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� Space Mapping (SM) y (i) optimization (ii) model reduction

� SM technique aiming at ef�cient optimization (OPT) of compl ex models

Combine the advantages of simple (less accurate, cheap) “coarse”
models and more complex (accurate, expensive) “�ne” models.

+

Solution with a minimal number of �ne model evaluations.

� Typical application: Data-Assimilation in engineering design OPT

+

� Future Ocean / Project A3 :

OPT of Biogeochemical models using SM algorithms
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The Optimization Problem

Minimize distance between model output R(x) and data y

F (x) = k R(x) � y k

under the constraints of the model equations

E (R,x) = 0
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Biochemistry

� Linear transport/ advection – diffusion equations with nonlinear forcing

@ci

@t
� div(� r ci ) + div(v ci ) = sms(ci , t)

for tracers, e.g. nutrients, phyto-, zooplankton, detrius

c 2
n
N,P,Z,D

o

� sms(ci , t) : nonlinear source minus sink equations of the four tracers

� Many parameters to be optimized
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The Fine and Coarse Model

x f (x) z c(z)�ne model coarse model

�ne model

x� = argminx2X k f (t, x) � y k : �ne model optimum

x 2 X � Rn f : control parameters

y 2 Rm : Data

y accurate but expensive, derivatives might not be available

coarse model

z� = argminz2Z k c(t, z) � y k : coarse model optimum

z 2 Z � Rnc : control parameters

y less accurate but cheap, derivatives available
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The Space-Mapping (SM) Function

x1

x2

z1

z2

p(x) = z
�ne model coarse model

The SM function p : X � Rn f ! Z � Rnc is de�ned as

p(x) = argminz2Z k c(z) � f (x) k = z0

such that
f (x) ' c [ p(x) ]

Now optimizing surrogate c � p instead of f

x̄ = argminx2X k c [ p(x) ] � y k () p(x̄) � z� = 0

� p(x) might have nonunique solution

� SM solution x̄ is close to x� if c � p is close to f
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Original SM Approach
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Original SM Approach

x1

x2

z1

z2

z�
�

(i) �nd z� = argminz2Z k c(z) � y k
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Original SM Approach

x1

x2

z1

z2

z�
�x(1)�

(i) �nd z� = argminz2Z k c(z) � y k

(ii) 1st initial iterate, k = 0

� Take x(1) = z� for an initial set S(k= 0)
f
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Original SM Approach

x1

x2

z1

z2

z�
�x(1)� x(2)�x(3)�

(i) �nd z� = argminz2Z k c(z) � y k

(ii) 1st initial iterate, k = 0

� Take x(1) = z� for an initial set S(k= 0)
f , other m0 � 1 points 2 B� (x(1) )

y S(k= 0)
f = fx(1) , : : :, x(m0)g , jmk= 0j = jS(k= 0)

f j � n + 1
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Original SM Approach

x1

x2

z1

z2

z�
�x(1)� x(2)�x(3)�

z(1)� z(2)�z(3)�

(i) �nd z� = argminz2Z k c(z) � y k

(ii) 1st initial iterate, k = 0

� Take x(1) = z� for an initial set S(k= 0)
f , other m0 � 1 points 2 B� (x(1) )

y S(k= 0)
f = fx(1) , : : :, x(m0)g , jmk= 0j = jS(k= 0)

f j � n + 1

y S(k= 0)
c through PE, i.e. calculate p(x(i) ) = : : :
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Original SM Approach

x1

x2

z1

z2

z�
�x(1)� x(2)�x(3)�

z(1)� z(2)�z(3)�

p0

(i) �nd z� = argminz2Z k c(z) � y k

(ii) 1st initial iterate, k = 0

� Take x(1) = z� for an initial set S(k= 0)
f , other m0 � 1 points 2 B� (x(1) )

y S(k= 0)
f = fx(1) , : : :, x(m0)g , jmk= 0j = jS(k= 0)

f j � n + 1

y S(k= 0)
c through SPE, i.e. calculate p(x(i) ) = : : :

� Determine �rst approximation p0 on basis of S(0)
f ,S(0)

c

(e.g. linear mapping)
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Original SM Approach

x1

x2

z1

z2

z�
�x(1)� x(2)�x(3)�

z(1)� z(2)�z(3)�

x(m0+ 1)�
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0

(i) �nd z� = argminz2Z k c(z) � y k
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y S(k= 0)
c through SPE, i.e. calculate p(x(i) ) = : : :

� Determine �rst approximation p0 on basis of S(0)
f ,S(0)

c

(e.g. linear mapping)

� x(m0+ 1) = p� 1
0 (z� )
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Original SM Approach
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Original SM Approach
...

(iii) at kth iterate

� S(k)
f , S(k)

c contain mk base points, updated mapping pk calculated

� x(mk+ 1) = p� 1
k (z� )

� if

8
>>>>>>><
>>>>>>>:

k f (x(mk+ 1) ) � c(z� ) k � � optimal solution x̄
!= x(mk+ 1)

otherwise S(k)
f augmented by x(mk+ 1)

S(k+ 1)
c , pk+ 1 and x(mk+ 2) found : : :

� Creation of S(0)
f , S(0)

c expensive

� Linear mapping invalid for signi�cant misaligned models?

� Nonuniqueness of PE might lead to divergence
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Aggressive Space-Mapping (ASM) Algorithm

ASM just solves the nonlinear system

f (x) = p(x) � z� != 0

by a quasi-Newton iteration and a Broyden rank-one update

xk+ 1 = xk + hk

hk = B� 1
k fk , Bk+ 1 = Bk +

fk+ 1

hT
k hk

hT
k , fk B f (xk)

Corresponding linearization of p

pk(x) = p(xk) + Bk(x � xk)

p(xk) : obtained indirectly through PE

� Only one �ne model evaluation needed per iteration

� Algorithm does not require initial parameter sets
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Further Approaches

modi�ed ASM:

� Jacobian approximation B obtained in several ways

(Identity Mapping, Jacobian-Based updates, Constrained Update, : : :)

TRASM:

� taking into account a trust region to stabilize the algorithm

HASM:

� combination with classical OPT methods

other Hybrid methods:

� combination of Genetic Algorithms with SM

Considering the Parameter extraction problem:

� many approaches to yield uniqueness ...

(MPE, statistical PE, penalty PE, PE using time-shifting, : : :)
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� Project A3: C02 uptake of the ocean

y Optimization of biogeochemical models

� Linear transport/ advection – diffusion equations with nonlinear forcing

(biogeochemical source minus sink equations)

� Seeking for an optimal solution of complex “�ne” model (expensive,
accurate)

� Bene�t from fast “coarse” (cheap, less accurate) model
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� SM concept based on parameter mapping p : X 7! Y such that

f (x) ' c [ p(x) ]

� Optimize surrogate c � p (cheaper) instead of f (expensive)

� Original SM, Broyden-based aggressive SM, TRASM, HASM, . . .

� Different approaches to enhance uniqueness of Parameter Extraction

� SM suitable for OPT of biogeochemical models . . . ???
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Thank you for your attention :-)
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