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Abstract. State of the art graphics processors provide high processing
power and furthermore, the high programmability of GPUs offered by
frameworks like CUDA increases their usability as high-performance co-
processors for general-purpose computing. Sorting is well-investigated in
Computer Science in general, but (because of this new field of applica-
tion for GPUs) there is a demand for high-performance parallel sorting
algorithms that fit to the characteristics of modern GPU-architecture.
We present a high-performance in-place implementation of Batcher’s
bitonic sorting networks for CUDA-enabled GPUs. We adapted bitonic
sort for arbitrary input length and assigned compare/exchange-operations
to threads in a way that decreases low-performance global-memory access
and thereby greatly increases the performance of the implementation.
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1 Introduction

The processing power of modern desktop-GPUs has greatly increased during the
last years. In fact, it exceeds the processing power (measured in FLOP/s) of
desktop-CPUs by far. Since the release of frameworks like NVIDIA’s CUDA,
that provide free programmability of GPUs, the processing power of GPUs is
easily available for General Purpose Computing on GPU’s (GPGPU).

Many general purpose applications require high-performance sorting algo-
rithms, therefore many sorting algorithms have been explicitly developed for
GPUs. Early implementations ([1], [2], [3], [4], [5]) often based on bitonic sort
[6]. Although bitonic sort is an in-place sorting algorithm, early implementations
(due to the limitations of early programming frameworks and the underlying
hardware) were not in-place. Meanwhile many sorting algorithms with a wide
range in design were developed for GPUs, many of them using CUDA. Harris et
al. [7], Grand [8] and He et al. [9] implemented radix sort for GPUs. Sengupta
et al. [10] were the first to implement quicksort, later Cederman et al. [11] devel-
oped a more efficient implementation of quicksort. Sintorn et al. [12] presented a
hybrid algorithm that combines merge sort and bucket sort. Recently, Satish et
al. [13] developed new implementations of radix sort and merge sort for CUDA.
None of these sorting algorithms is both in-place and comparison-based.



In this contribution we present an implementation of Batcher’s bitonic sort
for NVIDIA’s CUDA. In opposite to other implementations of bitonic sort this
implementation is highly competitive to other sorting algorithms on GPUs. Fur-
thermore, it keeps the benefits of using sorting networks, i.e. it works comparison-
based and in place. We give a short introduction to bitonic sort in section 2 and
present a trivial implementation of bitonic sort for CUDA in section 3.1. Our
optimization of bitonic sort for NVIDIA’s GPUs by reducing access to global
memory is shown in section 3.2. Section 3.3 introduces a modification of bitonic
sort for sequences of arbitrary length. In section 4 we show performance mea-
surements and comparisons to other GPU sorting algorithms. We summarize the
results of this contribution in section 5.

2 Introduction to bitonic sort

Bitonic sort is based on bitonic sequences, i.e. concatenations of two subse-
quences sorted in opposite directions.

Given a bitonic sequence B with length m = 2r, B can be sorted ascending
(analog descending) in r steps. In the first step the pairs of elements (B[0], B[m

2 ]),
(B[1], B[m

2 +1]),. . .,(B[m
2 −1], B[m−1]) are compared and exchanged if the first

element is smaller than the second element. This results (as shown by Batcher[6])
in two bitonic subsequences, (B[0], . . . , B[m

2 − 1]) and (B[m
2 ], . . . , B[m − 1]),

whereas all elements in the first subsequence are smaller than any element in
the second subsequence. In the second step the same procedure is applied to
both subsequences, resulting in four bitonic subsequences. All elements in the
first subsequence are smaller than any element in the second, all elements in the
second subsequence are smaller than any element in the third and all elements in
the third subsequence are smaller than any element in the fourth subsequence.
The third, fourth,. . . ,r-th step are analog. Processing the r-th step results in 2r

subsequences of length 1, thus the sequence B is sorted.
Let A be the input array to sort and let n = 2k be the length of A.

The process of sorting A consists of k phases. The subsequences of length 2
(A[0], A[1]), (A[2], A[3]),. . ., (A[n − 2], A[n − 1]) are bitonic sequences by def-
inition. In the first phase these subsequences are sorted (as shown above) al-
ternating descending and ascending1, what makes the subsequences of length 4,
(A[0], A[1], A[2], A[3]),. . .,(A[n−4], A[n−3], A[n−2], A[n−1]), bitonic sequences.
In the second phase these subsequences of length 4 are sorted alternating de-
scending and ascending, resulting in subsequences of length 8 being bitonic se-
quences. In the i-th phase of bitonic sort the total number of subsequences being
sorted is 2k−i and the length of each of these subsequences is 2i, thus the i-th
phase consists of i steps. After the (k − 1)-th phase the array A is a bitonic
sequence. A is sorted in the last phase k.

In every step n
2 compare/exchange operations are processed, thus the number

of compare/exchange operations in bitonic sort, and by this reason the time com-
plexity, is O(n · log2 n). This complexity makes bitonic sort less advantageous for
1 Or ascending/descending, the resulting subsequences are bitonic in both cases.
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sequential use. The strength of bitonic sort is that it can be easily implemented
by comparator networks. Comparator networks can be implemented directly in
hardware, but they are also adequate for generic parallel architectures since they
work in-place, require less inter process communication and furthermore, can be
naturally implemented in SIMD architectures.

Figure 1 shows the bitonic sorting network for an arbitrary input sequence
of size n = 8. The sorting network consits of 3 = log 8 phases, phase p having p
steps. Every step consists of 4 = n

2 compare/exchange operations.

3 Implementation

3.1 Basic implementation of bitonic sort with CUDA

CUDA is a parallel programming model and software environment for NVIDIA’s
GPU. CUDA allows the programmer to define functions, so called kernels, which
are executed on the GPU. One kernel is executed in parallel by a number of
CUDA threads. Threads are organized in blocks. The number of blocks and
the number of threads per block (and therefore the number of threads) can
be specified for each individual launch of this kernel. On up-to-date GPUs the
maximum number of blocks is 232 and the maximum number of threads per
block is 512.

A thread block has a shared memory visible to all threads of the block. Every
thread has its own set of registers and all threads have random access to the same
global memory. In general, access to global memory is significantly slower than
access to shared memory.

CUDA provides a barrier-mechanism for synchronization of threads of the
same block, but does not provide any synchronisation mechanisms for threads
of different blocks.

In order to achieve a good utilisation of the GPU one have to take care about
the number of launched threads. On up-to-date GPUs the number of threads per
block should be at least 64, the number of blocks should be at least 100.

For a trivial implementation of bitonic sort with CUDA one could use an
approach that step-wise follows the implementation of bitonic sort by sorting



networks: If the array to sort of length n = 2k already resides in GPU mem-
ory, bitonic sort could be implemented by a sequence of kernel launches, each
launch processing all compare/exchange operations of one step of one phase.
Every kernel launch would consist of 2k−1 threads, each thread processing one
compare/exchange operation.

This implementation is optimal in the sense that it provides a good utilisation
of the GPU for larger input size and results in a uniform distribution of memory
access and workload to threads. The main disadvantage is the excessive use of
global memory what significantly increases the runtime of the algorithm. Since
all operations of one step are processed in an individual kernel launch, each
compare/exchange operation causes at least 2 reading or writing accesses to
global memory.

Sorting a sequence of length 2k requires k phases. The j-th phase consists
of j steps. In the trivial solution each step causes 2 · 2k−1 = 2k read accesses to
global memory. Thus the total number of read accesses in this case is:

k∑
j=1

j · 2k =
k · (1 + k)

2
· 2k =

(log n) · (1 + log n)
2

· n (1)

The number of write accesses is at most the same.

3.2 Minimizing access to global memory

Our approach to significantly reduce runtime of the algorithm is to reduce the
number of accesses to global memory and the number of kernel launches. There-
fore we carefully partition the set of operations into subsets that can be processed
by single threads or thread blocks, such that operations of multiple consecutive
steps can be processed by one thread in one kernel launch and each element has
to be read from or written to global memory at most once.

Figure 2 shows an example of such a partition for phase 3. The partition
consists of two subsets, the one marked by red dotted lines and arrows, the
other marked by green dashed lines and arrows. All operations of step 3 and 2
can be processed in one kernel launch by two threads, because operations in one
subset are not affected by operation in the other subset. Note that a thread that
processes one of these partitions can keep elements in registers, thus one element
is read and written only once (and not twice like in the trivial implementation).

In the following we give a formal definition of the partitions used in our
algorithm. Consider an array A of size 2k to be the input array to sort. The
set of indices in A is I = {0, . . . , 2k − 1}. We define COEXp,s to be the set
of compare/exchange operations that belong to step s of phase p of bitonic
sort. The commutative representation of one compare/exchange operation in
COEXp,s is coexp,s(a, b) = coexp,s(b, a). The whole set of compare/exchange
operations processed by bitonic sort for sorting A is:

COEX =
k⋃

p=1

(
p⋃

s=1

COEXp,s

)



We define an operator K that maps sets of compare/exchange operations to the
sets of array positions, that are affected by these operations. Furthermore, we
define a class of operators Np,s that map a set of array positions J to the set of
compare/exchange operations that affect array positions in J in step s of phase
p:

K : P(COEX)→ P(I); M 7→ {i | coex•,•(A[i], •) ∈M}
Np,s : P(I)→ P(COEXp,s); J 7→ {coexp,s(A[i], •) ∈ COEXp,s | i ∈ J}

In a single step s of a phase p any element of A is involved in exactly one
compare/exchange operation (∀i ∈ I : |Np,s({i})| = 1). Thus there are no depen-
dencies between operations in the same step of the same phase, all operations
of COEXp,s can be done (asynchronously) in parallel, as it is done in the trivial
implementation.

To ensure correctness bitonic sort requires that before an operation c ∈
COEXp,s is processed, both corresponding operations in the preceding step,
more precisely, the operations in Np,s+1(K({c})) or Np−1,1(K({c})) (for p = s)
must be already processed — of course the same requirement holds for elements
in that sets, i.e. the four corresponding operations in step s + 2 must be already
processed and so on. Again have a look at figure 2. In step 2 of phase 3 one red
dotted operation corresponds to both red dotted operations in step 3.

A general definition of a partition2 of I, that ensures a uniform distribution
of memory access and workload to threads, is

∀J ∈ P : |J | = n

m
, |Np,s(J)| = 1

2
· |J | (2)

In fact, if P holds (2) then P is a partition of equal sized sets of indices that
induce sets (of the half size) of compare/exchange operations, thus

{Np,s(J) | J ∈ P} is a partition of COEXp,s (3)

In simple words, all operations in COEXp,s that affect elements in J ∈ P do not
affect elements that are not in J . Since the size of induced sets of operations is
half the size of sets of indices all operations in COEXp,s are processed.

We define the degree of P in step s of phase p as the maximum number of
successive steps that hold (2) and (3). More precise, the degree Dp,s(P ) is the
maximum number z for which holds:

∀a ∈ {1, ..., z} : {Np,s−a+1(J) | J ∈ P} is a partition of COEXp,s−a+1 (4)

In the example in figure 2 the used partition in step 3 of phase 3 is {{0, 2, 4, 6},
{1, 3, 5, 7}}. This partition induces a partition of operations in step 3 of phase 3
and in step 2 of phase 3 (red dotted and green dashed arrows) but not in step
1 — thus the degree of this partition is two.
2 P = {I1, . . . , Im} is partition of I ⇐⇒

Sm
i=1 Ii = I, ∀i, j ∈ {1, . . . , m}, i 6= j :

Ii ∩ Ij = ∅



The trivial implementation of bitonic sort uses partitions of degree 1. Basi-
cally, if we could find a partition of degree d ≥ 2 in step s of phase p, we could
process compare/exchange operations of d steps in a single kernel launch. More
precise, using a partition P that holds (2), all threads have to access n/|P | ele-
ments in memory and can then process compare/exchange operations of Dp,s(P )
steps nonstop. All operations of Dp,s(P ) consecutive steps can be done a in sin-
gle kernel launch without increasing the number of memory accesses per kernel
launch. Therefore the overall reading memory access is divided by the degree of P
compared to that in (1). This significantly reduces the runtime of the algorithm.

Actually, in step s of phase p there exists a partition with degree d for every
d ≤ s. This partition can be defined as follows:

P d
p,s :=

⋃
i∈I

K(Np,s(K(Np,s−1(. . . K(Np,s−(d−1)({i})) . . .)))) (5)

For example, P 1
p,s =

⋃
i∈I K(Np,s−(1−1)({i})) is the partition of the trivial im-

plementation and P 2
3,3 is the partition used in the example in figure 2.

In our implementation of bitonic sort we use partitions of at most degree
4, since the number of registers (or the size of shared memory, respectively) is
bounded. Furthermore, an increasing degree results in an increasing workload
per thread which decreases the number of threads and blocks. Thus a higher
degree would result in under-utilisation of the GPU.

3.3 Bitonic sort for arrays of arbitrary size: Virtual Padding

Bitonic sort as introduced by Batcher can only sort sequences with length being a
power of 2. A trivial way to sort sequences of arbitrary length ascending (analog
for descending) is to pad the sequence with max-values. Since Batcher’s bitonic
sort sorts subsequences in alternating directions these elements would be moved
while sorting the sequence and therefore have to exist physically. Thus an input
sequence of length 2k + 1 would result in sorting a sequence of length 2k+1.

Every phase of bitonic sort sorts bitonic sequences — as mentioned in section
2 it makes no difference if the subsequences are sorted ascending/descending or
vice versa. Thus bitonic sort can be modified in a way that in each phase the
sorting direction in every subsequence containing normal values and max-values
(actually there is only one such subsequence in each phase) is ascending. In
this modified variant of bitonic sort max-values are never moved and thus do
not have to exist physically. Using this modification no additional memory is
needed. Figure 3 shows absolute runtimes of our bitonic sort. Of course bitonic
sort performs best for input size being a power of 2. Nevertheless there is only a
small negative impact when sorting sequences of length being not a power of 2.

4 Evaluation

We compared our algorithm to the bitonic sort based GPUSort [4], the radix
sort introduced in the particle demo in the CUDA SDK [8], the quick sort imple-
mentation from Cederman et al. [11], both radix sort algorithms in the CUDPP
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Fig. 4. Sorting rate (y-axis) for sorting arrays of size n (x-axis)

library [7], the recently released radix sort algorithm from Satish et al. [13] and
to our trivial implementation of bitonic sort. All tests were done on an Intel
Core2 Duo 1.86 GHz machine with NVIDIA’s GTX280 GPU. We performed 3
different tests: sorting sequences of (a) integers, (b) (int, int) key-value pairs and
(c) (int, float) key-value pairs (figure 4). The sequences were randomly generated
with length ranging from 210 to 224 elements. Not all of the algorithms were able
to sort negative floats and integers, so we used non-negative floats and integers.

We consider sorting to be just one part of larger computation on the GPU,
thus we measured the GPU runtime only, not including time for memory transfer
between CPU and GPU. In figure 4 we show the sorting rate, i.e. the number of
elements divided by the runtime. The sorting rate of our bitonic sort is low for
small sequences due to constant start delay and under utilization of the GPU.
But it rises with growing number of elements reaching its peak performance for
sequences of length 219. The sorting rate declines for larger sequences due to the
the O(n · log2 n) complexity of bitonic sort. While the trivial implementation of
bitonic sort performs approximately like GPUSort, the results show the much
better performance of the optimized implementation. Our optimized bitonic sort
is faster than all other sorting algorithms, except for radix sort from Satish et
al [13], that is the fastest algorithm for sequences larger than 216, but neither
comparison-based nor in-place. Particularly, bitonic sort is faster than the com-
parison based GPUSort and GPU Quicksort. There is no sourcecode available
for merge sort from Satish et al. [13], but comparing the sorting rate given in [13]
to the sorting rate of bitonic sort, bitonic sort seems to perform slightly better.

5 Conclusion

We have presented an efficient implementation of bitonic sort for NVIDIA’s
GPUs. To achieve this we carefully optimized our implementation in respect to



the number of accesses to global memory. It is the first efficient comparison-based
in-place implementation of a sorting algorithm for CUDA we found in literature.
Although bitonic sort suffers from complexity O(n·log2 n), the results of our tests
show that it is highly competitive to all other comparison-based GPU sorting
algorithms, and also to most non-comparison-based algorithms. Particularly the
performance of our bitonic sort seems to be better than the out-of-place merge
sort implemented by Satish et al., which is the fastest comparison-based sorting
algorithm for GPUs reported in literature so far.
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