Lemma 17 (Bridge Exchange) Assume that S € Symm(L) bridges neither
of the edges x and y. Then S U x bridges y if and only if S Uy bridges z.

Proof. S'U z bridges y

& {Definition 5}
yC(SUa)”

& {y is an edge and (S U z)* is symmetric}
yn(Suz)* # 0

& {Star decomposition, edges are one-step-connected}
y N (S*us*zsS*) # O

& {S does not bridge y, so yN S* = O}
yn S*zS* # 0

3 A relation R is called a vector if RL = R.



& {Schréder equivalences (twice)}
S*YyS*Y Nz £ 0

= {S is symmetric}
S*yS* Nz # 0
=4 {Reverse first four steps}
S'Uy bridges z. [

Lemma 18 Assume that T € Symm(L) is cycle-free and that x is an edge which
s not bridged by T'. Then T U z is cycle-free.

Proof. Let y € edges(T U z); we have to show that (T'Uz) Ny does not bridge y.
We may assume that y # 2. Since 2 and y are edges, it follows that z Ny = O
whence y CT'. Let S =4 T'NY. Since x is not bridged by T"and T'= S U y the
bridge exchange lemma implies that y is not bridged by S U z. [

Lemma 19 Assume that T € Symm(L) is cycle-free and = € edges(TL ULT).
Then T'U z is cycle-free.

Proof. We note that T' does not bridge x for otherwise we get  C INT* C
TT* C TLNLT, contrary to assumption. Now Lemma 18 applies. ]

Lemma 20 Let S,T € Symm(L) such that S is connected and O # T C S.
Then (TLxor LT) C S if and only if LS = LT.

Proof. The implication from right to left is very easy, and we leave it to the

reader. For the other implication, assume that (7L zor LT) C S. We start with

LTS

C {TS = TS n L, Dedekind law}
LT(S n TVL)

- {Symmetry of T and S C TLxor LT C TLULT}
LTLT

C
LT.

as auxiliary result. Since T' C S the following calculation completes the proof:

LS

= {Tarski’s Rule, TT # O as T # O symmetric}
LTTLS

c {rcs)
LTSLS

C {S is connected}
LTS*

C {TS* C LT by auxiliary result and tail recursion}

LT . n



6.3 Incidence Structures and Multigraphs

In the following, we assume that (V, E, M) is a multigraph. Then M = f Uy
where f and g are disjoint functions from E to V. We let the variables p and ¢
range over £ = {r C E x V | rL = r}. They can be thought of as denoting sets
of edges.

Lemma 21 I'(p) = (fNp)“gU(gnp)f=f(Inpgug”(Inp)f.

Proof. I'(p)

= {Definition of I', vector associativity}
In(Mnp)“M

= {M = f Uy, distributivity}
Lo ((fop)fulfnp)gulgnp)’fulgnp)y)

= {fYf Cland g”g Clsince f and g are a functions}
I ((fap)gulgnp)’f)

= {f’g Cland g”f Clsince f, g are disjoint (Schroder)}
(fnp)gu(gnp)f

= {Vector identity rule}

ffnp)g U g“(Inp)f. .

Lemma 22 M"p = I'(p)L and p* M = LI'(p).

Proof. Since I'(p) is symmetric, these equations are equivalent and we only show
the first one.
MYp

= {M = f Uy, distributivity}
fpUygp

{Vector associativity}
(fnp)”L U (gnp)°L

{fL=L and gL =L since f and g are total}
(fnp) gl U (gnp)”fL
= {Distributivity, Lemma 21}

I'(p)L. m

Lemma 23 Let a CV x V with al = a. Then I'(Ma) = (aUa"”) N I'(Lg).

Proof. I'(Ma)
= {Lemma 21}
(fNMa)?g U (9N Ma)”f
= {M = f Uy, distributivity}
(fnfa)’g U (gNfa)?f U (fNga)’g U (gNga)’f



= {Distributivity of functions}
(f(ina))?g U (gnfa)”f U (fNga) g U (g(1Na))”f
= {Distributivity of transposition}
(Ina)f’qg U (g na"f°)f U (f®na%g")g U (INa)g"f
= {Singling out rows, Dedekind law of functions}
(anf¥g) U (g°fna”) U (fY9na”) U (ang”f)
= {Boolean algebra}
(aUa”) N (fPgUg”f)
= {Lemma 21}
(@Ua”) N I'(Lg). n

Lemma 24 Let a,b C V x V with aL = a and bL = b. Then we have the
distributivity property I'(Ma) N I'(Mb) = I'(Ma N Mb).

Proof. The inclusion from right to left follows from the fact that I" is monotonic.
By Lemma 23 the other inclusion equivales

I'Le)n(aUa”yn(bUdY)y C I'(Man Mb).
Since every relation in the image of I' is symmetric it is sufficient to prove
I'(Le)nanb C I'(Man Mb)

and
I'(Le)nand® C I'(Man Mb).

The first of these two inclusions is immediate from Lemma 23 (with a Nb in
place of @) and monotonicity; the following calculation yields the second one:

anb’ NI'(Lg)

= {Rectangle rule, definition of I'}
ab? " MUM N1

C {Dedekind laws (twice)}
MY(Mab" MY N )M N1

= {Rectangle rule}
MY(Man (Mb)Y nlYyM N1

= {Identity transposition rule}
MY(ManMbnl)M N1

= {Vector identity rule}
(M N Man Mb)“M N1

= {Definition of I'}
I'(Man Mb). L]



Lemma 25 If R € Symm(G) then A(R) = (IN fRg")L¢ .

Proof. By definition, we have A(R) = (IN M RM")Ls. Next we substitute fUg
for the relation M and multiply out. Then two of the four resulting terms vanish,
eg INFfRfY CF(f'fNR)f° C f(INR)fY = O. The remaining two terms are

equal, because of the identity transposition rule. [

Lemma 26 The mapping A : Symm(G) — & distributes over all meets and
joins.

Proof. By the previous lemma we have
A = (z= (INnz)Lg)o (= fz)o (z+— 2gY)

and each of the three mappings on the right hand side distributes over all meets
and joins (recall that f and g are functions). [

Lemma 27 A(I'(p)) D p for every p € £.

Proof. A(I'(p))
= {Lemma 25 }
(INfr(p)g”)Le
{Lemma 21}
(Infre(tnp)gg”)Le
{ff” D land gg” DI because f and g are functions}
(Inp)Le
= {Vector identity rule}
p. n

I

I

Lemma 28 I'(A(R)) = R for every R € Symm(I'(L¢)).

Proof. I'(A(R))

= {Lemma 21}
P A(R))g U g” (10 A(R))f

= {Lemma 25}
PN fRg%)g U g2 (10 gRf7) f

= {Dedekind law for functions}
fPlg N fR) U g°(f N gR)

= {Dedekind law for functions}
(f“9 N R) U (¢°F N R)

= {Lemma 21, distributivity}
RNI'(Le)

= {R € Symm(I'(L¢))}
R. [



Lemma 29 If (V, E, M) is a graph then A(I'(p)) C p.

Proof. Before we start with the main calculation we show that R(pUI)RN1C p
for every antisymmetric relation R:
R(pUNR N |
C {Use Dedekind to factor out (p Ul)R}
(RN ((pNDHR)?) (pUN) R
C {Monotonicity}
(RN RY)pL
C {R is antisymmetric, pL = p}
p.
In the following calculation the above result is used with R = fg" (which is
antisymmetric by Def. 10).

A(r(p)
= {Lemma 25 }
(1N fI'(p)g”)Le
= {Lemma 21, distributivity}
(N (fr2pnhgg”)le U (IN(fg°(pN1)fg"))Le
{ff” Cland gg” C | and auxiliary result}
(Inp)Le
{Vector identity law}
p. m

N

N

Lemma 30 Let a =4 I'(p)L. Then I'(Lg) N (azora®) = I'(MMYp N MMUp).

Proof. I'(Lg) N (azora®)

= {Definition of zor }
I'lLg)N(aUa”)Nn(aua”)

= {Lemma 23 (note that @L = @ by vector negation)}
I'(Ma)NT'(Ma)

= {Lemma 24}
I(Man Ma)

= {Lemma 22}
I'(MM"pN MMYp) . m

6.4 Weighted Graphs

Assume that L = V' x V is finite and that 7' € Symm(L) is cycle-free. Then the
transitive-reflexive closure operator is a universally conjunctive mapping from
Symm(T) to the lattice of all subrelations of T*. Tt follows that we can define a



lower adjoint, i.e. a mapping that maps each S C T* to some STl € Symm(T)
such that the following Galois connection holds:

SCR & STICR forall $CT*and Re Symm(T). (9)

An element z of a basis of a vector space may be replaced with a different vector
y provided z is needed for expressing y as a linear combination of basis vectors.
Similarly, an element z of a spanning tree may be replaced with y if y 1s needed
for bridging p:

Lemma 31 (Edge Replacement) Suppose that () is a spanning tree of G and
let € edges(G). If y € edges(z[9l) then (Q NY) Uz is a spanning tree of G.

Proof. For convenience, let S = @ Ny. We have assumed that y C 219 so
pacd Z @ N7y and the Galois connection (9) yields z € S*. In other words, S
does not bridge z, and Lemma 18 implies that S U z is cycle-free. Moreover, the
bridge exchange lemma tells us that SUz bridges y. Tt follows that @* = (SUz)*
and we conclude that S Uz is, indeed, a spanning tree. [

For the rest of the section we assume that (V, E, M) is a proper graph with
adjacency relation G. Then I' : £ — Symm(G) is an isomorphism and A is
its inverse (see the definitions in Sec. 4 and Lemma 11). Moreover, a weight
mapping w and a mapping least satisfying (7) are assumed to be given.

Lemma 32 Ift € atomsg (least(Lg)) then t is contained in @ minimum spanning
tree.

Proof. Let ¢ be a spanning tree of £ and let G =4 I'(Le), Q@ =45 I'(¢) and
x =g I'(t). Since I' is an isomorphism, z is an edge. Moreover () is a spanning
tree of GG and therefore bridges z. Thus, we may pick y € edges(a:[Q]). Since
I' is an isomorphism, we have y = I'(s) for some s € atomsg(q). By the edge
replacement lemma, (Q Ny) U z is another spanning tree of G and it follows
that (¢ N'5) Ut is a spanning tree of £. By (7) we have w(t) < w(s) so this new
spanning tree is also minimal. [

Lemma 33 Assume that p is contained in a minimum spanning tree q and that

t € atomsg (least(MMYp N M MVp)). Then also pUt is contained in a minimum
spanning tree.

Proof. Let P =4 I'(p), G =45 I'(Le), Q =ar I'(q) and  =g4¢ I'(t). Since I" maps
atoms to edges, Lemma 30 implies z € edges(G N (PL zor LP)). Let R =4 [@]
so that z C R* by the Galois connection (9). Define

Ry =df RO(PLULP) Rz:df Rﬂ(ﬁUﬁ).
Obviously, R = R U Ry. We claim that R; N Ry # O. Assume false. Then
RiRy C(RNRy)(RNRy) CLPPL=0



and, similarly, RsR; = O, whence
zC R*=(RiURy)" = RIUR}.

But z is an edge and R; and Rs are symmmetric, so ¢ C R} or  C Rj. Now
the Galois connection (9) implies z[@] C Ry or 2@l C Rs. Since R = z[@l and
R1 N Ry = O it follows that Ry = O or Ry = O. But if, say, Ry = O then

rC(R*nl)n(PLULP) =0,

and a similar contradiction follows from R, = O.

Thus, we have established Ry N Ry # O. Now let y € edges(Ry N Ra2). Then
we have that y # z and y € edges(G N (PLzor LP)). By the edge replacement
lemma, (Q NY) Uz is a spanning tree of G wich contains P U z. Just like in the
previous proof we take s € atomsg(q) with I'(s) = y and it follows that (¢N3)U?
is a minimum spanning tree of & which contains p U¢. n

7 Discussion

The length of our proofs may seem somewhat out of proportion with the difficulty
of our results, and it is legitimate to question the adequacy of the relational
method for deriving graph-theoretic algorithms. For one thing, the higher level
of rigorousness imposed by the relational calculus has required us to explicitly
prove a number of statements which the graphical intuition of the mathematician
would have dismissed as obvious. But if you look through the proofs you will
also find that many of the calculations deal with the properties of the Galois
correspondence between incidence and adjacence relations. These results are not
specific to spanning trees and should therefore be reusable. The present article
is a first attempt at using relational algebra to develop algorithms on undirected
and weighted graphs and we expect subsequent work to be more efficient.

There is another approach to the computation of spanning trees, which uses
matroids rather than relations. It is based on the observation that the set of all
cycle-free subgraphs of a graph forms a matroid (a family of sets that is closed
under formation of subsets and satisfies a condition analogous to the well-known
Steinitz exchange theorem for linearly independent subsets of a vector space).
A spanning tree is a maximal element of this matroid. To find a spanning tree,
start with 7" being the empty set of edges and repeatedly add edges to T" while
maintaining the invariant that 7" is an element of the matroid (i.e. T is a forest).
Like ours, this scheme generalizes to weighted graphs; it leads to Kruskal’s well-
known algorithm for computing a minimum spanning tree [8].

It is worth noting that both Prim’s and Kruskal’s algorithm are “greedy”
in the sense that each iteration of the loop adds exactly an edge to the tree
resp. forest that will preserve the invariant. Unlike Prim’s algorithm, Kruskal’s
algorithm does not maintain connectedness. When T is represented as a relation
the lack of connectedness makes it harder to find an edge whose addition will
preserve the invariant. Kruskal solved this problem by introducing a special data
structure for representing forests, but that is a different story.
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Appendix: Implementation

Relational algebra has a fixed and surprisingly small set of operations which
— in the case of finite carrier sets — can be implemented very efficiently using
Boolean arrays, predecessor resp. successor lists, or binary decision diagrams,
for example. At Kiel University we have developed a visual computer system
for calculating with relations, called RELVIEW [1, 2]. Tt is written in the C
programming language and makes full use of the X-windows graphical user
interface. For more information on the RELVIEW system, see the Web page
http://www.informatik.uni-kiel.de/ progsys/relview.html.

The main purpose of RELVIEW is the evaluation of relational terms which are
constructed from the relations of its workspace using pre-defined operations and
tests, user-defined relational mappings, and user-defined relational programs.
A RELVIEW program is much like a function procedure in Pascal or Modula 2,
except that its basic data types are only relations. For example, our final program



(8) for computing a minimum spanning tree in RELVIEW looks as follows:

Prim(M,W)
DECL least(W,v) = v&-(-W*v);
L, p, ¢t
BEG L = L(M);
p = point(least(W,L));
WHILE -eq(L"~*M,p~ *M) DO
t = point(least(W,M*M *p &M*x-(M"*p)));
p=pltao0D
RETURN p
END.

Let us now look at a concrete example. In RELVIEW all data are modeled as
binary relations, which can be visualized as Boolean matrices. The input consists
of two such matrices, say M and W, where M is the incidence relation of (V, E, M)
with 14 vertices and 19 edges, and W is the pre-order W C E x E defined by the

edge weights. RELVIEW displays M and W as follows:
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36 36
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48 48
59 59
6.10 6.10
711 711
812 8§12
912 912
913 913
1013 1013
1213 1213
11714 11714
1314 1314

To increase legibility, we have instructed RELVIEW to label the rows and columns
of M and W. Vertices are simply numbered from 1 to 14, whereas each edge is
labeled by the set of its vertices.

Next we ask RELVIEW to evaluate the relational term Prim(M,W) and to put
the edge labels on the rows of the result. On the relation window of the system
we see the following 19 x 14 Boolean vector p. It represents a minimum spanning
tree pC E x V of (V, E, M) wrt. the pre-order W:
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Homogeneous relations, such as I'(Lg), may be visualized as directed graphs
and RELVIEW offers several sophisticated algorithms for drawing them nicely.



Moreover, a subrelation such as I'(p), may be visualized by printing its elements
as bold arrows. To do this, we first ask RELVIEW to compute G = I'(Lg) C VxV
and T = I'(p) C V x V according to the definition in Sec. 4. After adding the
vertex labels to the rows and columns we obtain the following two 14 x 14 Boolean
matrices Gamma_G and Gamma_p on the system’s relation window:

odNmS odNmS
dNOSWONDOATdS AN dNOSWONDOATd S AN

Then we ask the RELVIEW system to print the Boolean matrix Gamma G as a
graph while highlighting the subgraph corresponding to the matrix Gamma_p. The
result is the following picture on the graph window of RELVIEW. It shows the
graph that was given as input and a minimum spanning tree.
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If we use the tree drawing algorithm of RELVIEW to draw the Boolean matrix
Gamma_p, then we get the following picture:
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The graphical representation of relations lends itself to visual editing and
the most intuitive way of inputting an adjacence relation is to draw its graph on



RELVIEW’s graph window. In the following we discuss how an incidence relation
can be computed from its adjacence relation, so that also incidence relations can
be fed into the system as graphs.

So assume we are given an irreflexive and asymmetric relation R C V' x V.
We will now construct a relational expression for the incidence relation M of
(V, E, M) such that MYM N1 = RU R". First, we compute from R a vector
v which describes it as a subset of V x V. Using the two projection functions
m and p from V x V to the first resp. second component, we can write v as
v = (RN p)L. Since R is irreflexive and asymmetric, it is isomorphic to the
set {{z,y} | z,y € V} and can, therefore, be taken as set F of edges. With this
choice, F is the subset of V' x V given by the injective embedding function (see
[11]) inj(v) C E x (V x V) defined by the vector v. We get M = inj(v)(7 U p)
and, thus, we arrive at the equation

M = inj((rRnN p)L)(7 U p).

RELVIEW knows about product spaces and their projection functions. The com-
putation of the injective embedding function from a given non-empty vector is
also implemented. With the aid of these features we can write

AssToInc(R)
DECL Prod = PROD(R,R);
pi, rho, M

BEG pi = p-1(Prod);
rho = p-2(Prod);
M = inj(dom(pi*R & rho)) * (pi | rho)
RETURN M

END

as RELVIEW program for converting an adjacence relation R into an incidence
relation M.

This article was processed using the I¥TEX macro package with LLNCS style



